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ïàäêiâ ðîçòàøóâàííÿ âóçëiâ iíòåðïîëÿöi¨ t0, t1.
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ïðè äîñëiäæåííi êîíêðåòíèõ çàäà÷ ïðàêòèêè, ÿêi ìîäåëþþòüñÿ ðîçãëÿíó-
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ABSTRACT

Slonovskyi Y. O. Boundary value problems for evolution equations with

degeneration over a time variable. �On the rights of manuscript.

The thesis for obtaining the Philosophy Doctor (Ph.D.) degree in specialty

111 � ¾Mathematics¿, �eld of study 11 � ¾Mathematics and Statistics¿. �

Lviv Polytechnic National University, Lviv, 2025.

The dissertation is devoted to the study of the solvability of non-classical

problems with local multipoint conditions, problems with Nicoletti conditions

and problems with nonlocal two-point conditions on the selected variable and

2π-periodicity conditions on the remaining variables for a partial di�erential

equation of the Euler type. The interest of researchers in such problems is due

both to the need to build a general theory of boundary value problems for

partial di�erential equations and to the fact that local multipoint and nonlocal

problems arise in the mathematical description of a number of processes. In the

general case, such problems are conditionally well-posed, and the study of their

solvability is related to the problem of small denominators. The essence of the

small denominator problem is that the coe�cients of the Fourier series, which

represent the solutions of the problems, contain denominators that can become

arbitrarily close to zero for an in�nite number of summation indices, which can

cause the divergence of the series in the corresponding functional spaces.

Section 1 provides a review of works that are close to the topic of this

dissertation. Section 2 describes the general methodology for studying the

problems, and provides some auxiliary statements from analysis and number

theory.

Section 3 establishes the conditions for the unique solvability of two- and

multipoint problems with simple interpolation nodes for the second- and higher-

order Euler equations. Conditions for the existence of a unique solution (repre-

sented by a Fourier series) of two-point and multipoint problems are established

if their input data is su�ciently smooth and the sequences of the corresponding
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characteristic determinants admit certain lower estimates. Using the metric

approach, it is shown that such lower bounds are satis�ed for all vectors whose

components are parameters of the problem (equation coe�cients, interpolation

node values), except, maybe, for the set of vectors of zero or small Lebesgue

measure. A special case of a multipoint problem is considered, when its nodes

are logarithmically equidistant.

Section 4 of the dissertation is devoted to the study of the Nicoletti problem

for partial di�erential equations of the Euler type. Conditions for the correct

solvability of the problem in the spaces of functions with power and exponenti-

al behavior of Fourier coe�cients are established. For the �rst time, metric

theorems on lower bounds of small denominators of the Nicoletti problem are

proved for equations with coe�cients that depands on variable t. Examples of

problems are constructed that illustrate the results presented.

In Section 5, a nonlocal two-point problem for a di�erential equation with

partial derivatives of the Euler type of the second and higher orders is consi-

dered. The conditions for the existence of a unique solution to the problem

are obtained, and a metric approach is applied to prove estimates from below

for small denominators of the problem. It is shown that such estimates are

satis�ed for all vectors composed of the parameters of the problem, except for

the set of vectors of zero or small Lebesgue measure. The ful�llment of these

estimates is analyzed for di�erent cases of the location of the real parts of the

roots of the characteristic equation, as well as di�erent cases of the location of

the interpolation nodes t0, t1.

The results of the dissertation are theoretical in nature. They can be used

in further studies of problems with local multipoint conditions, problems with

Nicoletti conditions, and problems with nonlocal two-point conditions on a

selected variable and 2π-periodicity conditions on the remaining variables for

systems of partial di�erential equations of the Euler type, as well as in the

study of speci�c practical problems that are modeled by the problems under
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consideration.

Key words: linear partial di�erential equations, Euler type equations,

boundary value problems, conditionally well-posed problems, two-point condi-

tions, multipoint conditions, Nicoletti conditions, nonlocal two-point conditi-

ons, Fourier series, problem of small denominator, metric approach, Lebesgue

measure, discriminant of a polynomial, Veronese curve.
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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë,

Z � ìíîæèíà öiëèõ ÷èñåë,

R � ìíîæèíà äiéñíèõ ÷èñåë,

R+ � ìíîæèíà íåâiä'¹ìíèõ äiéñíèõ ÷èñåë,

C � ìíîæèíà êîìïëåêñíèõ ÷èñåë,

Rp (Cp) � p-âèìiðíèé äiéñíèé (êîìïëåêñíèé) ïðîñòið,

Zp (Zp
+) � ìíîæèíà òî÷îê ç Rp, ÿêi ìàþòü öiëi (íåâiä'¹ìíi öiëi) êîîðäèíàòè,

Ωp � p-âèìiðíèé òîð (R/2πZ)p, p ∈ N, îäåðæàíèé øëÿõîì îòîòîæíåííÿ

ïðîòèëåæíèõ ãðàíåé êóáà [0, 2π]p ⊂ Rp,

QT
p = (0, T )× Ωp, T > 0,

Πn = {t⃗ = (t1, . . . , tn) ∈ Rn : t1 < . . . < tn},

i � óÿâíà îäèíèöÿ, i2 = −1, arg i = π
2 ,

k = (k1, . . . , kp) ∈ Zp,

k̃ =
√
k21 + . . .+ k2p,

x = (x1, . . . , xp) ∈ Ωp,

(t, x) = (t, x1, . . . , xp) ∈ QT
p ,

|k| = |k1|+ . . .+ |kp|,
(k, x) = k1x1 + . . .+ kpxp,

∂t = ∂/∂t, ∂x = ∂/∂x ≡ (∂/∂x1, . . . , ∂/∂xp),

∂sx = (∂/∂x1)
s1 . . . (∂/∂xp)

sp, s = (s1, . . . , sp) ∈ Zp
+,

δj,q � ñèìâîë Êðîíåêåðà: δj,q =

1, j = q,

0, j ̸= q
,

Cm
n , 1 ⩽ m ⩽ n, � êiëüêiñòü êîìáiíàöié ç n åëåìåíòiâ ïî m,

Πn� ãðóïà ïåðåñòàíîâîê ìíîæèíè {1, . . . , n},
Π

′

n � ìíîæèíà, óòâîðåíà ç ìíîæèíè Πn âèëó÷åííÿì òîòîæíî¨ ïåðåñòàíîâêè
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(1, . . . , n),

ρ(π) � ñòåïiíü (êiëüêiñòü iíâåðñié) ïåðåñòàíîâêè π ∈ Πn,

mes RnA � ìiðà Ëåáåãà â Rn âèìiðíî¨ ìíîæèíè A ⊂ Rn,

mes CnB � ìiðà Ëåáåãà â Cn âèìiðíî¨ ìíîæèíè B ⊂ Cn,

□ � êiíåöü äîâåäåííÿ òåîðåìè (ëåìè).

Ó äèñåðòàöiéíié ðîáîòi íóìåðàöiÿ ñòàëèõ Cj âåäåòüñÿ îêðåìî ó ìåæàõ

êîæíîãî ïiäðîçäiëó.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Çàäà÷i çi ëîêàëüíèìè òà íåëîêàëüíèìè áàãàòîòî-

÷êîâèìè óìîâàìè ¹ âàæëèâèì íàïðÿìêîì ðîçâèòêó ñó÷àñíî¨ òåîði¨ êðàéî-

âèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Òàêi çà-

äà÷i âèíèêàþòü ïðè ìàòåìàòè÷íîìó îïèñi áàãàòüîõ ïðîöåñiâ, çîêðåìà, ïðè

ìîäåëþâàííi ðóõó ðiäèí òà ¨õ ôiëüòðàöi¨ ó ðiçíèõ ñåðåäîâèùàõ, ìîäåëþ-

âàííi áiîëîãi÷íèõ ñèñòåì òà ïîïóëÿöié, ó êëiòèííié áiîëîãi¨ òà áiîìåõàíiöi,

â îïòèìàëüíîìó êåðóâàííi òîùî. Ó ïðàöÿõ Þ. Ì. Áåðåçàíñüêîãî, Â. Ì. Áî-

ðîê,Þ. Ì. Âàëiöüêîãî, Â. I. Ãîðáà÷óê, Ì. Ë. Ãîðáà÷óêà, Â. Â. Ãîðîäåöüêîãî,

Î. Î. Äåçiíà, Þ. À. Äóáiíñüêîãî, Ï. I. Êàëåíþêà, I. ß. Êìiòü, Î. Â. Ìàðòè-

íþê, À. Ì. Íàõóøåâà, Ì. I. Ìàòié÷óêà, Ç. Ì. Íèòðåáè÷à, I. Ä. Ïóêàëüñüêî-

ãî, Â. Ê. Ðîìàíêà, Å. Ì. Ñàéäàìàòîâà, Ë. Â. Ôàðäiãîëè, Ì. É. Þð÷óêà òà

iíøèõ àâòîðiâ äîñëiäæåíi ïåðåâàæíî âèïàäêè êîðåêòíî ïîñòàâëåíèõ çàäà÷

äëÿ îêðåìèõ êëàñiâ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.

Îäíàê áàãàòîòî÷êîâi òà íåëîêàëüíi çàäà÷i äëÿ çàãàëüíèõ ðiâíÿíü iç ÷à-

ñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ¹, âçàãàëi, íåêîðåêòíèìè çà

Àäàìàðîì, à ïèòàííÿ ïðî ¨õ ðîçâ'ÿçíiñòü ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíà-

ìåííèêiâ. Ó ïðàöÿõ Á. É. Ïòàøíèêà, Â. Ñ. Iëüêiâà òà ¨õíiõ ó÷íiâ I. Î. Áî-

áèêà, Ï. Á. Âàñèëèøèíà, Î. Ä. Âëàñiÿ, I. I. Âîëÿíñüêî¨, Ò. Ï. Ãîÿ, Í. Ì. Çà-

äîðîæíî¨, I. Ñ. Êëþñ, Ë. I. Êîìàðíèöüêî¨, Â. Ì. Ïîëiùóê, Ñ. Ì. Ðåïåòèëî,

I. ß. Ñàâêè, Á. Î. Ñàëèãè, Ë. Ï. Ñèëþãè, Ì. Ì. Ñèìîòþêà, Í. I. Ñòðàï,

I. Ð. Òèìêiâà, Â. Â. Ôiãîëÿ, Ï. I. Øòàáàëþêà çà äîïîìîãîþ ìåòðè÷íîãî

ïiäõîäó äîñëiäæåíî çàäà÷i ç áàãàòîòî÷êîâèìè òà íåëîêàëüíèìè óìîâàìè

äëÿ ëiíiéíèõ i ñëàáêîíåëiíiéíèõ ãiïåðáîëi÷íèõ i áåçòèïíèõ ðiâíÿíü iç ÷à-

ñòèííèìè ïîõiäíèìè, à òàêîæ äëÿ äåÿêèõ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâ-

íÿíü. Áóëî âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó ìàëèõ çíàìåííèêiâ çàäà÷,
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ÿêi âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ çàäà÷, ç ÿêèõ âèïëèâà¹ îäíîçíà÷íà

ðîçâ'ÿçíiñòü çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, ñêëà-

äåíèõ iç êîåôiöi¹íòiâ ðiâíÿíü òà ïàðàìåòðiâ óìîâ.

Ïîðÿä iç öèì, íåäîñòàòíüî âèâ÷åíèìè çàëèøàëèñü ëîêàëüíi áàãàòîòî-

÷êîâi çàäà÷i ç ïðîñòèìè âóçëàìè iíòåðïîëÿöi¨, çàäà÷i ç óìîâàìè Íiêîëåòòi,

íåëîêàëüíi äâîòî÷êîâi çàäà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òèïó

Åéëåðà. Öÿ äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà âñòàíîâëåííþ óìîâ êîðåêòíî-

ñòi òàêèõ çàäà÷.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.Äè-

ñåðòàöiéíi äîñëiäæåííÿ âèêîíàíi â ðàìêàõ íàóêîâî-äîñëiäíèõ ðîáiò ÂÌ3

¾Êðàéîâi çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, òåîði¨ ôóíêöié òà

ôóíêöiîíàëüíîãî àíàëiçó, ìàòåìàòè÷íå ìîäåëþâàííÿ ïðîöåñiâ ðiçíî¨ ñòðó-

êòóðè¿ (2016-2020 ð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0116U004101) òà ÂÌ4

¾Òåîðåòè÷íi òà ïðèêëàäíi àñïåêòè òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, òåîði¨

ôóíêöié, ôóíêöiîíàëüíîãî àíàëiçó òà ìàòåìàòè÷íîãî ìîäåëþâàííÿ¿ (2021-

2026 ð., íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U114596).

Ìåòà i çàäà÷i äîñëiäæåííÿ. Âñòàíîâèòè óìîâè êîðåêòíî¨ ðîçâ'ÿç-

íîñòi ó ðiçíèõ ôóíêöiéíèõ ïðîñòîðàõ çàäà÷ ç ëîêàëüíèìè äâîòî÷êîâèìè

i áàãàòîòî÷êîâèìè óìîâàìè, çàäà÷ ç óìîâàìè Íiêîëåòòi òà çàäà÷ ç íåëî-

êàëüíèìè äâîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ òà óìîâàìè 2π-

ïåðiîäè÷íîñòi çà ðåøòîþ çìiííèõ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-

íèìè ïîõiäíèìè òèïó Åéëåðà. Îòðèìàòè êîíñòðóêòèâíi ôîðìóëè ðîçâ'ÿçêiâ

çàäà÷ ó âèãëÿäi ðÿäiâ Ôóð'¹ çà ñèñòåìàìè îðòîãîíàëüíèõ ôóíêöié. Ç'ÿñóâà-

òè ñòðóêòóðó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ çà-

äà÷. Çàñòîñóâàòè òåîðiþ ìiðè i ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ ÷èñåë äëÿ äî-

âåäåííÿ òåîðåì ïðî îöiíêè çíèçó öèõ çíàìåííèêiâ.

Îá'¹êò äîñëiäæåííÿ: êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç

÷àñòèííèìè ïîõiäíèìè òèïó Åéëåðà.

Ïðåäìåò äîñëiäæåííÿ: óìîâè êîðåêòíîñòi êðàéîâèõ çàäà÷ ó âiäïîâiä-



16

íèõ ôóíêöiéíèõ ïðîñòîðàõ, ïîáóäîâà òà âèâ÷åííÿ âëàñòèâîñòåé ¨õ ðîçâ'ÿç-

êiâ, îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ïîâ'ÿçàíèõ iç êðàéîâèìè çàäà÷àìè.

Ìåòîäè äîñëiäæåííÿ: ìåòîäè äèôåðåíöiàëüíèõ ðiâíÿíü, ôóíêöiî-

íàëüíîãî àíàëiçó, ìåòðè÷íî¨ òåîði¨ ÷èñåë.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ðîáîòi

îòðèìàíî íàñòóïíi íîâi ðåçóëüòàòè:

� âñòàíîâëåíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó ëîêàëüíèõ äâîòî-

÷êîâèõ i áàãàòîòî÷êîâèõ çàäà÷, çàäà÷ ç óìîâàìè Íiêîëåòòi òà íåëî-

êàëüíèõ äâîòî÷êîâèõ çàäà÷ äëÿ åâîëþöiéíèõ ðiâíÿíü òèïó Åéëåðà

ó ôóíêöiéíèõ ïðîñòîðàõ, êîåôiöi¹íòè Ôóð'¹ ÿêèõ ìàþòü ñòåïåíåâó

àáî åêñïîíåíöiéíó ïîâåäiíêó;

� äîâåäåíî, ùî òàêi óìîâè âèêîíóþòüñÿ äëÿ âñiõ âåêòîðiâ, êîìïîíåí-

òàìè ÿêèõ ¹ ïàðàìåòðè çàäà÷i (êîåôiöi¹íòè ðiâíÿíü, çíà÷åííÿ âóçëiâ

iíòåðïîëÿöi¨), êðiì, ìîæëèâî, ìíîæèíè âåêòîðiâ íóëüîâî¨ (ìàëî¨)

ìiðè Ëåáåãà;

� äëÿ âñiõ çàäà÷, ðîçãëÿíóòèõ ó äèñåðòàöi¨, ïîáóäîâàíî ôîðìóëè äëÿ

ðîçâ'ÿçêiâ çàäà÷ ó âèãëÿäi ðÿäiâ Ôóð'¹ çà ñèñòåìàìè îðòîãîíàëüíèõ

ôóíêöié.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð i ¹ íîâèì âêëàäîì ó çàãàëüíó òåîðiþ

êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. �õ ìîæíà çàñòîñîâó-

âàòè ó ïîäàëüøèõ òåîðåòè÷íèõ äîñëiäæåííÿõ çàäà÷ ç êðàéîâèìè óìîâàìè

äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òà ñèñòåì òàêèõ ðiâíÿíü, à òàêîæ ïðè

äîñëiäæåííi êîíêðåòíèõ çàäà÷ ïðàêòèêè, ÿêi ìîäåëþþòüñÿ ðîçãëÿíóòèìè

çàäà÷àìè.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Îñíîâíi íàóêîâi ðåçóëüòàòè äèñåðòà-

öiéíî¨ ðîáîòè îòðèìàíi àâòîðîì ñàìîñòiéíî. Ó ñïiëüíèõ ðîáîòàõ [29�32,114]

ç íàóêîâèì êåðiâíèêîì Â. Ñ. Iëüêiâó íàëåæàòü ïîñòàíîâêè çàäà÷, ïåðåä-

áà÷åííÿ, ïåðåâiðêà òà àíàëiç îòðèìàíèõ ðåçóëüòàòiâ, à ó ñïiëüíèõ ïðà-
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öÿõ [30�32, 114] ç Ì. Ì. Ñèìîòþêîì ñïiâàâòîðó íàëåæàòü iäå¨ äîâåäåííÿ

ìåòðè÷íèõ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ çàäà÷, à ß. Î. Ñëîíüîâñüêîìó

� îãëÿä, àíàëiç íàóêîâî¨ ëiòåðàòóðè i ïîáóäîâàíèõ ðîçâ'ÿçêiâ, ôîðìóëþâà-

ííÿ i äîâåäåííÿ îñíîâíèõ òåîðåì.

Àïðîáàöiÿ ðîáîòè. Ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñÿ, îáãîâîðþâà-

ëèñÿ òà áóëè îïðèëþäíåíi íà:

� III Ìiæíàðîäíié íàóêîâî-ïðàêòè÷íié Iíòåðíåò-êîíôåðåíöi¨ ¾Ìàòå-

ìàòèêà òà iíôîðìàòèêà ó âèùié øêîëi: âèêëèêè ñó÷àñíîñòi¿ (Âií-

íèöÿ, 2021);

� Êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ ¾Ïiäñòðèãà÷iâñüêi ÷èòàííÿ¿ (Ëüâiâ,

2021, 2022, 2024);

� Ìiæíàðîäíié êîíôåðåíöi¨ ¾Equadi� 15¿ (ì. Áðíî, ×åõiÿ, 2022);

� Ìiæíàðîäíié êîíôåðåíöi¨ ¾Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ¨¨ çàñòî-

ñóâàííÿ¿ (Ëóöüê, 2022);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà

ìàòåìàòèêè � 2023¿ (Ëüâiâ, 2023);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Ìàòåìàòèêà òà iíôîðìàöiéíi

òåõíîëîãi¨¿, ïðèñâÿ÷åíî¨ 55-ði÷÷þ ôàêóëüòåòó ìàòåìàòèêè òà ií-

ôîðìàòèêè (×åðíiâöi, 2023);

� íà íàóêîâèõ ñåìiíàðàõ êàôåäðè âèùî¨ ìàòåìàòèêè Íàöiîíàëüíîãî

óíiâåðñèòåòó ¾Ëüâiâñüêà ïîëiòåõíiêà¿ (2021�2024 ðð.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 4 ñòàòòÿõ

[29�32] ó íàóêîâèõ ïåðiîäè÷íèõ ôàõîâèõ âèäàííÿõ Óêðà¨íè ç ìàòåìàòèêè

òà 1 ñòàòòÿ [114] ó âèäàííi, ÿêå âêëþ÷åíî äî ìiæíàðîäíî¨ íàóêîìåòðè÷íî¨

áàçè SCOPUS. Ðåçóëüòàòè äèñåðòàöi¨ ïðîéøëè àïðîáàöiþ íà ìiæíàðîäíèõ

òà íàöiîíàëüíèõ íàóêîâèõ êîíôåðåíöiÿõ (8 òåç äîïîâiäåé òà ìàòåðiàëiâ íà-

óêîâèõ êîíôåðåíöié [34,87�93]).

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó,

ï'ÿòè ðîçäiëiâ òà ñïèñêó âèêîðèñòàíèõ äæåðåë. Çàãàëüíèé îáñÿã äèñåðòàöi¨
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ñêëàäà¹ 140 ñòîðiíîê, îñíîâíîãî òåêñòó � 113 ñòîðiíîê. Ñïèñîê âèêîðèñòà-

íèõ äæåðåë ñêëàäà¹ 138 íàéìåíóâàíü.
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ÐÎÇÄIË 1

ÎÃËßÄ ÐÅÇÓËÜÒÀÒIÂ ÄÎÑËIÄÆÅÍÜ ÊÐÀÉÎÂÈÕ ÇÀÄÀ×

ÄËß ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Âàæëèâèì íàïðÿìêîì ðîçâèòêó çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ äëÿ äè-

ôåðåíöiàëüíèõ ðiâíÿíü ¹ äîñëiäæåííÿ çàäà÷ ç ëîêàëüíèìè òà íåëîêàëüíèìè

áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ òà óìîâàìè ïåðiîäè÷íîñòi

çi iíøèìè çìiííèìè. Òàêi çàäà÷i ¹ óçàãàëüíåííÿì òàêî¨ çàäà÷i äëÿ çâè÷àé-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêó âèâ÷àâ ß.Ä.Òàìàðêií [96] ó íàñòóïíîìó

ôîðìóëþâàííi: çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ

Ln(y) ≡ y(n) + p1(t)y
(n−1) + . . .+ pn−1(t)y

′ + pn(t)y = f(t), (1.1)

ÿêèé ñïðàâäæó¹ áàãàòîòî÷êîâi óìîâè

n∑
k=1

mi,k∑
j=1

ai,k,jy
(k−1)(ti,k,j) +

b∫
a

ai,k(t)y
(k−1)(t)dt

 = ηi, i = 1, . . . , n, (1.2)

äå ôóíêöi¨ p1(t), . . . , pn(t), f(t) òà ai,k(t) (i, k = 1, . . . , n) ¹ ñóìîâíèìè íà

[a, b]; ti,j,k (i, k = 1, . . . , n, j = 1, . . . ,mik) � òî÷êè ç [a, b],mi,k ∈ N, ai,j,k, ηi ∈
R. Ïðèïóñêà¹òüñÿ, ùî óìîâè (1.2) ¹ íåçàëåæíèìè. Ó ïðàöi [96] îòðèìàíî

óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1.1), (1.2), ïîêàçàíî, ùî ç ¹äèíîñòi ðîçâ'ÿçêó

çàäà÷i (1.1), (1.2) âèïëèâà¹ iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i, ïðè öüîìó äëÿ

ðîçâ'ÿçêó çàäà÷i âèêîíó¹òüñÿ iíòåãðàëüíå çîáðàæåííÿ

y(x) =

b∫
a

G(t, τ)f(τ)dτ,

äî ÿêîãî âõîäèòü ôóíêöiÿ Ãðiíà G(t, τ). Ó ïðàöi [96] îïèñàíî âëàñòèâîñòi,

ÿêi îäíîçíà÷íî âèçíà÷àþòü ôóíêöiþ Ãðiíà, à òàêîæ ïîáóäîâàíi ÿâíi ôîð-

ìóëè äëÿ íå¨.
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Çàäà÷à (1.1), (1.2) ìiñòèòü âàæëèâi ÷àñòêîâi âèïàäêè, à ñàìå, çàäà÷ó

Êîøi, ëîêàëüíó äâî- i áàãàòîòî÷êîâó çàäà÷ó, çàäà÷ó Íiêîëåòòi (äèâ. [117],

[40]), íåëîêàëüíó äâîòî÷êîâó çàäà÷ó. Äëÿ ðiâíÿííÿ (1.1) çàäà÷à Íiêîëåòòi

ïîëÿãà¹ ó çíàõîäæåííi òàêîãî éîãî ðîçâ'ÿçêó, äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè

y(i−1)(ti) = ηi, t1 < . . . < tn i = 1, . . . , n.

Äëÿ ñèñòåì ðiâíÿíü ïåðøîãî ïîðÿäêó çàäà÷à Íiêîëåòòi ïîëÿãà¹ ó çíàõî-

äæåííi òàêî¨ âåêòîð-ôóíêöi¨ (y1(t), . . . , yn(t)), äëÿ ÿêî¨ ñïðàâäæóþòüñÿ óìî-

âè
dyi
dt

= fi(t, y1, . . . , yn), yi(ti) = 0, i = 1, . . . , n. (1.3)

I.Ò.Êiãóðàäçå [40] äîñëiäèâ çàäà÷ó (1.3) ó ñèíãóëÿðíîìó âèïàäêó, êîëè

ôóíêöi¨ fi(x, y1, . . . , yn), i = 1, . . . , n, íå ¹ ñóìîâíèìè çà x.

Ó ðîáîòi Âàëëå Ïóññåíà [135] äëÿ ðiâíÿííÿ (1.1), â ÿêîìó êîåôiöi¹íòè

p1(t), . . . , pn(t) � íåïåðåðâíi ôóíêöi¨ íà [a, b], à f(t) = 0, ðîçãëÿíóòî çàäà÷ó

ç áàãàòîòî÷êîâèìè óìîâàìè

y(ti) = Ai, i = 1, . . . , n, a ⩽ t1 < . . . < tn ⩽ b. (1.4)

Äîâåäåíî, ùî iñíó¹ ÷èñëî h0 ∈ (0, b − a] (h0 çàëåæèòü âiä n òà ìàêñèìó-

ìiâ íà [a, b] ìîäóëiâ êîåôiöi¹íòiâ p1(t), . . . , pn(t)), ÿêå âîëîäi¹ íàñòóïíîþ

âëàñòèâiñòþ: äëÿ äîâiëüíèõ òî÷îê t1 < . . . < tn ç âiäðiçêà [a, b] òàêèõ, ùî

tn − t1 < h0, iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1.1), (1.4), ÿêèìè á íå áóëè

çíà÷åííÿ Ai, i = 1, . . . , n.

Çàäà÷i ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü äîñëiäæåíî ó ïðàöÿõ À. Þ. Ëó÷êè [46], [47], Ì. À. Íàéìàðêà [52], Ä.

Ïîéÿ [121], Þ. Â. Ïîêîðíîãî [57], [58], À. Ì. Ñàìîéëåíêà, Ì. É. Ðîíòî [79],

Â. ß. Ñêîðîáîãàòüêà [85], [86], Ô. Õàðòìàíà [113] òà iíøèõ àâòîðiâ (äèâ. òà-

êîæ áiáëiîãðàôiþ â [8], [69], [70]), äå çíàéäåíî óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ

çàäà÷, âèâ÷åíî ¨õ âëàñòèâîñòi, îïèñàíî ìåòîäè íàáëèæåíîãî ðîçâ'ÿçóâàííÿ

öèõ çàäà÷.
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Àíàëîã çàäà÷i (1.2), (1.2) äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè

ïîõiäíèìè áóâ ïîñòàâëåíèé ïðîôåñîðîì Â. ß. Ñêîðîáîãàòüêîì ó òàêié ôîð-

ìi: çíàéòè â øàði Bp = {(t, x) : 0 ⩽ t ⩽ T, −∞ < xi < ∞, i = 1, . . . , p}
ðîçâ'ÿçîê t-ãiïåðáîëi÷íîãî ðiâíÿííÿ ïîðÿäêó n

Q

(
∂

∂t
,
∂

∂x

)
u(t, x) = f(t, x), (1.5)

äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè

u(tj, x) = φj(x), j = 1, . . . , n, 0 ⩽ t1 < t2 < . . . < tn ⩽ T. (1.6)

Çàäà÷à (1.5), (1.6) ìà¹ òàêó ôiçè÷íó iíòåðïðåòàöiþ: ÿêùî ðiâíÿííÿ (1.5)

îïèñó¹ ïåâíèé ôiçè÷íèé ïðîöåñ, òî çàäà÷à (1.5), (1.6) ïîëÿãà¹ ó âiäøóêàííi

öüîãî ïðîöåñó, êîëè âiäîìi éîãî ñòàíè ïðè n ñïîñòåðåæåííÿõ. Ó âèïàäêó

îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨ çàäà÷à (1.5), (1.6) ìà¹ íàî÷íó ãåîìåòðè÷íó ií-

òåðïðåòàöiþ: çíàéòè iíòåãðàëüíó ïîâåðõíþ ðiâíÿííÿ (1.5), ùî ïðîõîäèòü

÷åðåç n çàäàíèõ ëiíié u = φj(x), j = 1, . . . , n, ÿêi ëåæàòü âiäïîâiäíî, ó

ïëîùèíàõ t = tj, j = 1, . . . , n.

Ïåðøi äîñëiäæåííÿ çàäà÷i (1.5), (1.6), ÿêi ïðîâiâ Á. É. Ïòàøíèê, ïîêà-

çàëè [66], [68], [65] (äèâ. òàêîæ [69], [8]), ùî öÿ çàäà÷à ¹, âçàãàëi, êëàñè÷íî

íåêîðåêòíîþ (íàâiòü ïðè äîäàòêîâèõ óìîâàõ çà çìiííèìè x1, . . . , xp), à ¨¨

ðîçâ'ÿçíiñòü ó áàãàòüîõ âèïàäêàõ ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííè-

êiâ. Ñóòü ïðîáëåìè ìàëèõ çíàìåííèêiâ ïîëÿãà¹ ó òîìó, ùî ðîçâ'ÿçêè çàäà÷,

ÿêi çîáðàæóþòüñÿ ðÿäàìè, ìiñòÿòü íåñêií÷åííó êiëüêiñòü ÷ëåíiâ, çíàìåí-

íèêè ÿêèõ ìîæóòü ñòàâàòè ÿê çàâãîäíî áëèçüêèìè äî íóëÿ, ùî ñïðè÷èíÿ¹

ðîçáiæíiñòü öèõ ðÿäiâ. Ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ â÷åíi çóñòðiëèñÿ

ùå ó XVII ñòîëiòòi [22, 23] ïðè äîñëiäæåíi äèôåðåíöiàëüíèõ ðiâíÿíü, ùî

îïèñóþòü ðóõ ïëàíåòíèõ i ñóïóòíèêîâèõ ñèñòåì â ãðàâiòàöiéíèõ ïîëÿõ.

Äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ åôåêòèâíèì âèÿâèâñÿ

ìåòðè÷íèé ïiäõiä, âèêîðèñòàíèé ó 1939 ðîöi Ä. Áîðæèíîì i Ð. Äàôôiíîì

[109] ïðè äîñëiäæåííi çàäà÷i Äiðiõëå äëÿ ðiâíÿíü êîëèâàííÿ ñòðóíè, à ó

1942 ðîöi � Ê. Çiãåëåì [129] ïðè äîñëiäæåííi çàäà÷i ïðî ñòiéêiñòü îñîáëèâî¨
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òî÷êè òèïó öåíòð. Ó 1953�1954 ðð. À. Í. Êîëìîãîðîâ [43] çàïðîïîíóâàâ

ìåòðè÷íó êîíöåïöiþ i çàñòîñóâàâ ¨¨ äî çàäà÷i ïðî ðóõ íà òîði i â òåîði¨

äèíàìi÷íèõ ñèñòåì. iäåÿ ìåòðè÷íîãî ïiäõîäó ïîëÿãà¹ ó íàñòóïíîìó:

1) âèêîðèñòîâóâñÿ òîé ôàêò, ùî ìàëi çíàìåííèêè (ÿêi ó âêàçàíèõ çàäà-

÷àõ ìàëè âèãëÿä ëiíiéíèõ ôîðì (ω, k) = ω1k1 + . . .+ ωpkp, ω ∈ Rp, k ∈ Zp)

äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ ω çàäîâîëüíÿþòü îöiíêè

|(ω, k)| ⩾ C∥k∥−δ, C > 0, δ > 0; (1.7)

2) àíàëiç çáiæíîñòi íåñêií÷åííèõ ðÿäiâ ç ìàëèìè çíàìåííèêàìè ïðîâî-

äèâñÿ íå âñiõ âåêòîðiâ ω, à ëèøå äëÿ òèõ, ùî çàäîâîëüíÿþòü îöiíêè (1.7).

Ó ðîáîòàõ Á. É. Ïòàøíèêà, Ï. Á. Âàñèëèøèíà, I. I. Âîëÿíñüêî¨, Â. Ñ. Iëü-

êiâà, I. Ñ. Êëþñ, Ë. I. Êîìàðíèöüêî¨, I. ß. Ñàâêè, Á. Î. Ñàëèãè, Ë. Ï. Ñè-

ëþãè, Ì. Ì. Ñèìîòþêà, Í. I. Ñòðàï, I. Ð. Òèìêiâà, Â. Â. Ôiãîëÿ, Ï. I. Øòà-

áàëþêà íà îñíîâi ìåòðè÷íîãî ïiäõîäó äîñëiäæåíî çàäà÷i ç ëîêàëüíèìè òà

íåëîêàëüíèìè áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíî çìiííîþ t òà ïåâíèìè

óìîâàìè (óìîâè ïåðiîäè÷íîñòi, óìîâè òèïó óìîâ Äiðiõëå) çà ïðîñòîðîâè-

ìè çìiííèìè äëÿ ëiíiéíèõ ãiïåðáîëi÷íèõ, ïàðàáîëi÷íèõ i áåçòèïíèõ ðiâíÿíü

òà ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, äëÿ îêðåìèõ êëàñiâ ðiâíÿíü

ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè, à òàêîæ äëÿ äåÿêèõ

äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü. Çà äîïîìîãîþ ìåòîäê Ôóð'¹ ïîáó-

äîâàíî ðîçâ'ÿçêè ðîçãëÿäóâàíèõ çàäà÷ òà âñòàíîâëåíî óìîâè ¨õ îäíîçíà-

÷íî¨ ðîçâ'ÿçíîñòi â ðiçíèõ ôóíêöiéíèõ ïðîñòîðàõ. Íà îñíîâi ðåçóëüòàòiâ

òà ìåòîäiâ ìåòðè÷íî¨ òåîði¨ ÷èñåë, ðîçðîáëåíèõ Â. I. Ñïðèíäæóêîì, i éîãî

ó÷íÿìè [7,94,95], îòðèìàíèõ â ñóìiñíèõ ðîáîòàõ Â. I. Áåðíiêà òà Á. É. Ïòà-

øíèêà [6], äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ,

ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêiâ çàäà÷. Iç öèõ òåîðåì âèïëèâà¹ îäíî-

çíà÷íà ðîç'ÿçíiñòü ðîçãëÿäóâàíèõ çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëå-

áåãà) âåêòîðiâ, êîìïîíåíòè ÿêèõ âèðàæàþòüñÿ ÷åðåç ïàðàìåòðè îáëàñòåé i

êîåôiöi¹íòè ðiâíÿíü òà êðàéîâèõ óìîâ.

�äèíiñòü ðîçâ'ÿçêó íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ êðàéîâî¨ çàäà÷i ó íå-
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ñêií÷åíîìó øàði äëÿ ëiíiéíî¨ ñèñòåìè ðiâíÿíü ç ÷àñòèíèìè ïîõiäíèìè çi

ñòàëèìè êîåôiöi¹íòàìè âèâ÷àëàñÿ ó ðîáîòàõ I. I. Àíòèïêî i Ì. À. Ïåðåëü-

ìàí [3, 4], äå ðîçãëÿíóòî íàñòóïíó çàäà÷ó:

∂u(t, x)

∂t
− P

(
∂

∂x

)
u(t, x) = 0, x ∈ Rp, t ∈ [T0, T ], (1.8)

n∑
k=1

l∑
q=1

ai,k+(q−1)nuk(Tq, x) = 0, i = 1, . . . , n, (1.9)

äå

u(t, x) = {u1(t, x), . . . , un(t, x)}, T0 ⩽ T1 < T2 < . . . < Tl ⩽ T, l ⩾ 1,

P (∂/∂x) � ìàòðèöÿ, åëåìåíòàìè ÿêî¨ ¹ ïîëiíîìè âiä ∂/∂x1, . . . , ∂/∂xp çi

ñòàëèìè (êîìïëåêñíèìè) êîåôiöi¹íàìè. Ðàíã ìàòðèöi A = {aij} i=1,...,n;
j=1,...,nl

äî-

ðiâíþ¹ n. Çíàéäåíî óìîâè íà ïîâåäiíêó ðîçâ'ÿçêó u(t, x), çà ÿêèõ ïðè ∥x∥ →
∞ çàäà÷à (1.8), (1.9) ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê.

Ïîäiáíi ïèòàííÿ ó âèïàäêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ ñèñòåìè (1.8) ç

ëîêàëüíèìè êðàéîâèìè óìîâàìè

uik(T1, x) = 0, k = 1, . . . , n1, n1 ⩾ 1;ujk(T2, x) = 0, k = 1, . . . , n2, n2 ⩾ 1; . . . ;

ulk(Tl, x) = 0, k = 1, . . . , nl, nl ⩾ 1; l ⩾ 1, n1 + . . .+ nl = n,

äîñëiäæåíî â ðîáîòi Â. Ì. Áîðîê i Ì. À. Ïåðåëüìàí [12].

Ó ïðàöi [13] ó ñìóçi ÏT = R× [0, T ] äëÿ ðiâíÿííÿ âèãëÿäó (1.8) i çàäà÷i

ç óìîâàìè

N∑
k=0

Qk

(
∂

∂x

)
u(tk, x) = u0(x), 0 ⩽ t0 < t1 < . . . < tN ⩽ T, (1.10)

äå äå P (σ), Q(σ) � äîâiëüíi êîìïëåêñíi ïîëiíîìè, âñòàíîâëåíî óìîâè ðå-

ãóëÿðíîñòi (êîëè ç ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i â êëàñi îáìåæåíèõ (ãëàäêèõ)

ôóíêöié âèïëèâà¹ ¨¨ êîðåêòíà ðîçâ'ÿçíiñòü â öüîìó êëàñi) äàíî¨ çàäà÷i.
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Öi ðåçóëüòàòè áóëî óçàãàëüíåíî ó [20] íà âèïàäîê áàãàòîòî÷êîâî¨ çàäà÷i

(1.10) äëÿ íàâàíòàæåíîãî ðiâíÿííÿ

∂u(t, x)

∂x
= P

(
∂

∂x

)
u(t, x) +

n∑
k=0

Qk

(
∂

∂x

)
u(tk, x)+

+
n∑
l=0

Rl

(
∂

∂x

)
u(tl, x) +

n∑
m=0

Sm

(
∂

∂x

)
u(tm, x).

Ïîêàçàíî, ùî êîðåêòíiñòü äîñëiäæóâàíî¨ çàäà÷i çàëåæèòü âiä àðèôìåòè-

÷íî¨ ïðèðîäè òî÷îê t1, . . . , tn i íå çàëåæèòü (íà âiäìiíó çàäà÷i Êîøi) âiä

àëãåáðà¨÷íèõ âëàñòèâîñòåé ïîëiíîìà P .

Ó ðîáîòàõ Ï.I.Êàëåíþêà, Ç.Ì.Íèòðåáè÷à, ß.Î.Áàðàíåöüêîãî, ß.Ì.Ïëå-

øiâñüêîãî, I.Ñ.Êëþñ [38], [35], [37], [39], [41] çà äîïîìîãîþ äèôåðåíöiàëüíî-

ñèìâîëüíîãî ìåòîäó äîñëiäæåíî çàäà÷i ç áàãàòîòî÷êîâèìè óìîâàìè ó áåç-

ìåæíîìó øàði äëÿ ðiâíÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.

Âñòàíîâëåíî êëàñè iñíóâàííÿ òà êëàñè ¹äèíîñòi ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ

çàäà÷. Ó öèõ êëàñàõ äëÿ ðîçâ'ÿçêiâ çàäà÷ ïîáóäîâàíi ÿâíi ôîðìóëè ó âèãëÿ-

äi ðåçóëüòàòó äi¨ ïåâíèõ ôóíêöiîíàëiâ íà ìåðîìîðôíi ôóíêöi¨, ïîáóäîâàíi

çà âèãëÿäîì îïåðàòîðà ðiâíÿííÿ òà êðàéîâèõ óìîâ.

Ó ðîáîòàõ Ç.Ì.Íèòðåáè÷à [53, 55] ïðîâåäåíî i îáãðóíòîâàíî ïðîöåäóðó

ãðàíè÷íîãî ïåðåõîäó âiä ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ ðiâíÿííÿ ç

÷àñòèííèìè ïîõiäíèìè äî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ öüîãî æ ðiâíÿííÿ.

Ó ðîáîòàõ Ï.Áàññàíiíi [106], Ï.Ïó÷÷i [127], Ë.×åçàði [110] äëÿ ñèñòåì

êâàçiëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü

∂zi
∂x

+
r∑

k=1

ρik(x, y, z)
∂zi
∂yk

= fi(x, y, z), i = 1, . . . ,m, (1.11)

i

m∑
j=1

Aij(x, y, z)

(
∂zj
∂x

+
r∑

k=1

ρik(x, y, z)
∂zj
∂yk

)
= fi(x, y, z), i = 1, . . . ,m,

(1.12)
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äå z ≡ z(x, y) = (z1(x, y), . . . , zm(x, y)), x ∈ [0, a], y ∈ Rr, äîñëiäæåíî çàäà÷i

ç áàãàòîòî÷êîâèìè óìîâàìè

zi(ai, y) = ψi(y), i = 1, . . . ,m, 0 ⩽ ai ⩽ a,

àáî
m∑
j=1

cij(y)zj(ai, y) = ψi(y), i = 1, . . . ,m, 0 ⩽ ai ⩽ a.

Çà ïåâíèõ óìîâ íà ôóíêöi¨ ρik, Aij, cij, fi, ψi çà äîïîìîãîþ òåîðåìè Áàíàõà

ïðî íåðóõîìó òî÷êó äîâåäåíî iñíóâàííÿ, ¹äèíiñòü i íåïåðåðâíó çàëåæíiñòü

âiä ôóíêöié ψi, i = 1, . . . ,m, ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷ ó êëàñi ôóí-

êöié, ùî çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ çà çìiííîþ y.

Ó ðîáîòi [127] äëÿ ñèñòåì ðiâíÿíü (1.11), (1.12) äîñëiäæåíà çàäà÷à ç

áiëüø çàãàëüíèìè óìîâàìè

m∑
j=1

N∑
s=1

bijs(y)zj(as, y) = ψi(y), i = 1, . . . ,m, N > 1, (1.13)

à â [106] íàâåäåíî íàáëèæåíèé ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i (1.11), (1.13).

Äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü çàäà÷i çi áàãàòîòî÷êîâèìè

óìîâàìè âèâ÷àëèñÿ â ðîáîòàõ Ñ.À.Àáäî, Ì.É.Þð÷óêà [1, 2], Þ.Ì.Âàëiöü-

êîãî [19], [17]� [15], [132], Î.Î.Äåçiíà [24, 25], Â.Ê.Ðîìàíêà [75]� [73]. Ó ðî-

áîòi [19] â áàíàõîâîìó ïðîñòîði äîñëiäæåíî êîðåêòíiñòü 4-òî÷êîâî¨ çàäà÷i:

d4u(t)

dt4
= Au(t),

u(ti) = φi, i = 1, . . . , 4, t1 < t2 < t3 < t4,

äå A � ëiíiéíèé çàìêíåíèé îïåðàòîð. Âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi çà-

äà÷i, ÿêi âèðàæàþòüñÿ â òåðìiíàõ âëàñòèâîñòåé ñïåêòðà îïåðàòîðà A1/4.

Ó ïðàöÿõ [17]� [14], [132] ó ãiëüáåðòîâîìó ïðîñòîði H âèâ÷àëàñü çàäà÷à

dnU

dtn
+ A1

dn−1U

dtn−1
+ . . .+ An−1

dU

dt
+ AnU = 0,

U(ti) = Φi, i = 0, 1, . . . , n, 0 = t0 < t1 < . . . < tn−1 = T,
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Ai, i = 1, . . . , n � ëiíiéíi (âçàãàëi, íåîáìåæåíi) îïåðàòîðè â H, ÿêi ìàþòü

ñïiëüíå ñïåêòðàëüíå çîáðàæåííÿ, Φi, i = 1, . . . , n, � çàäàíi åëåìåíòè ïðî-

ñòîðó H, U(t) � øóêàíà ôóíêöiÿ, ÿêà íàáóâà¹ çíà÷åíü â ïðîñòîði H. ßêùî

òî÷êè t0, t1, . . . , tn−1 ðiâíîâiääàëåíi, à ðiâíÿííÿ

xn + λ(1)m xn−1 + . . .+ λ(n−1)
m x+ λ(n)m = 0,

äå λ(i)m , i = 1, . . . , n, m = 1, 2, . . . � âëàñíi çíà÷åííÿ îïåðàòîðiâ Ai âiä-

ïîâiäíî, ìà¹ ëèøå äiéñíi êîðåíi x1, . . . , xn, â ðîáîòi [16] îäåðæàíi îöiíêè

óìîâíî¨ êîðåêòíîñòi çàäà÷i. Ó [14] öå îáìåæåííÿ áóëî ïîñëàáëåíå íåðiâíi-

ñòþ |(xk − xl)t1 − 2πpi| ⩾ δ, ÿêà ïîâèííà ñïðàâäæóâàòèñü äëÿ áóäü-ÿêîãî

öiëîãî p. Ó ðîáîòi [15] îòðèìàíî óçàãàëüíåííÿ öèõ ðåçóëüòàòiâ íà âèïàäîê

áàãàòîòî÷êîâèõ óìîâ ç êðàòíèìè âóçëàìè

U(t1) = Φ
(1)
0 , . . . , U (k1)(t1) = Φ

(1)
k1
, . . . , U(tl) = Φ

(l)
0 , . . . , U

(kl)(tl) = Φ
(l)
kl
,

äå t1 < . . . < tl, k1 + 1 + k2 + 1 + . . .+ kl + 1 = n.

Î.Î.Äåçií [25] âêàçàâ íà äîöiëüíiñòü âèêîðèñòàííÿ íåëîêàëüíèõ áàãàòî-

òî÷êîâèõ óìîâ äëÿ îïèñó ðîçâ'ÿçíèõ ðîçøèðåíü äèôåðåíöiàëüíèõ îïåðàòî-

ðiâ, ïîðîäæåíèõ çàãàëüíîþ äèôåðåíöiàëüíîþ îïåðàöi¹þ çi ñòàëèìè êîåôi-

öi¹íòàìè. Ó ðîáîòi [24] ðîçãëÿíóòî îïåðàòîðíå ðiâíÿííÿ äðóãîãî ïîðÿäêó

Lu ≡
(
∂2

∂t2
+ 2B

∂

∂t
− A

)
u(t) = f(t), t ∈ (0, b),

äå A, B � êîìóòóþ÷i ç ∂
∂t îïåðàòîðè, ïîðîäæåíi äèôåðåíöiàëüíèìè îïåðà-

öiÿìè çà çìiííîþ x çi ñòàëèìè êîåôiöi¹íòàìè íà n-âèìiðíîìó òîði. Âèâ÷åíî

çàëåæíiñòü õàðàêòåðó ðîçâ'ÿçíîñòi ðiâíÿííÿ âiä ïîâåäiíêè ñèìâîëiâ îïåðà-

öié i âèãëÿäó êðàéîâèõ óìîâ.

À. Õ. Ìàìÿí [49] âñòàíîâèâ, ùî iñíóþòü òàêi äèôåðåíöiàëüíi ðiâíÿííÿ

ç ÷àñòèííèìè ïîõiäíèìè â øàði, äëÿ ÿêèõ íåìîæëèâî ñôîðìóëþâàòè æî-

äíî¨ êîðåêòíî¨ ëîêàëüíî¨ çàäà÷i; âîäíî÷àñ êîðåêòíi çàäà÷i iñíóþòü, ÿêùî

çàëó÷èòè íåëîêàëüíi óìîâè.
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Ó ðîáîòàõ Â.Ê.Ðîìàíêà [75]� [73] âñòàíîâëåíî, ùî äëÿ îïèñó ïðàâèëü-

íèõ îïåðàòîðiâ, ïîðîäæåíèõ ó âiäïîâiäíîìó ôóíêöiéíîìó ãiëüáåðòîâîìó

ïðîñòîði îïåðàöi¹þ
(
∂m

∂tm − A
)
, äå m ⩾ 2, A � äèôåðåíöiàëüíèé îïåðàòîð

íà n-âèìiðíîìó òîði, ìîæíà âèêîðèñòîâóâàòè ëîêàëüíi äâîòî÷êîâi óìîâè

∂j−1u

∂tj−1

∣∣∣
t=0

= 0, j = 1, . . . , k0,
∂q−1u

∂tj−1

∣∣∣
t=1

= 0, q = 1, . . . , k1,

òà íåëîêàëüíi äâîòî÷êîâi óìîâè

aj
∂j−1u

∂tj−1

∣∣∣
t=0

+ bj
∂j−1u

∂tj−1

∣∣∣
t=1

= 0, j = 1, . . . ,m,

äå k0 + k1 = m, aj, bj, j = 1, . . . ,m, � êîìïëåêñíi ïàðàìåòðè.

Äëÿ ïàðàáîëi÷íèõ ðiâíÿíü íåëîêàëüíi áàãàòîòî÷êîâi çàäà÷i âèâ÷àëèñÿ â

ðîáîòàõ Â.Ï.Ëàâðåí÷óêà [45], Ì.I.Ìàòié÷óêà [50].

Ó ðîáîòàõ Á.É. Ïòàøíèêà, Â.Ñ. Iëüêiâà, I.ß. Êìiòü, Â.Ì. Ïîëiùóê, Á.Î.

Ñàëèãè [27, 70], Å.Ì. Ñàéäàìàòîâà [78], C.Ð. Óìàðîâà [97] îäåðæàíi óìîâè

iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêiâ ëîêàëüíèõ òà íåëîêàëüíèõ áàãàòîòî÷êîâèõ

çàäà÷ äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü. Ó öèõ ðîáî-

òàõ âèêîðèñòàíi ðåçóëüòàòè ïðàöi Þ.Î.Äóáiíñüêîãî [26], â ÿêié ðîçðîáëåíî

ìåòîäè äîñëiäæåííÿ ïñåâäîäèôåðåíöiàëüíèõ îïåðàòîðiâ, âèçíà÷åíèìè â äî-

âiëüíié îáëàñòi ç Rn.

Ó ðîáîòi [44] Ë. I. Êîðáóòà òà Ì. I. Ìàòié÷óêà çà äîïîìîãîþ ïåðåòâîðå-

ííÿ Ôóð'¹ â øàði Rn × [0, T ] çíàéäåíî ðîçâ'ÿçîê äâîòî÷êîâî¨ íåëîêàëüíî¨

çàäà÷i

∂tu(t, x) = △xu(t, x) + f(t, x),

µ u(t, x)|t=0 = u(t, x)|t=T + φ(x), µ ∈ R.

Â. Ì. Ëó÷êî ðîçãëÿíóâ ó øàði (0, T ) × Rn çàäà÷ó äëÿ ïàðàáîëi÷íîãî

ðiâíÿííÿ âèùîãî ïîðÿäêó ç íåëîêàëüíèìè óìîâàìè

∂jtu(t, x)|t=0 − µ∂jtu(t, x)|t=T = φj(x), j = 1, . . . ,m.

Çà äîïîìîãîþ ìåòîäó Ôóð'¹ äîâåäåíî iñíóâàííÿ i âñòàíîâëåíî îöiíêè êëà-

ñè÷íîãî ðîçâ'ÿçêó ó âñüîìó ïðîñòîði [48].
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Äëÿ ðiâíÿííÿ ç âèðîäæåííÿì

ymuxx − uyy − b2ymu = 0

ó ïðÿìîêóòíèêó {(x, y) | 0 < x < 1, 0 < y < T}, äå m > 0, b ⩾ 0, T > 0,

ìåòîäîì ñïåêòðàëüíîãî àíàëiçó äîâåäåíî [77] òåîðåìè ¹äèíîñòi òà iñíóâàííÿ

ðîçâ'ÿçêó çàäà÷i ç ïî÷àòêîâèìè óìîâàìè

u(x, 0) = τ(x), uy(x, 0) = ν(x), x ∈ [0, 1],

i íåëîêàëüíèìè óìîâàìè

u(0, y) = u(1, y), ux(0, y) = 0

àáî

ux(0, y) = ux(1, y), u(1, y) = 0

ïðè y ∈ [0, T ]. Ðîçâ'ÿçêè äî çàäà÷ ïîáóäîâàíî ó âèãëÿäi ñóìè áiîðòîãîíàëü-

íîãî ðÿäó.

Äëÿ ðiâíÿííÿ ìiøàíîãî òèïó

(1− sgn t)utt + (1− sgn t)ut = 2uxx

â îáëàñòi {(x, t) | 0 < x < 1, −α < t < β}, äå α, β � çàäàíi äîäàòíi ÷èñëà,

ó ðîáîòi [76] âèâ÷åíà çàäà÷à ç óìîâàìè

u(0, t) = u(1, t) = 0, −α ⩽ t ⩽ β, u(x,−α)− u(x, β) = φ(x), 0 ⩽ x ⩽ 1.

Âñòàíîâëåíî êðèòåðié ¹äèíîñòi ðîçâ'ÿçêó, ÿêèé ïîáóäîâàíèé ó âèãëÿäi ñóìè

ðÿäó Ôóð'¹, à òàêîæ ñòiéêiñòü ðîçâ'ÿçêó çà íåëîêàëüíîþ óìîâîþ φ(x).

Ó ñòàòòi [11] Â. Ì. Áîðîê òà Ë. Â. Ôàðäiãîëà äîñëiäæåíî çàäà÷ó äëÿ

áåçòèïíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

∂u(x, y)/∂y = P (∂/∂x)u(x, y), (x, y) ∈ Rn × [0, b],
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äå P (σ) = P (σ1, . . . , σn) � äîâiëüíèé ïîëiíîì ç êîìïëåêñíèìè êîåôiöi¹íòà-

ìè, ç íåëîêàëüíîþ óìîâîþ

Au(x, 0)− u(x, b) = u0(x), x ∈ Rn, A ̸= 0.

Äëÿ êîðåêòíîñòi çàäà÷i âñòàíîâëåíî íåîáõiäíèé òà äîñòàòíié êðèòåðié ó

âèãëÿäi âèêîíàííÿ óìîâè A− ebP (iσ) ̸= 0, σ ∈ Rn.

Çàäà÷i ç íåëîêàëüíèìè áàãàòîòî÷êîâèìè óìîâàìè

M∑
j=1

∑
|s|⩽N

bj,mŝ
∂|ŝ|u(t, x)

∂ts0∂xs11 · · · ∂xspp

∣∣∣∣
t=tj

= φm(x),

m ∈ {1, . . . , n}, 0 = t1 < · · · < tM = T,

â îáëàñòi QT
p äëÿ áåçòèïíèõ ðiâíÿíü i ñèñòåì òàêèõ ðiâíÿíü äîñëiäæåíî

â [70, �14]. Òóò âïåðøå ðîçãëÿíóòî âèïàäîê (äëÿ ðiâíÿíü çi ñòàëèìè êî-

åôiöi¹íòàìè), êîëè âåêòîð, ñêëàäåíèé iç êîåôiöi¹íòiâ ðiâíÿííÿ, íàëåæèòü

äî äåÿêîãî àëãåáðè÷íîãî ìíîãîâèäó, ïðè÷îìó ðîçâ'ÿçíiñòü çàäà÷i äîâåäåíî

äëÿ ìàéæå âñiõ ìíîãîâèäiâ.

Ó [70] ðîçãëÿíóòî íåëîêàëüíó çàäà÷ó

L
(
∂t, ∂x

)
u ≡ ∂nt −

n∑
j=1

Aj(∂x)∂
n−j
t u = 0, u = u(t, x), (t, x) ∈ QT

p , (1.14)

ν∂jtu
∣∣
t=0

−µ∂jtu
∣∣
t=T

= φj, j = 0, 1, . . . , n−1, φj = φj(x), x ∈ Ωp, (1.15)

äå n ⩾ 1, ν, µ ∈ C \ {0}, Aj(∂x) =
∑
|s|⩽j

An−j,s∂
s
x, An−j,s�êîìïëåêñíîçíà-

÷íi ìàòðèöi ïîðÿäêó m, φj = (φj1, . . . , φjm), j = 0, 1, . . . , n− 1, � çàäàíi, à

u = (u1, . . . , um)�øóêàíà âåêòîð-ôóíêöi¨. Äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìà-

ëèõ çíàìåííèêiâ âèêîðèñòàíî ìåòðè÷íèé ïiäõiä; ïðè öüîìó ââàæàëîñü (áåç

îáìåæåííÿ çàãàëüíîñòi), ùî âåêòîð (ν, µ) íàëåæèòü îäèíè÷íié êóëi B4 ⊂ R4

iç öåíòðîì ó ïî÷àòêó êîîðäèíàò. Äëÿ âñiõ âåêòîðiâ (ν, µ) ∈ B4 \ Bε, äå

mes R4Bε ⩽ ε, âñòàíîâëåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó.

Íàâåäåíèé îãëÿä âêàçó¹ íà ðiçíîìàíiòíiñòü íàïðÿìêiâ äîñëiäæåííÿ çà-

äà÷ ç ëîêàëüíèìè áàãàòîòî÷êîâèìè óìîâàìè, óìîâàìè Íiêîëåòòi òà ëîêàëü-
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íèìè äâîòî÷êîâèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Íåçâà-

æàþ÷è íà öå, íåäîñòàòíüî âèâ÷åíèìè ¹ ëîêàëüíi áàãàòîòî÷êîâi çàäà÷i òà

íåëîêàëüíi äâîòî÷êîâi çàäà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òèïó

Åéëåðà, ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè çàïîâíþþòü öi ïðîãàëèíè.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 1

Ó ïåðøîìó ðîçäiëi äèñåðòàöi¨ íàâåäåíî îãëÿä ðåçóëüòàòiâ äîñëiäæåííÿ

áàãàòîòî÷êîâèõ i íåëîêàëüíèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè,

ñèñòåì òàêèõ ðiâíÿíü òà äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü. Äåòàëüíiøå

âèñâiòëåíî ðîáîòè, ÿêi ¹ áëèçüêèìè äî òåìàòèêè äèñåðòàöi¨. Âêàçàíî íà òi

ïèòàííÿ, ÿêi ïîòðåáóþòü ãëèáøîãî äîñëiäæåííÿ.
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ÐÎÇÄIË 2

ÇÀÃÀËÜÍÀ ÌÅÒÎÄÈÊÀ ÒÀ ÄÎÏÎÌIÆÍI ÒÂÅÐÄÆÅÍÍß

Ó ðîçäiëi íàâåäåíî ñïðîùåíó ñõåìó äîñëiäæåíü êðàéîâèõ çàäà÷ ç áàãà-

òîòî÷êîâèìè òà íåëîêàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõi-

äíèìè, ðîçãëÿíóòèõ ó äèñåðòàöi¨, à òàêîæ îïèñàíi äîïîìiæíi òâåðäæåííÿ ç

òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, òåîði¨ ÷èñåë, òåîði¨ ôóíêöié, âèêîðèñòàíèõ

ïðè âèâ÷åííi öèõ çàäà÷.

2.1. Ïðîñòîðè ôóíêöié òà ¨õíi íîðìè

Cn([a, b];R) (Cn([a, b];C)) � ïðîñòið n ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèõ

íà âiäðiçêó [a, b] ôóíêöié f : [a, b] → R (f : [a, b] → C) ç íîðìîþ

∥f ;Cn([a, b];R)∥ =
n∑

j=0

max
t∈[a,b]

|f (j)(t)|
(
∥f ;Cn([a, b];C)∥ =

n∑
j=0

max
t∈[a,b]

|f (j)(t)|
)
;

Tn � ïðîñòið òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ñòåïåíÿ n, n ∈ Z+ :

Tn =

φ(x) = ∑
k∈Zp, |k|⩽n

φk exp(ik, x) : φk ∈ C, |k| ⩽ n

 ;

T =
⋃

n∈N Tn � ïðîñòið òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ñêií÷åííîãî ñòåïåíÿ,

çáiæíiñòü ó ÿêîìó âèçíà÷à¹òüñÿ òàêèì ÷èíîì [21]: ïîñëiäîâíiñòü{
φm(x) =

∑
k

φm
k exp(ik, x); m ∈ N

}
⊂ T

çáiãà¹òüñÿ äî φ(x) =
∑

k φk exp(ik, x) ∈ T , ÿêùî:
1) iñíó¹ N ∈ N òàêå, ùî φm(x) ∈ TN äëÿ âñiõ m ∈ N,

2) äëÿ êîæíîãî k ∈ Zp ∃ lim
m→∞

φm
k = φk;
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T ′ � ïðîñòið àíòèëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà T çi ñëàáêîþ çái-

æíiñòþ, ÿêèé ñïiâïàäà¹ ç ïðîñòîðîì ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿ-

äiâ [21];

Cn([0, T ]; T ) (Cn([0, T ]; T ′)) � ïðîñòið ôóíêöié u(t, x), n ðàç íåïåðåðâíî

äèôåðåíöiéîâíèõ çà t, i òàêèõ, ùî ïðè êîæíîìó ôiêñîâàíîìó t ∈ [0, T ]

∂jtu ∈ T (T ′), j = 0, 1, . . . , n;

H(τk) (äå (τk)k∈Zp � ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë) � ãiëüáåðòiâ

ïðîñòið óñiõ ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ

φ(x) =
∑
k∈Zp

φk exp(ik, x), φk ∈ C,

äëÿ ÿêèõ ¹ ñêií÷åííîþ íîðìà

∥φ(x);H(τk)∥ =
(∑

k∈Zp

|φk|2τ 2k
)1/2

,

ïîðîäæåíà ñêàëÿðíèì äîáóòêîì

(φ(x), ψ(x))H(τk) =
∑
k∈Zp

φkψkτ
2
k ,

Cn([a, b]; H(τk)), n ∈ Z+, � ïðîñòið ôóíêöié

u(t, x) =
∑
k∈Zp

uk(t) exp(ik, x), uk(t) ∈ Cn[a, b],

çi ñêií÷åííîþ íîðìîþ

∥u;Cn([a, b];H(τk))∥ =
n∑

j=0

max
t∈[a,b]

∥∥(t∂t)ju(t, ·);H(τk)
∥∥ ;

Φq,g (äå q ∈ R, g > 0) � ïðîñòið H(τk), ÿêùî τk = k̃qgk̃;

Un
q,G (äå n ∈ N, q ∈ R, G(t) ∈ C([a, b];R) � íåâiä'¹ìíà ôóíêöiÿ) � áàíàõî-

âèé ïðîñòið ôóíêöié∑
k∈Zp

uk(t) exp(ik, x), uk(t) ∈ Cn([a, b];C),

çi ñêií÷åííîþ íîðìîþ

∥u∥n,q,G =
n∑

r=0

max
t∈[a,b]

∥tr∂rt u(t, ·)∥q−r,G(t).
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2.2. Çàãàëüíà ñõåìà äîñëiäæåíü çàäà÷ äèñåðòàöi¨

Óñi çàäà÷i, ðîçãëÿíóòi â äèñåðòàöi¨, ìîæíà îá'¹äíàòè òèàêèì ñïiëüíèì

ôîðìóëþâàííÿì: çíàéòè â îáëàñòi QT
p ðîçâ'ÿçîê u(t, x) ðiâíÿííÿ òèïó Åé-

ëåðà(
t∂t
)n
u(t, x)+

n∑
j=1

Aj(∂x)
(
t∂t
)n−j

u(t, x) = 0, (t, x) ∈ (t∗0, t
∗
1)×Ωp

2π, (2.1)

äå

Aj(∂x) =
∑
|s|⩽j

an−j,s∂
s
x =

∑
|s|⩽j

an−j,s∂
s1
x1
. . . ∂spxp

, as0,s ∈ C, (2.2)

ÿêèé ñïðàâäæó¹ óìîâè

Vj[u(t, x)] = φj(x), j = 1, . . . , n, x ∈ Ωp
2π, (2.3)

äå

φj(x) =
∑
k∈Zp

φjk exp(ik, x) ∈ T ′, j = 1, . . . , n.

Óìîâè (2.3) ìàþòü âèãëÿä áàãàòîòî÷êîâèõ óìîâ

Vj[u(t, x)] = u(tj, x), j = 1, . . . , n, t1 < . . . < tn x ∈ Ωp
2π, (2.4)

óìîâ Íiêîëåòòi

Vj[u(t, x)] = (t∂t)
j−1u(t, x)

∣∣
t=tj

, j = 1, . . . , n, x ∈ Ωp
2π, (2.5)

÷è íåëîêàëüíèõ äâîòî÷êîâèõ óìîâ

Vj[u(t, x)] = µ0∂
j−1
t u(t0, x) + µ1∂

j−1
t u(t1, x), j = 1, . . . , n, x ∈ Ωp

2π. (2.6)

Îçíà÷åííÿ 2.1 . Ðîçâ'ÿçêîì çàäà÷i (2.1), (2.3) ç ïðîñòîðó Cn([t∗0, t
∗
1],T ′)

íàçèâà¹ìî ðÿä

u(t, x) =
∑
k∈Zp

uk(t) exp(ik, x) (2.7)

äå êîæåí iç êîåôiöi¹íòiâ Ôóð'¹ uk(t) ∈ Cn[t∗0, t
∗
1] ¹ ðîçâ'ÿçêîì çàäà÷i(

tdt
)n
uk(t) +

n∑
j=1

Aj(ik)
(
tdt
)n−j

uk(t) = 0, t ∈ (t∗0, t
∗
1), (2.8)

Vj[uk(t)] = φjk, j = 1, . . . , n. (2.9)
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Íåõàé ôóíêöi¨ yq(t, k), q = 1, . . . , n, óòâîðþþòü ôóíäàìåíòàëüíó ñèñòå-

ìó ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.8). Ïîçíà÷èìî:

∆n(k) = det ∥Vj[yq(t, k)]∥nj,q=1 , k ∈ Zp. (2.10)

Óìîâà

∀k ∈ Zp ∆n(k) ̸= 0 (2.11)

¹ íåîáõiäíîþ é äîñòàòíüîþ óìîâîþ äëÿ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i

(2.1), (2.3) â ïðîñòîði Cn([t∗0, t
∗
1], T ′). Öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑
k∈Zp

n∑
j,q=1

∆jq(k)

∆n(k)
φjk yq(t, k)e

(ik,x), (2.12)

äå ∆jq(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà Vj[yq(t, k)] âèçíà÷íèêà ∆n(k).

Iñíóâàííÿ ðîçâ'ÿçêó (2.12) ó øêàëi ïðîñòîðiâ Cn([t∗0, t
∗
1], H(τk)), äå (τk)�

äåÿêà âàãîâà ïîñëiäîâíiñòü, ïîâ'ÿçàíà iç ãëàäêiñòþ ïðàâèõ ÷àñòèí â óìîâàõ

(2.3) òà ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, îñêiëüêè âèçíà÷íèêè∆n(k) ìîæóòü

ñòàâàòè áëèçüêèìè äî íóëÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k ∈ Zp.

Äëÿ òîãî ùîá çàáåçïå÷èòè çáiæíiñòü âêàçàíèõ ðÿäiâ ó øêàëàõ ïðîñòîðiâ

Cn([t∗0, t
∗
1], H(τk)) ó òåîðåìàõ iñíóâàííÿ íà ìàëi çíàìåííèêè íàêëàäåíî àêñi-

îìàòè÷íi îöiíêè çíèçó, à ïðàâi ÷àñòèíè â óìîâàõ (2.3) âèáðàíî ç ïðîñòîðiâ,

ãëàäêiñòü ÿêèõ óçãîäæó¹òüñÿ ç öèìè îöiíêàìè.

Âàæëèâèì çàâäàííÿì äèñåðòàöi¨ ¹ ç'ÿñóâàííÿ ìîæëèâîñòi âèêîíàííÿ

çãàäàíèõ îöiíîê çíèçó äëÿ ìàëèõ çíàìåííèêiâ. Ó ðåçóëüòàòi âèêîðèñòàííÿ

ìåòðè÷íîãî ïiäõîäó âñòàíîâëåíî, ùî îöiíêè çíèçó äëÿ ìàëèõ çíàìåííèêiâ

âèêîíóþòüñÿ äëÿ ìàéæå âñiõ ïàðàìåòðiâ çàäà÷i � êîåôiöi¹íòiâ ðiâíÿííÿ,

íåëîêàëüíèõ óìîâ i çíà÷åíü âóçëiâ iíòåðïîëÿöi¨.

Õàðàêòåðíèì íàñëiäêîì iç äîâåäåíèõ ìåòðè÷íèõ òåîðåì ïðî îöiíêè çíè-

çó ìàëèõ çíàìåííèêiâ òà òåîðåì iñíóâàííÿ ¹ ðåçóëüòàòè ïðî îäíîçíà÷íó

ðîçâ'ÿçíiñòü (ó âiäïîâiäíié øêàëi ïðîñòîðiâ) áàãàòî÷êîâèõ i íåëîêàëüíèõ

çàäà÷ äëÿ ìàéæå âñiõ ¨õíiõ ïàðàìåòðiâ.
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2.3. Àïðîêñèìàöiÿ äiéñíèõ ÷èñåë ðàöiîíàëüíèìè äðîáàìè

Íàäàëi íàì çíàäîáëÿòüñÿ òàêi òâåðäæåííÿ ïðî àïðîêñèìàöiþ äiéñíèõ

÷èñåë ðàöiîíàëüíèìè äðîáàìè.

Òåîðåìà 2.1 (Ëióâiëü) . ßêùî α � iððàöiîíàëüíå àëãåáðè÷íå ÷èñëî

ñòåïåíÿ n ⩾ 2, òî iñíó¹ ñòàëà c(α) > 0 òàêà, ùî äëÿ âñiõ ðàöiîíàëüíèõ

÷èñåë m/k âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣α− m

k

∣∣∣ ⩾ c(α)

|k|n
.

Òåîðåìà 2.2 (Ðîò) . Íåõàé α � äiéñíå àëãåáðè÷íå ÷èñëî ñòåïåíÿ

d ⩾ 2. Òîäi äëÿ äîâiëüíîãî δ > 0 íåðiâíiñòü∣∣∣α− m

k

∣∣∣ < 1

|k|2+δ

ìà¹ òiëüêè ñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ ó ðàöiîíàëüíèõ ÷èñëàõ m/k.

Òåîðåìà 2.3 (Õií÷èí) . Äëÿ äîâiëüíî¨ äîäàòíî¨ ôóíêöi¨ φ : N → R+

iñíó¹ òàêå iððàöiîíàëüíå ÷èñëî α0, ùî íåðiâíiñòü∣∣∣α0 −
m

k

∣∣∣ < φ(k)

âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi ÷èñåë k ∈ N, m ∈ Z.

Òåîðåìà 2.4 (Áîðåëü) . Äëÿ êîæíîãî δ > 0 ìíîæèíà òèõ äiéñíèõ

÷èñåë α, äëÿ ÿêèõ íåðiâíiñòü∣∣∣α− m

k

∣∣∣ ⩽ 1

|k|2+δ

âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi ðàöiîíàëüíèõ ÷èñåë m/k ìà¹ ëå-

áåãîâó ìiðó íóëü.

Òåîðåìà 2.5 (Ëåìà Áîðåëÿ�Êàíòåëëi [95]) . Íåõàé {Ak}∞k=1 �

ïîñëiäîâíiñòü âèìiðíèõ (çà ìiðîþ Ëåáåãà â Rn) ìíîæèí ç Rn òàêèõ, ùî

∞∑
k=1

mes Rn Ak <∞.
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Òîäi ìiðà Ëåáåãà â Rn ìíîæèíè òèõ òî÷îê, ÿêi ïîòðàïëÿþòü äî íåñêií-

÷åííî¨ êiëüêîñòi ìíîæèí äàíî¨ ïîñëiäîâíîñòi, äîðiâíþ¹ íóëþ.

Äîâåäåííÿ òåîðåì 1-4 òà ëåìè Áîðåëÿ�Êàíòåëëi ìiñòÿòüñÿ â [99, ñ. 48],

[7, 100�102].

2.4. Äîïîìiæíi òâåðäæåííÿ òà ëåìè

Íàâåäåìî ðåçóëüòàòè, ÿêi âèêîðèñòîâóþòüñÿ ïðè äîñëiäæåííi îöiíîê

çíèçó ìàëèõ çíàìåííèêiâ.

Ëåìà 2.1 . Íà âiäðiçêó [0, 1/2] âèêîíóþòüñÿ íåðiâíîñòi

sinx > 1− e−x > 3x/4.

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

x

sinx
1− e−x

3x
4

0 1 2 3 4 5

·10−2

0

1

2

3

4

·10−2

x

sinx
1− e−x

3x
4

Ðèñ. 2.1: Îáðàçè ïiâêðóãà áåç ïðÿìîêóòíèêiâ ïðè âiäîáðàæåííi w = ez.

Äîâåäåííÿ. Öi íåðiâíîñòi âèïëèâàþòü ç ôîðìóëè Ìàêëîðåíà:

sinx− (1− e−x) =
x2

2
+
e−θx + sin θx

24
x4 >

x2

3
⩾ 0,

1− e−x − 3

4
x =

(
x− e−θxx

2

2

)
− 3

4
x >

x

4
− x2

2
=
x

2

(1
2
− x
)
⩾ 0,

äå θ = θ(x) íàëåæèòü iíòåðâàëó (0, 1).
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Ëåìà 2.2 . Íåõàé ε > 0 � äîäàòíå äiéñíå ÷èñëî, à êîìïëåêñíå ÷èñëî

z ¹ òàêèì, ùî Re z ⩽ 0 i äëÿ âñiõ m ∈ Z âèêîíóþòüñÿ íåðiâíîñòi

|z − 2πim| >
√
2 · ε. (2.13)

Òîäi äëÿ öüîãî ÷èñëà z âèêîíóþòüñÿ òàêi îöiíêè:

|1− ez| ⩾

 3
8 , ÿêùî ε ⩾ 1

2 ,

3
4ε, ÿêùî ε < 1

2 .

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê ε < 1/2. Ââåäåìî ïðÿìîêóòíèêè

Rm(ε) = {z = x+ iy : (x, y) ∈ [−ε, 0]× [−ε+ 2πm, ε+ 2πm]}, m ∈ Z,

ùî ìiñòÿòü òî÷êè 2πim íà ñòîðîíi {z = x + iy : x = 0, −ε + 2πm ⩽ y ⩽

ε+2πm} (äèâ. ðèñóíîê 2.2.1). Îñêiëüêè äëÿ ÷èñëà z = u+iv, u = Re z, v =

Im z âèêîíóþòüñÿ (çãiäíî ç óìîâîþ ëåìè) îöiíêè (2.13), òî z ̸∈ ∪m∈ZRm.

Ñïðàâäi, ÿêùî ïðèïóñòèòè ïðîòèëåæíå, òîáòî ùî iñíó¹ m0 ∈ Z òàêå, ùî

z ∈ Rm0
, òî öå îçíà÷àëî á, ùî −ε ⩽ u ⩽ 0 i −ε + 2πm0 ⩽ v ⩽ ε + 2πm0,

òîáòî  −ε ⩽ u ⩽ 0,

−ε ⩽ v − 2 im0 ⩽ ε,

à, îòæå, u2+(v−2πm0)
2 ⩽ 2ε2, ùî ðiâíîñèëüíî óìîâi |u+iv−2πim0| ⩽

√
2ε,

ùî ðiâíîñèëüíî |z − 2πim0| ⩽
√
2ε, ùî ñóïåðå÷èòü óìîâi (2.13).

Ïðè âiäîáðàæåííi w = ez ïðÿìîêóòíèêè Rm ïåðåõîäÿòü ó ìíîæèíó

Mε = {w = ρeiφ : e−ε ⩽ ρ ⩽ 1, −ε ⩽ φ ⩽ ε}.

ÌíîæèíàMε � (äèâ. ðèñóíîê 2.2.2) öå ÷àñòèíà êiëüöÿ ìiæ êîëàìè |w| = e−ε,

|w| = 1 i ïðîìåíÿìè argw = ±ε.
Äëÿ äîâiëüíî¨ òî÷êè z ̸∈

⋃
mRm ïiâêðóãà ñïðàâäæó¹òüñÿ íåðiâíiñòü

|1− ez| ⩾ 1− e−ε >
3

4
ε.
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Re z

Im z

2πi

−2πi

R1

R−1

R0

1. Ïðÿìîêóòíèêè Rm.

Rew

Imw

1

1

1− e−ε

2. Ìíîæèíà Mε.

Ðèñ. 2.2: Îáðàçè ïiâêðóãà áåç ïðÿìîêóòíèêiâ ïðè âiäîáðàæåííi w = ez.

Ñïðàâäi, âiäñòàíü âiä îäèíèöi äî òî÷îê e−ε · eiφ äóãè | arg z| ⩽ ε íà êîëi

|z| = e−ε íå ìåíøà íiæ 1− e−ε, îñêiëüêè

|1− eiφ−ε|2 =
(
1− e−εcosφ

)2
+ e−2εsin2 φ ⩾

(
1− e−εcosφ

)2
⩾
(
1− e−ε

)2
.

B

DO=(0,0)

e−ε

−e−ε

C = (e−ε, 0)

A = (1, 0)

Imω

Ðèñ. 2.3: Âiäñòàíü äî òî÷êè íà äóçi êîëà.

Îñòàííÿ íåðiâíiñòü ¹ âiäîáðàæåííÿì òîãî ôàêòó, ùî AB ⩾ AC (äèâ.

ðèñóíîê 2.3). Ñïðàâäi, áóäü-ÿêà òî÷êà äóãè ïiâêîëà, ñïðî¹êòîâàíà íà âiñü
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Im z, ëåæàòèìå íà ðàäióñi OC, óòâîðþþ÷è ïðÿìîêóòíèé òðèêóòíèê ABD

ç êàòåòîì AD i ãiïîòåíóçîþ AB, òîìó AB ⩾ AC.

Âiäñòàíü âiä îäèíèöi äî òî÷îê |z|e±iε âiäðiçêà 1 − e−ε ⩽ |z| ⩽ 1 îáîõ

ïðîìåíiâ arg z = ±ε íå ìåíøà, íiæ âiäñòàíü äî ïðÿìèõ y = ± tg ε · x
âiäïîâiäíî, ÿêà ¹ îäíàêîâîþ i äîðiâíþ¹ sin ε.

B

C1

C2

C3

O=(0,0)

e−ε

1

e−ε A = (1, 0) Imω

ε

Ðèñ. 2.4: Âiäñòàíü äî ïðîìåíiâ argω = ±ε.

Ñïðàâäi, âiäñòàíü âiä òî÷êè A äî áóäü-ÿêî¨ òî÷êè C1, C2, C3 ïðîìåíÿ

arg z = ε íå ïåðåâèùó¹ îïóùåíèé íà ïðîìiíü ïåðïåíäèêóëÿð AB. Äîâæè-

íà AB çíàõîäèòüñÿ ÿê äîâæèíà êàòåòà íàâïðîòè êóòà ε ó ïðÿìîêóòíîìó

òðèêóòíèêó ç ãiïîòåíóçîþ OA äîâæèíîþ 1, òîáòî äîðiâíþ¹ sin ε.

Òîìó |1 − ez| ⩾ min
(
1 − e−ε, sin ε

)
, îñêiëüêè ìiíiìóì ìîäóëÿ ôóíêöi¨

1−ez íà ïiâêðóçi ç âèëó÷åíèìè ïðÿìîêóòíèêàìè äîñÿãà¹òüñÿ íà ðîçãëÿíóòié
÷àñòèíi ãðàíèöi êiëüöÿ.

Çãiäíî ç ëåìîþ 2.1 îòðèìó¹ìî |1− ez| ⩾ 3/4 · ε, ÿêùî ε < 1/2.

Íåõàé ε = 1/2. Ôóíêöiÿ |1 − eRe z| ¹ ìîíîòîííî ñïàäíîþ, ÿêùî Re z

çìiíþ¹òüñÿ âiä −∞ äî 0. Òàêîæ ôóíêöiÿ |1 − ez| =
√
e2x − 2ex cos y + 1,

äå z = x + iy, ¹ ìîíîòîííî ñïàäíîþ äëÿ ∀x çà y âiä 2πm − π äî 2πm òà
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ìîíîòîííî çðîñòàþ÷îþ çà y âiä 2πm äî 2πm+ π, äå m ∈ Z.

Îòæå, äëÿ ∀z1 = x1 + iy1, x1 ∈ (−∞,−1/2], y1 ∈ [2πm − π, 2πm +

π], m ∈ Z âèêîíó¹òüñÿ |1 − ez1| ⩾ |1 − ez0|, äå z0 = x1 + i ∗ 2πm, òà

|1 − ez0| ⩾ |1 − ez1/2| = |1 − e1/2|, äå z1/2 = 1/2 + i ∗ 2πm, îñêiëüêè |1 − ez|
2π-ïåðiîäè÷íà çà y. Çâiäñè îòðèìó¹ìî îöiíêó |1− ez| ⩾ 3/8, ÿêùî ε ⩾ 1/2.

Òåîðåìà 2.6 (Âàëëå Ïóññåí [80,135]) . Íåõàé ó ðiâíÿííi

y(n)(t) + a1(t)y
(n−1)(t) + . . .+ an(t)y(t) = 0, (2.14)

êîåôiöi¹íòè aj(t), j = 1, . . . , n, n ⩾ 2, ¹ íåïåðåðâíèìè íà [a, b] ôóíêöiÿ-

ìè, i íåõàé Lj = max
t∈[a,b]

|aj(t)|, j = 1, . . . , n. ßêùî h0 � äîäàòíèé êîðiíü

ðiâíÿííÿ

Ln
hn

n!
+ Ln−1

hn−1

(n− 1)!
+ . . .+ L1

h

1!
− 1 = 0, (2.15)

òî äëÿ äîâiëüíèõ n òî÷îê P1 ≡ (t1, A1), . . . , Pn ≡ (tn, An), A1, . . . , An ∈ R,

òàêèõ, ùî

a ⩽ t1 < . . . < tn ⩽ b, tn − t1 = h ⩽ h0,

iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.14), ÿêèé ïðîõîäèòü ÷åðåç öi òî÷êè.

Çîêðåìà, öåé ðîçâ'ÿçîê ¹ òðèâiàëüíèì (y(t) ≡ 0), ÿêùî A1 = . . . = An = 0.

Çàóâàæèìî, ùî çà óìîâè L1 = . . . = Ln = 0 çàãàëüíèé ðîçâ'ÿçîê ðiâíÿ-

ííÿ (2.14) ¹ ìíîãî÷ëåíîì (n− 1)-ãî ñòåïåíÿ, êîåôiöi¹íòè ÿêîãî îäíîçíà÷íî

çíàõîäÿòüñÿ ç óìîâ y(tj) = Aj, j = 1, . . . , n, âíàñëiäîê òîãî, ùî âñi ÷èñëà

t1, . . . , tn ¹ ðiçíèìè.

ßêùî æ max
1⩽j⩽n

Lj > 0, òî ëiâà ÷àñòèíà ðiâíÿííÿ (2.15), ÿêó ïîçíà÷èìî

÷åðåç G(h), ¹ çðîñòàþ÷îþ ôóíêöi¹þ âiä h íà ïðîìiæêó [0; +∞), âiä'¹ìíîþ

ïðè h = 0 i äîäàòíîþ ïðè äîñèòü âåëèêîìó äîäàòíîìó h, òîìó ðiâíÿííÿ

(2.15) ìà¹ ¹äèíèé äîäàòíèé íóëü h0. Çíàéäåìî îöiíêó çíèçó äëÿ ÷èñëà h0.

Ïîçíà÷èìî:

h∗ = min
j: Lj ̸=0

{(
j!n−1L−1

j

)1/j}
> 0.
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Òîäi äëÿ ÷èñëà h∗ âèêîíóþòüñÿ íåðiâíîñòi

Lj
hj∗
j!

⩽
1

n
, j = 1, . . . , n,

iç ÿêèõ âèïëèâà¹, ùî

G(h∗) ⩽ n · 1
n
− 1 = 0 = G(h0),

à îòæå, h∗ ⩽ h0 âíàñëiäîê ìîíîòîííîñòi G(h) íà [0; +∞). Òàêèì ÷èíîì,

äëÿ êîðåíÿ h0 ðiâíÿííÿ (2.15) âèêîíó¹òüñÿ îöiíêà h0 ⩾ h∗. Âðàõîâóþ÷è öþ

îöiíêó, îòðèìó¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 2.1 . ßêùî ôóíêöiÿ y(t) ¹ íåíóëüîâèì ðîçâ'ÿçêîì ðiâíÿí-

íÿ (2.14), êîåôiöi¹íòè aj(t), j = 1, . . . , n, ÿêîãî ¹ äiéñíèìè íåïåðåðâíèìè

ôóíêöiÿìè íà [a, b], òî êiëüêiñòü íóëiâ ôóíêöi¨ y(t) íà âiäðiçêó [a, b] íå

ïåðåâèùó¹ C1H, äå

C1 = (n− 1)(1 + (b− a)n),

H = 1 + max
1⩽j⩽n

max
t∈[a,b]

|aj(t)|1/j.

Íàñëiäîê 2.2 . Íåõàé f(t) � íåíóëüîâà ôóíêöiÿ âèãëÿäó

f(t) =
m∑
j=1

pjt
λj , λj ̸= λq (j ̸= q), (2.16)

äå λj, pj ∈ C, j = 1, . . . ,m. Òîäi äëÿ äîâiëüíîãî âiäðiçêà [a, b], a > 0,

êiëüêiñòü íóëiâ ôóíêöi¨ f(t), ÿêi ïîòðàïëÿþòü íà [a, b], íå ïåðåâèùó¹

C2(1 + max
1⩽j⩽m

|λj|), äå ñòàëà C2 çàëåæèòü òiëüêè âiä a, b i m.

Äîâåäåííÿ. Ôóíêöiÿ f(t) ¹ íåíóëüîâèì ðîçâ'ÿçêîì òàêîãî äèôåðåíöi-

àëüíîãî ðiâíÿííÿ m-ãî ïîðÿäêó:

m∏
j=1

(
t
d

dt
− λj

)
Q(t) = 0.

Çà òåîðåìîþ Âi¹òà ìîäóëü êîåôiöi¹íòà ïðè ïîõiäíié Q(m−j)(t), 1 ⩽ j ⩽ m,

ó öüîìó ðiâíÿííi íå ïåðåâèùó¹ C3Λ
j, Λ = 1 + max

1⩽j⩽m
|λj|, C3 = C3(a, b,m).

Òîìó òâåðäæåííÿ íàñëiäêó 2.2 îäðàçó âèïëèâà¹ ç íàñëiäêó 2.1.
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Äëÿ ôóíêöi¨ f : I → R, çàäàíî¨ íà ïðîìiæêó I ⊂ R, ÷åðåç E(f, ε, I)

áóäåìî ïîçíà÷àòè ìíîæèíó E(f, ε, I),= {t ∈ I : |f(t)| < ε}, ε > 0.

Ëåìà 2.3 . ßêùî äiéñíîçíà÷íà ôóíêöiÿ f(t) íàëåæèòü ïðîñòîðó

Cn[a, b], a > 1, i ¹ òàêîþ, ùî äëÿ âñiõ t ∈ [a, b] âèêîíó¹òüñÿ íåðiâíiñòü

|(t d/dt)nf(t)| ⩾ δ, δ > 0,

òîäi äëÿ äîâiëüíîãî ε > 0 ñïðàâäæó¹òüñÿ îöiíêà

mesRE(f, ε, [a, b]) ⩽ C4(ε/δ)
1/n, C4 = C4(a, b, n) > 0.

Äîâåäåííÿ ëåìè 2.3 ïðîâîäèòüñÿ iç âèêîðèñòàííÿì ìiðêóâàíü, àíàëîãi-

÷íèõ äî íàâåäåíèõ ó [8,28].

Ëåìà 2.4 . Íåõàé ôóíêöiÿ f(t) ìà¹ âèãëÿä (2.16). ßêùî äëÿ äåÿêèõ

êîìïëåêñíèõ ÷èñåë aj, j = 1, . . . , n, âèêîíó¹òüñÿ óìîâà∣∣∣(t d/dt)nf(t) + a1(t d/dt)
n−1f(t) + . . .+ anf(t)

∣∣∣ ⩾ δ > 0,

∀t ∈ [a, b] ⊂ [1,+∞),

òî äëÿ äîâiëüíîãî ε ∈ (0, ε1) ñïðàâäæó¹òüñÿ îöiíêà

mesRE(f, ε, [a, b]) ⩽ C5Λ(ε/δ)
1/n, Λ ≡ 1 + max

1⩽j⩽m
|λj| ,

äå ε1 =
δ

2(n+1)An , A ≡ 1 + max
1⩽j⩽n

|aj |1/j, C5 = C5(a, b,m, n).

ßêùî ôóíêöiÿ f(t) ¹ äiéñíîþ, òîáòî λj, pj ∈ R, j = 1, . . . ,m, òî äëÿ

äîâiëüíîãî ε ∈ (0, 2ε1) ñïðàâäæó¹òüñÿ îöiíêà

mesRE(f, ε, [a, b]) ⩽ C6(ε/δ)
1/n, C6 = C6(a, b,m, n).

Äîâåäåííÿ. Ç óìîâè ëåìè âèïëèâà¹, ùî â êîæíié òî÷öi t ∈ [a, b] âèêî-

íó¹òüñÿ íåðiâíiñòü

max
0⩽j⩽n

{An−j
∣∣∣(t d/dt)jRef(t)∣∣∣ , An−j

∣∣∣(t d/dt)j Imf(t)∣∣∣} ⩾ δ/(2(n+ 1)).

(2.17)
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Ðîçãëÿíåìî ôóíêöi¨

yj(t) = An−j(t d/dt)jRef(t), yn+1+j(t) = An−j(t d/dt)jImf(t),

j = 0, 1, . . . , n,

à òàêîæ ôóíêöi¨

z+jq(t) = yj(t) + yq(t), z−jq(t) = yj(t)− yq(t), 0 ⩽ j < q ⩽ 2n+ 1.

Çãiäíî ç íàñëiäêîì 2.2 êîæíà ç ôóíêöié z+jq(t), z
−
jq(t) (ÿêùî âîíà âiä-

ìiííà âiä òîòîæíîãî íóëÿ) ìà¹ íà [a, b] íå áiëüøå íiæ C7Λ íóëiâ. ×åðåç J

ïîçíà÷èìî ðîçáèòòÿ âiäðiçêà [a, b] íà âiäðiçêè Jr, [a, b] =
M
∪
r=1

Jr, óòâîðåíå òî-

÷êàìè a, b òà âñiìà íóëÿìè âñiõ íåòðèâiàëüíèõ ôóíêöié z±jq(t), 0 ⩽ j < q ⩽

⩽ 2n+1. Î÷åâèäíî, ùî êiëüêiñòü M âiäðiçêiâ ðîçáèòòÿ íå ïåðåâèùó¹ C8Λ,

C8 = C8(a, b,m, n). Çãiäíî ç ïîáóäîâîþ ðîçáèòòÿ J , íà êîæíîìó âiäðiçêó Jr

öüîãî ðîçáèòòÿ ñåðåä 2n+ 2 ôóíêöié

An−j
∣∣∣(t d/dt)jRef(t)∣∣∣ , An−j

∣∣∣(t d/dt)jImf(t)∣∣∣
äåÿêà ôóíêöiÿ ¹ ìàêñèìàëüíîþ. Òîäi ç (2.17) âèïëèâà¹, ùî äëÿ äîâiëüíîãî

r, 1 ⩽ r ⩽ M , iñíó¹ j(r), 0 ⩽ j(r) ⩽ n, òàêå, ùî â êîæíié òî÷öi t ∈ Jr

âèêîíó¹òüñÿ íåðiâíiñòü

An−j(r)
∣∣∣(t d/dt)j(r)Ref(t)∣∣∣ ⩾ δ / (2(n+ 1))

àáî íåðiâíiñòü

An−j(r)
∣∣∣(t d/dt)j(r)Imf(t)∣∣∣ ⩾ δ / (2(n+ 1)).

Iç öèõ îöiíîê âèïëèâà¹, ùî ïðè ε < ε1 âiäðiçîê Jr íå ìiñòèòü òî÷îê ìíîæèíè

E(f, ε, (a, b)), ÿêùî j(r) = 0. ßêùî æ j(r) ̸= 0, òî çãiäíî ç ëåìîþ 2.3

mesRE(Re f, ε, Ir) ⩽ C9(ε / (δA
n−j(r)))

1
j(r) ⩽ C9(ε/δ)

1
n , C9 = C9(b, n),

àáî

mesRE(Im f, ε, Ir) ⩽ C10(ε/(δA
n−j(r)))

1
j(r) ⩽ C10(ε/δ)

1
n , C10 = C10(b, n).
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Òàêèì ÷èíîì, ïðè ε < ε1 ìà¹ìî

mesRE(f, ε, [a, b]) =
M∑
r=1

mesRE(f, ε, Ir) ⩽ C11Λ
n
√
ε/δ, C11 = C11(a, b,m, n).

Ëåìà 2.5 (Êàðòàí, [5]) . Äëÿ ïîëiíîìà qm(z) ç îäèíè÷íèì ñòàð-

øèì êîåôiöi¹íòîì íåðiâíiñòü |qm(z)| > ηm âèêîíó¹òüñÿ âñþäè ïîçà ìíî-

æèíîþ, ìiðà ÿêî¨ íå ïåðåâèùó¹ πη2.

Ëåìà 2.6 ( [71]) . ßêùî äiéñíi ÷èñëà a1, . . . , an, b1, . . . , bn, n ⩾ 2, ¹

âïîðÿäêîâàíèìè çà çðîñòàííÿì:

a1 < . . . < an, b1 < . . . < bn,

òî äëÿ äîâiëüíî¨ ïåðåñòàíîâêè (i1, . . . , in) ∈ Πn, âiäìiííî¨ âiä òîòîæíî¨

(1, . . . , n), âèêîíó¹òüñÿ íåðiâíiñòü

ai1b1 + . . .+ ainbn < a1b1 + . . .+ anbn.

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ çà n, n ⩾ 2.

Âñòàíîâèìî iñòèííiñòü ëåìè äëÿ n = 2. Íåõàé a1 < a2, b1 < b2. Òîäi äîáóòîê

(a1 − a2)(b2 − b1) ¹ äîäàòíèì ÷èñëîì. Ðîçêðèâàþ÷è äóæêè, îòðèìó¹ìî

a1b2 + a2b1 − a1b1 − a2b2 < 0 ⇔ a1b2 + a2b1 < a1b1 + a2b2,

òîáòî áàçó iíäóêöi¨ äîâåäåíî, îñêiëüêè Π2 ìiñòèòü äâà åëåìåíòè. Ïðèïóñòè-

ìî, ùî òâåðäæåííÿ ëåìè ¹ iñòèííèì äëÿ çàäàíîãî íàòóðàëüíîãî n = m,

m ⩾ 2. Äîâåäåìî ëåìó äëÿ n = m + 1. Äëÿ öüîãî ðîçãëÿíåìî ÷èñëà

a1, . . . , am, am+1, b1, . . . , bm, bm+1 òàêi, ùî

a1 < . . . < am < am+1, b1 < . . . < bm < bm+1,

i íåòîòîæíó ïåðåñòàíîâêó (i1, . . . , im, im+1) ∈ Πm+1. Ìîæëèâèìè ¹ òàêi äâà

âèïàäêè: im+1 = m+1, im+1 < m+1. Ó ïåðøîìó âèïàäêó, êîëè im+1 = m+1,

ïåðåñòàíîâêà (i1, . . . , im) ∈ Πm ¹ íåòîòîæíîþ i òîäi íåðiâíiñòü

a1b1 + . . .+ ambm + am+1bm+1 > ai1b1 + . . .+ aimbm + am+1bm+1 =
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= ai1b1 + . . .+ aimbm + aim+1
bm+1

âèêîíó¹òüñÿ çà ïðèïóùåííÿì iíäóêöi¨. Ó äðóãîìó âèïàäêó, êîëè im+1 <

m + 1, iñíó¹ òàêå q ∈ {1, . . . ,m}, ùî iq = m + 1. Îñêiëüêè çà óìîâîþ

aim+1
< aiq = am+1, bq < bm+1, òî çãiäíî ç áàçîþ iíäóêöi¨

aim+1
bm+1 + aiqbq < am+1bm+1 + aim+1

bq.

Òàêèì ÷èíîì,

ai1b1 + . . .+ aimbm + aim+1
bm+1 < aim+1

bq +
m∑

j=1,j ̸=q

aijbj + am+1bm+1. (2.18)

Îñêiëüêè ïåðåñòàíîâêà (i1, . . . , iq−1, im+1, iq+1, . . . , im) íàëåæèòü äî Πm, òî

çà ïðèïóùåííÿì iíäóêöi¨

aim+1
bq +

m∑
j=1,j ̸=q

aijbj < a1b1 + . . .+ ambm. (2.19)

Iç îöiíîê (2.18), (2.19) âèïëèâà¹ iñòèííiñòü êðîêó iíäóêöi¨ òàêîæ i â öüîìó

âèïàäêó.

Çàóâàæåííÿ 2.1 . Äëÿ n = 2 òâåðäæåííÿ ëåìè 2.6 ìà¹ ïðîñòèé ãåî-

ìåòðè÷íèé çìiñò. Íåõàé a1 < a2, b1 < b2. Ó äåêàðòîâié ñèñòåìi êîîðäèíàò

Oxy âiäêëàäåìî òî÷êè A(a1, a2), B(b1, b2), C(a2, a1). Òî÷êè A i B ëåæàòü

âèùå âiä ïðÿìî¨ y = x, à òî÷êà C � íèæ÷å. Íåõàé θ1 � êóò ìiæ ïðÿìèìè

OA i ïðÿìîþ y = x, θ2 � êóò ìiæ ïðÿìîþ OB i ïðÿìîþ y = x, φ � êóò

ìiæ âåêòîðàìè
−→
OA i

−−→
OB, ψ � êóò ìiæ âåêòîðàìè

−→
OC i

−−→
OB. Äëÿ çàïðî-

âàäæåíèõ êóòiâ âèêîíóþòüñÿ íåðiâíîñòi 0 < θ1, θ2 ⩽ π / 2, 0 ⩽ φ < π,

0 ⩽ ψ < π. Îñêiëüêè òî÷êà C ¹ ñèìåòðè÷íîþ äî òî÷êè A âiäíîñíî ïðÿìî¨

y = x, òî ψ = φ+ 2min {θ1, θ2}, òîìó êóò φ ¹ ìåíøèì, íiæ êóò ψ, à îòæå,

cosψ < cosφ, îñêiëüêè ôóíêöiÿ y = cosx ñïàäà¹ íà ïðîìiæêó [0, π]. Áåðó÷è

äî óâàãè, ùî OA = OC ç îòðèìàíî¨ íåðiâíîñòi äëÿ êîñèíóñiâ îäåðæèìî

−→
OC ·

−−→
OB = OC ·OB · cosψ < OA ·OB · cosφ =

−→
OA ·

−−→
OB.

Çàëèøà¹òüñÿ âðàõóâàòè, ùî
−→
OC ·

−−→
OB = a2b1+ a1b2 i

−→
OA ·

−−→
OB = a1b1+ a2b2.
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Ðèñ. 2.5: ψ = φ+ 2θ1. Ðèñ. 2.6: ψ = φ+ 2θ2.

Äëÿ êîæíîãî íàòóðàëüíîãî n ∈ N çàäàìî äèôåðåíöiàëüíi âèðàçè

ln =

(
t
d

dt

)n

, rn = tn
dn

dtn
.

Íàñòóïíi ëåìè âñòàíîâëþþòü òîé ôàêò, ùî äëÿ êîæíîãî n ∈ N äèôåðåí-

öiàëüíèé âèðàç ln ¹ ëiíiéíîþ êîìáiíàöi¹þ n âèðàçiâ r1, . . . , rn, i íàâïàêè,

äèôåðåíöiàëüíèé âèðàç rn ¹ ëiíiéíîþ êîìáiíàöi¹þ n âèðàçiâ l1, . . . , ln.

Ëåìà 2.7 . Äëÿ âèðàçó ln, n ∈ N, ìîæíà âêàçàòè òàêèé âèðàç

Mn = mn
1r1 + . . .+mn

nrn, (2.20)

ùî ln[y] = Mn[y] äëÿ äîâiëüíî¨ n ðàç íåïåðåðâíî äèôåðåíöiéîâíî¨ ôóíêöi¨

y(t). Êîåôiöi¹íòè mn
1 , . . . ,m

n
n ó ôîðìóëi (2.20) âèðàæàþòüñÿ çà äîïîìî-

ãîþ ðåêóðåíòíèõ ñïiââiäíîøåíü mn
1 = mn

n = 1,

mn
j = jmn−1

j +mn−1
j−1 , n > j > 1.

(2.21)

Äîâåäåííÿ. Âèêîðèñòà¹ìî iíäóêöiþ çà n ∈ N. Çà îçíà÷åííÿì l1 = r1,

òîìó m1
1 = 1. Òàêèì ÷èíîì, äëÿ n = 1 òâåðäæåííÿ ëåìè 2.7 âñòàíîâëåíî.

Ïðèïóñòèìî òåïåð, ùî äëÿ âèðàçó ln âèêîíó¹òüñÿ ðiâíiñòü (2.20) ç äå-

ÿêèìè êîåôiöi¹íòàìè mn
1 , . . . ,m

n
n. Òîäi

ln+1 = l1(ln) = l1(Mn) = l1

(
n∑

j=1

mn
j rj

)
=

n∑
j=1

mn
j l1 (rj) . (2.22)
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Çàóâàæèìî, ùî l1(rj) = jrj + rj+1, j = 1, . . . , n. Äiéñíî, äëÿ n ðàçiâ íåïå-

ðåðâíî äèôåðåíöiéîâíî¨ ôóíêöi¨ y(t) ìà¹ìî

l1(rj)[y] = t
t

dt

[
tjy(j)

]
= jtjy(j) + tj+1y(j+1) = (jrj + rj+1) [y(t)]. (2.23)

Òîäi ç ôîðìóë (2.22), (2.23) îòðèìó¹ìî, ùî äëÿ äèôåðåíöiàëüíîãî âèðàçó

ln+1 âèêîíó¹òüñÿ ðiâíiñòü

ln+1 =
n∑

j=1

mn
j l1 (rj) =

n∑
j=1

mn
j (jrj + rj+1) =

= mn
1r1 +

n∑
j=2

(jmn
j +mn

j−1)rj +mn
nrn+1 =

n+1∑
j=1

mn+1
j rj. (2.24)

Iç ðiâíîñòi (2.24) âèïëèâàþòü ôîðìóëè mn+1
1 = mn

1 = 1, mn+1
n+1 = mn

n = 1,

mn+1
j = jmn

j +mn
j−1, n+ 1 > j > 1.

ÿêi îçíà÷àþòü iñòèííiñòü ëåìè 2.7 äëÿ ln+1. Òîäi íà îñíîâi ïðèíöèïó iíäóêöi¨

ëåìà 2.7 ñïðàâäæó¹òüñÿ äëÿ êîæíîãî n ∈ N.

Çàóâàæåííÿ 2.2 . Çàóâàæèìî, ùî â íàóêîâié ëiòåðàòóði ÷èñëà, ÿêi

âèçíà÷àþòüñÿ ðåêóðåíòíèìè ñïiââiäíîøåííÿìè (2.21), íàçèâàþòüñÿ ÷èñëà-

ìè Ñòiðëiíãà äðóãîãî ðîäó, ¨õ ïîçíà÷àþòü ñèìâîëîì
{
n
j

}
(äèâ., íàïðèêëàä,

[112]), òàêèì ÷èíîì,

mn
j =

{
n

j

}
, j = 1, . . . , n.



49

Êîåôiöi¹íòè mn
j ¹ åëåìåíòàìè òðèêóòíî¨ ìàòðèöi Ñòiðëiíãà S

s

n
{
n
1

} {
n
2

} {
n
3

} {
n
4

} {
n
5

} {
n
6

}
1 1

2 1 1

3 1 3 1

4 1 7 6 1

5 1 15 25 10 1

6 1 31 90 65 15 1
... ... ... ... ... ... ...

,

çàïîâíåíî¨ íà ïiäñòàâi ñïiââiäíîøåíü (2.21).

Ëåìà 2.8 . Âèðàç rn, n ∈ N, ìîæíà çîáðàçèòè ó âèãëÿäi

Tn = tn1 l1 + . . .+ tnnln, (2.25)

äå êîåôiöi¹íòè tn1 , . . . , t
n
n ó ôîðìóëi (2.25) âèçíà÷àþòüñÿ ç ðåêóðåíòíèõ

ñïiââiäíîøåíü  tn1 = (−1)n+1(n− 1)!, tnn = 1,

tnj = −(n− 1)
[
n−1
j

]
+
[
n−1
j−1

]
, j > n > 1.

(2.26)

Äîâåäåííÿ. Îñêiëüêè r1 = l1, òî t11 = 1 i äëÿ n = 1 ëåìà 2.8 âèêîíó¹òüñÿ.

Ïðèïóñòèìî òåïåð, ùî âèðàç rn ñïiâïàäà¹ ç âèðàçîì (2.25) ç äåÿêèìè êîå-

ôiöi¹íòàìè tn1 , . . . , t
n
n, òîáòî rn = tn1 l1+ . . .+ t

n
nln. Ïîäi¹ìî íà îáèäâi ñòîðîíè

öi¹¨ ðiâíîñòi âèðàçîì l1 = t ddt , ó ðåçóëüòàòi îòðèìà¹ìî

l1 (rn) = l1 (t
n
1 l1 + . . .+ tnnln) = tn1 l2 + . . .+ tnnln+1. (2.27)

Ëåãêî ïåðåâiðèòè, ùî

l1 (rn) = t
d

dt

(
tn
dn

dtn

)
= ntn

dn

dtn
+ tn+1 d

n+1

dtn+1
= nrn + rn+1. (2.28)

Òîäi ç ðiâíîñòåé (2.27), (2.28) âèïëèâà¹, ùî

rn+1 = −nrn + tn1 l2 + . . .+ tnnln+1 = −ntn1 l1 + tnnln+1+
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+
n∑

j=2

(tnj−1 − ntnj )lj =
n+1∑
j=1

tn+1
j lj. (2.29)

Iç îòðèìàíî¨ ðiâíîñòi (2.29) îòðèìó¹ìî ôîðìóëè tn+1
n+1 = tnn = 1, tn+1

1 = −ntn1 = (−1)nn!,

tn+1
j = −ntnj + tnj−1, n+ 1 > j > 1.

ÿêi îçíà÷àþòü iñòèííiñòü ëåìè 2.8 äëÿ ln+1. Òîäi íà îñíîâi ïðèíöèïó iíäóêöi¨

ëåìà 2.8 ñïðàâäæó¹òüñÿ äëÿ êîæíîãî n ∈ N.

Çàóâàæåííÿ 2.3 . ×èñëà, ÿêi âèçíà÷àþòüñÿ ðåêóðåíòíèìè ñïiââiäíî-

øåííÿìè (2.26), íàçèâàþòüñÿ çíàêîçìiííèìè ÷èñëàìè Ñòiðëiíãà ïåðøîãî

ðîäó, ¨õ ïîçíà÷àþòü ñèìâîëîì
[
n
j

]
(äèâ. [112]), òàêèì ÷èíîì,

tnj = (−1)n+j

[
n

j

]
, j = 1, . . . , n.

Êîåôiöi¹íòè tnj ¹ åëåìåíòàìè òðèêóòíî¨ ìàòðèöi Ñòiðëiíãà S
c

n
[
n
1

] [
n
2

] [
n
3

] [
n
4

] [
n
5

] [
n
6

]
1 1

2 −1 1

3 2 −3 1

4 −6 11 −6 1

5 24 −50 35 −10 1

6 −120 274 −225 85 −15 1
... ... ... ... ... ... ...

Çàóâàæåííÿ 2.4 . Äîâåäåííÿ ëåìè 2.8 ìîæíà áóëî âñòàíîâèòè çà

äîïîìîãîþ òàêèõ ìiðêóâàíü. Iç ëåìè 2.7 âèïëèâà¹, ùî
l1
...

ln

 =


{
1
1

}
0 · · · 0

... ... . . . ...{
n
1

} {
n
2

}
· · ·

{
n
n

}


r1
...

rn

 . (2.30)
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Ìàòðèöÿ ñèñòåìè (2.30) ñïiâïàäà¹ ç ìàòðèöåþ Ss. Îñêiëüêè detSs = 1, òî

ñèñòåìà (2.30) ìà¹ ¹äèíèé ðîçâ'ÿçîê
r1
...

rn

 = (Ss)−1


l1
...

ln

 . (2.31)

Çàëèøà¹òüñÿ âðàõóâàòè, ùî (Ss)−1 = Sc.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 2

Äàíèé ðîçäië ìà¹ äîïîìiæíèé õàðàêòåð. Íàâåäåíi ôóíêöiéíi ïðîñòîðè,

ó ÿêèõ âèâ÷àþòüñÿ óìîâè êîðåêòíîñòi áàãàòîòî÷êîâèõ çàäà÷, çàäà÷ Íiêî-

ëåòòi òà íåëîêàëüíèõ çàäà÷ äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Åéëåðà.

Îïèñàíî ñïðîùåíó ñõåìó äîñëiäæåííÿ ðîçãëÿíóòèõ ó äèñåðòàöi¨ çàäà÷. Ïî-

äàíî äåÿêi âiäîìîñòi ç òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, òåîði¨

÷èñåë òà òåîði¨ ôóíêöié, ÿêi âèêîðèñòîâóþòüñÿ ó íàñòóïíèõ ðîçäiëàõ äè-

ñåðòàöi¨.
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ÐÎÇÄIË 3

ËÎÊÀËÜÍI ÄÂÎÒÎ×ÊÎÂI I ÁÀÃÀÒÎÒÎ×ÊÎÂI ÇÀÄÀ×I

ÄËß ÐIÂÍßÍÍß ÒÈÏÓ ÅÉËÅÐÀ

Ó öüîìó ðîçäiëi äèñåðòàöi¨ äîñëiäæåíî çàäà÷i ç ïðîñòèìè âóçëàìè iíòåð-

ïîëÿöi¨ çà âèäiëåíîþ çìiííîþ t äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òèïó

Åéëåðà. Ðîçãëÿíóòî ÷àñòèííi âèïàäêè çàäà÷, êîëè ðiâíÿííÿ ìà¹ íèçüêèé

ïîðÿäîê (n = 2), à òàêîæ âèïàäîê ëîãàðèôìi÷íî ðiâíîâiääàëåíèõ âóçëiâ

iíòåðïîëÿöi¨ tj = tj1, j = 1, . . . , n.

3.1. Äâîòî÷êîâà çàäà÷à

Â îáëàñòi (t−, t+) × Ωp
2π, äå 0 < t− < t+ < +∞, Ωp

2π � p-âèìiðíèé òîð,

p ∈ N, ðîçãëÿäà¹òüñÿ çàäà÷à[
t2∂2t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (3.1)

äå

a(∂x) =
∑
|s|⩽1

as∂
s
x, b(∂x) =

∑
|s|⩽2

bs∂
s
x, (3.2)

as, bs � êîìïëåêñíi ÷èñëà, ∂t = ∂/∂t, ∂sx = ∂s1x1
· · · ∂spxp, dxr

= ∂/∂xr, x =

(x1, . . . , xp), s = (s1, . . . , sp), |s| = s1 + · · ·+ sp.

Ðîçâ'ÿçîê ðiâíÿííÿ (3.1) çàäàíèé ó äâà ìîìåíòè ÷àñó t0, t1, äå 0 < t0 <

t1 = t0τ , òîáòî óìîâàìè

u(t0, x) = φ0(x), u(t1, x) = φ1(x), x ∈ Ωp
2π. (3.3)

Çíàéäåìî ðîçâ'ÿçîê çàäà÷i (3.1), (3.3) çà äîïîìîãîþ âiäîêðåìëåííÿ çìií-

íî¨ x, âèêîðèñòîâóþ÷è ðÿäè Ôóð'¹

φ0(x) =
∑
k∈Zp

φ0ke
ikx, φ1(x) =

∑
k∈Zp

φ1ke
ikx.
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Çãiäíî ç ðiâíÿííÿì (3.1) çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ ç âåêòîð-

íèì ïàðàìåòðîì k = (k1, . . . , kp) ∈ Zp ìà¹ âèãëÿä ðiâíÿííÿ Åéëåðà[
t2d2t + ta(ik)dt + b(ik)

]
uk(t) = 0, dt = d/dt, (3.4)

à ðîçâ'ÿçîê ðiâíÿííÿ (3.1) çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑
k∈Zp

uk(t)e
ikx, kx = k1x1 + · · ·+ kpxp. (3.5)

Ïîáóäó¹ìî ðîçâ'ÿçîê çàäà÷i (3.1), (3.3). Íåõàé a = a(ik), b = b(ik).

Êîðåíi õàðàêòåðèñòè÷íîãî (êâàäðàòíîãî) ðiâíÿííÿ

λ2 + (a− 1)λ+ b = 0 (3.6)

ïîçíà÷èìî ÷åðåç λ1 = λ1(k), λ2 = λ2(k). Öi êîðåíi ìàþòü òàêi çîáðàæåííÿ:

λ1,2 =
1− a∓

√
D

2
, D = (a− 1)2 − 4b, (3.7)

äå àðãóìåíò arg
√
D êâàäðàòíîãî êîðåíÿ ç äèñêðèìiíàíòà D íàëåæèòü äî

ìíîæèíè (−π/2, π/2], òîìó ñïðàâäæó¹òüñÿ íåðiâíiñòü Reλ1 ⩽ Reλ2, ïðè-

÷îìó Reλ1 < Reλ2, ÿêùî arg
√
D ̸= π/2.

ßêùî äèñêðèìiíàíò D = D(k) êâàäðàòíîãî ðiâíÿííÿ (3.6) íå äîðiâíþ¹

íóëþ, òî öå ðiâíÿííÿ ìà¹ ïðîñòi êîðåíi. ßêùî æD = 0, òî âîíî ìà¹ êðàòíèé

êîðiíü λ1 = λ2 = (1− a)/2.

ßêùî a, b ¹ äiéñíèìè, òî êîðåíi ðiâíÿííÿ (3.7) ¹ äiéñíèìè ó âèïàäêó

D ⩾ 0 (çîêðåìà ðiçíi, ÿêùî D > 0), i êîìïëåêñíî ñïðÿæåíèìè ó âèïàäêó

D < 0.

Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ ðiâíÿííÿ (3.6) ïîäàíà íà ðèñóíêó

3.1.

Ðîçiá'¹ìî ìíîæèíó Zp íà äâi äèç'þíêòíi ìíîæèíè Z1,Z2:

Zp = Z1 ⊔ Z2.

Ìíîæèíà Z2 ñêëàäà¹òüñÿ iç òèõ âåêòîðiâ k ∈ Zp, äëÿ ÿêèõ êîðåíi ðiâíÿííÿ

(3.6) ¹ ïðîñòèìè, à ìíîæèíà Z1 � iç âåêòîðiâ k ∈ Zp, äëÿ ÿêèõ ðiâíÿííÿ
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arg
√
D

Reλ

Imλ

Imλ1

Imλ2Imλ2

0

1−a
2

Reλ2Reλ1

∣∣√D∣∣/2
λ1

λ2

Ðèñ. 3.1: Ãåîìåòðè÷íà iíòåðïðåòàöiÿ êîðåíiâ.

(3.6) ìà¹ êðàòíèé êîðiíü, òîáòî

k ∈ Z1 ⇆ D(k) = 0.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (3.4) çîáðàæó¹òüñÿ ôîðìóëàìè

uk(t) = tλ1(C1k + C2k ln t) = t(1−a)/2(C1k + C2k ln t), k ∈ Z1,

uk(t) = C1kt
λ1 + C2kt

λ2 = t(1−a)/2(C1kt
−
√
D/2 + C2kt

√
D/2), k ∈ Z2,

(3.8)

äå C1k i C2k � êîìïëåêñíi ñòàëi, à

tλ = eλ ln t = e(Reλ+i Imλ) ln t = eReλ ln t(cos Imλ ln t+ i sin Imλ ln t).

Ôóíêöiÿ (3.5) ¹ ðîçâ'ÿçêîì çàäà÷i (3.1), (3.3) òîäi i ëèøå òîäi, êîëè

uk(t0) = φ0k, uk(t1) = φ1k, k ∈ Zp. (3.9)

Òîìó ñòàëi C1k, C2k ó ôîðìóëi (3.8) ¹ ðîçâ'ÿçêàìè ñèñòåìtλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

C1k

C2k

 =

φ0k

φ1k

 , k ∈ Z1,
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tλ1
0 tλ2

0

tλ1
1 tλ2

1

C1k

C2k

 =

φ0k

φ1k

 , k ∈ Z2,

ç ìàòðèöi ÿêèõ äîïóñêàþòü ôàêòîðèçàöi¨ òàêîãî âèãëÿäótλ1
0 tλ1

0 ln t0

tλ1
1 tλ1

1 ln t1

 =

tλ1
0 0

0 tλ1
1

1 ln t0

1 ln t1

 ,

tλ1
0 tλ2

0

tλ1
1 tλ2

1

 =

tλ1
0 0

0 tλ1
1

1 τλ1−λ2

1 1

1 0

0 tλ2−λ1
1

 , t1 ⩽ 1,

tλ1
0 tλ2

0

tλ1
1 tλ2

1

 =

tλ2
0 0

0 tλ2
1

 1 1

τλ1−λ2 1

tλ1−λ2
0 0

0 1

 , t0 ⩾ 1,

i äëÿ âèïàäêó t0 < 1 < t1 ç ìàòðèöåþtλ1
0 tλ2

0

tλ1
1 tλ2

1

 =

tλ1
0 0

0 tλ2
1

 1 tλ2−λ1
0

tλ1−λ2
1 1

 .

Ç ôîðìóëè (3.8) âiäïîâiäíî îòðèìó¹ìî

uk(t) = tλ1

(
1 ln t

)
ln τ

ln t1 − ln t0

−1 1

t−λ1
0 φ0k

t−λ1
1 φ1k

 , k ∈ Z1,

äå ln(t1/t0) > 0, à äëÿ k ∈ Z2 âiäïîâiäíî ìà¹ìî

uk(t) =

(
tλ1 tλ2tλ1−λ2

1

)
1− τλ1−λ2

 1 −τλ1−λ2

−1 1

t−λ1
0 φ0k

t−λ1
1 φ1k

 , t1 ⩽ 1,

uk(t) =
−
(
tλ1 tλ2

)
1− τλ1−λ2

 −1 tλ2−λ1
0

tλ1−λ2
1 −1

t−λ1
0 φ0k

t−λ2
1 φ1k

 , t0 < 1 < t1,

uk(t) =

(
tλ1tλ2−λ1

0 tλ2

)
1− τλ1−λ2

 1 −1

−τλ1−λ2 1

t−λ2
0 φ0k

t−λ2
1 φ1k

 , t0 ⩾ 1,

(3.10)

äå ìîäóëi åëåìåíòiâ τλ1−λ2, tλ2−λ1
0 , tλ1−λ2

1 âiäïîâiäíèõ êâàäðàòíèõ ìàòðèöü ¹

ìåíøèìè çà îäèíèöþ äëÿ âñiõ k ∈ Z2 ç óìîâîþ Reλ2 > Reλ1.
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ßêùî Reλ2 = Reλ1, òî D < 0,
√
−D > 0, λ1,2 = (1− a)/2∓ i

√
−D/4 itλ1

0 tλ2
0

tλ1
1 tλ2

1

 =

t(1−a)/2
0 0

0 t
(1−a)/2
1


t−i

√
−D/4

0 t
i
√

−D/4

0

t
−i
√

−D/4

1 t
i
√

−D/4

1

 , k ∈ Z2,

à ôîðìóëè (3.10) íàáóâàþòü âèãëÿäó

uk(t) =

(
− sin

(√
−D ln

√
t/t1
)

sin
(√

−D ln
√
t/t0
))

t(a−1)/2 sin
(√

−D ln
√
τ
)

t(a−1)/2
0 φ0k

t
(a−1)/2
1 φ1k


ó ïðèïóùåííi, ùî

√
−D(k) ln τ ̸= 2mπ äëÿ óñiõ íàòóðàëüíèõ m. Ó ïðîòè-

ëåæíîìó âèïàäêó
√

−D(k) = 2mπ/ ln τ , àáî tλ2−λ1
0 = tλ2−λ1

1 , àáî τλ1 = τλ2

ðîçâ'ÿçîê çàäà÷i (3.4), (3.9) iñíó¹ ëèøå çà óìîâè φ1k = τλ1φ0k, à ñàìà çàäà÷à

ìà¹ îäíîâèìiðíå ÿäðî, çîêðåìà,

uk(t) =
(tλ1

tλ1
0

+
tλ2

tλ2
0

)φ0k

2
+
(tλ1

tλ1
0

− tλ2

tλ2
0

)
Ck ≡

(tλ1

tλ1
1

+
tλ2

tλ2
1

)φ1k

2
+
(tλ1

tλ1
1

− tλ2

tλ2
1

)
τλ1Ck,

äå Ck � äîâiëüíå êîìïëåêñíå ÷èñëî.

Óìîâà íåîäíîçíà÷íîñòi ðîçâ'ÿçêó çàäà÷i (3.1), (3.3) ïîëÿãà¹ ó âèêîíàííi

õî÷à á îäíî¨ ç íåñêií÷åííî¨ êiëüêîñòi óìîâ

b(ik) =
(a(ik)− 1

2

)2
+
(mπ
ln τ

)2
, m ∈ N, k ∈ Zp,

ïðè÷îìó ðîçìiðíiñòü ¨¨ ÿäðà äîðiâíþ¹ êiëüêîñòi ðîçâ'ÿçêiâ k ∈ Zp îñòàí-

íüîãî ðiâíÿííÿ i ìîæå áóòè íåñêií÷åííîþ.

Íà îñíîâi ôîðìóë (3.10) îòðèìó¹ìî äëÿ ïîõiäíèõ u
(l)
k , äå l = 0, 1, 2,

ðîçâ'ÿçêó uk(t) çàäà÷i (3.4), (3.9) âiäïîâiäíi íåðiâíîñòi

8λ∗l

∣∣t−λ1
0 φ0k

∣∣2 + ∣∣t−λ1
1 φ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ⩾


∣∣tl−λ1u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2tλ2−λ1
1 u

(l)
k (t)

∣∣2, t ⩾ t1,

8λ∗l

∣∣t−λ1
0 φ0k

∣∣2 + ∣∣t−λ2
1 φ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ⩾


∣∣tl−λ1u

(l)
k (t)

∣∣2, t ⩽ 1,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ⩾ 1,

8λ∗l

∣∣t−λ2
0 φ0k

∣∣2 + ∣∣t−λ2
1 φ1k

∣∣2∣∣1− τλ1−λ2

∣∣2 ⩾


∣∣tl−λ1tλ1−λ2

0 u
(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2u
(l)
k (t)

∣∣2, t ⩾ t0.

(3.11)
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Âåëè÷èíè λ∗l , l = 0, 1, 2, âèçíà÷àþòüñÿ ôîðìóëàìè

λ∗0 = 1, λ∗1 = max
r

|λr|2, λ∗2 = max
r

|(λr − 1)λr|2 = max
r

|aλr + b|2. (3.12)

Ïåðåéäåìî äî îöiíîê ðîçâ'ÿçêó. Íåõàé êîìïîíåíòè âåêòîðà

b⃗ =
(
b(1), . . . , b(p)

)
=
(
bs(1), . . . , bs(p)

)
,

äå s(j) =
(
0, . . . , 0, 2︸ ︷︷ ︸

j

, 0, . . . , 0
)
, ó ðiâíÿííi (3.1) íàëåæàòü äî êðóãà Q∗ ðàäi-

óñà b∗, à ñàìå Q∗ = {z ∈ C : |z| ⩽ b∗}. Òîäi çàëåæíi âiä k âåëè÷èíè

λ1(k), λ2(k), D(k),∆(k)

çàëåæàòü òàêîæ i âiä öüîãî âåêòîðà íà ìíîæèíi Q∗p = Q∗ × · · · ×Q∗︸ ︷︷ ︸
p

.

Ðîçãëÿíåìî ìíîæèíó ðîçâ'ÿçêiâ u = u(t, x) çàäà÷i (3.1), (3.3), ñêëàäåíó

äëÿ çíà÷åíü âåêòîðà b⃗ íà ìíîæèíi Q∗p, ç ìåòîþ âñòàíîâëåííÿ ¨¨ ìåòðè÷íèõ

îöiíîê.

Îñêiëüêè |a(ik)| ⩽ L1k̃ i |b(ik)| ⩽ L2
1k̃

2 , òî |D(k)| ⩽ L2
2k̃

2 i |λj(k)| ⩽ L3k̃,

äå äîäàòíi ÷èñëà L1, L2, L3 � íå çàëåæàòü âiä k òà b⃗, à çàëåæàòü âiä b∗.

Òàêîæ âèìàãàòèìåìî âèêîíàííÿ îöiíêè L2 > 1.

Ç iíøîãî áîêó, íà îñíîâi ðiâíîñòåé

D(k) = 4k2j b(j)−D1(k),

äå D1(k) = 4k2j b(j) − D(k) íå çàëåæèòü âiä b(j) i k2j = max(k21, . . . , k
2
p),

îòðèìà¹ìî îöiíêè çíèçó.

Äëÿ äîâiëüíîãî ôiêñîâàíîãî ε ∈ (0, 1] âèáåðåìî ïîñëiäîâíiñòü íåâiä'¹ì-

íèõ ÷èñåë εk, ÿêi çàäîâîëüíÿþòü óìîâó∑
k∈Zp\{0}

ε2k = ε/2.

Äëÿ çàäàíîãî ε i íåâiä'¹ìíî¨ ïîñëiäîâíîñòi fk ç óìîâîþ 0 < F =
∑
k ̸=0

f 2k <

∞ ïîñëiäîâíiñòü εk áóäó¹òüñÿ çà ïðàâèëîì εk =

√
ε

2F
fk.
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Ðîçãëÿíåìî âèðàç∆(k) = 1−τλ1−λ2, ÿêèé òðåáà îöiíèòè çíèçó. Îñêiëüêè

τ > 1, à Re(λ1 − λ2) ⩽ 0, òî äëÿ ∆(k) = 1− e(λ1−λ2) ln τ ìà¹ìî îöiíêó çâåðõó

|∆(k)| ⩽ 1 + eRe(λ1−λ2) ln τ ⩽ 2

äëÿ óñiõ b⃗ ∈ Q∗p, çîêðåìà |∆(k)| = 2, ÿêùî e(λ1−λ2) ln τ = −1. ßêùî æ

e(λ1−λ2) ln τ = 1, òî |∆(k)| = 0.

Âèêîðèñòà¹ìî ðiâíiñòü

z − 2πim =
D(k) ln2 τ + 4π2m2

z + 2πim
=
b(j)− (D1(k)− 4π2m2)/(4k2j ln

2 τ)

(z + 2πim)/(4k2j ln
2 τ)

,

(3.13)

äå D1(k) íå çàëåæèòü âiä b(j). Ïîçíà÷èìî ε∗k =
εk/
√
k̃√

m0πpb∗2(p−1)
òà ε∗∗k =

k̃ ln τ

pL2
ε∗k, ÷èñëî ε âèáèðà¹ìî òàêèì, ùîá ε

∗
k ⩽ 1/2. ×èñëî m0 ∈ R îçíà÷èìî

çãîäîì.

Ìiðà ìíîæèíè

Qmk

(
b(1), . . . , b(j − 1), b(j + 1), . . . , b(p)

)
, k ̸= 0,

åëåìåíòiâ b(j) ∈ Q∗, ùî ïðè ôiêñîâàíîìó m çàäîâîëüíÿþòü íåðiâíiñòü∣∣∣b(j)− D1(k)− 4π2m2

4k2j ln
2 τ

∣∣∣ ⩽ √
2ε∗k (3.14)

äëÿ äîâiëüíîãî ôiêñîâàíîãî âåêòîðà
(
b(1), . . . , b(j − 1), b(j +1), . . . , b(p)

)
∈

Q∗p−1, íå ïåðåâèùó¹ 2πε∗2k =
2ε2k

m0πp−1b∗2(p−1)k̃
.

Ïîçíà÷èìî z = (λ1 − λ2) ln τ , òîäi Re z ⩽ 0 i

|z| =
√

|D(k)| ln τ ⩽ k̃L2 ln τ, (3.15)

òîáòî z íàëåæèòü ïiâêðóãó ðàäióñà k̃L2 ln τ .

Êðóãè Vm = {z ∈ C : (Re z)2 + (Im z − 2πim)2 ⩽
√
2 · ε∗∗k } ìàþòü

íåíóëüîâèé ïåðåòèí ç ïiâêðóãîì |z| ⩽ k̃L2 ln τ , Re z ⩽ 0, äèâ. ðèñ. 3.2,

ÿêùî 2π|m| −
√
2 · ε∗∗k < k̃L2 ln τ . Îñêiëüêè ε∗∗k =

k̃ ln τ

pL2
ε∗k, ε

∗
k ⩽ 1/2 òà
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p, L2 > 1, òî îòðèìó¹ìî òàêó îöiíêó ε∗∗k ⩽
k̃ ln τ

2
. Çâiäñè îòðèìó¹ìî 2π|m| ⩽

(3/4 + L2)k̃ ln τ , îòæå êiëüêiñòü òàêèõ ïåðåòèíiâ íå ïåðåâèùó¹ ÷èñëà m0k̃,

äå m0 =
ln τ

π

(
L2 +

3

4

)
+ 1.

Re z

Im z

k̃L2 ln τ

2πi

−2πi

√
2 · ε∗∗k

Ðèñ. 3.2: Îáëàñòü âèçíà÷åííÿ z ç óðàõóâàííÿì ôîðìóë (3.15) òà (3.16).

Ç íåðiâíîñòåé (3.13), (3.14) äëÿ b⃗ ∈ Q∗p \Qk âèïëèâà¹ ôîðìóëà

|z − 2πim| ⩾ 4k2j ln
2 τ

√
2ε∗k

|z|+ 2π|m|
>

√
2
k̃ ln τ

pL2
ε∗k =

√
2 · ε∗∗k , (3.16)

ÿêà ñïðàâäæó¹òüñÿ äëÿ âñiõ k ̸= 0.

Îñêiëüêè ε∗∗k > 0 òà âèêîíó¹òüñÿ óìîâà (3.16) ìè ìîæåìî çàñòîñóâàòè

ëåìó 2.2, òà îòðèìàòè òàêi îöiíêè:

|1− ez| ⩾

 3
8 , ÿêùî ε ⩾ 1

2 ,

3
√
2

4 ε∗∗k , ÿêùî ε < 1
2 .

Ìiðà ìíîæèí Qk =
⋃

mQmk óñiõ òàêèõ âåêòîðiâ b⃗ ∈ Q∗p, ùî çàäîâîëü-

íÿþòü íåðiâíiñòü õî÷à á äëÿ îäíîãî m, íå áiëüøà 2ε2k. Ìíîæèíà Qk ¹ âèìið-

íîþ, ÿê îá'¹äíàííÿ ñêií÷åííî¨ (àáî çëi÷åííî¨) êiëüêîñòi âèìiðíèõ ìíîæèí

Qmk (äèâ. òåîðåìó 7 íà ñ. 259 ó [42]).

Ïîçíà÷èìî ÷åðåç Q0 ìíîæèíó âåêòîðiâ (a0, b0), ÿêi ëåæàòü íà êîìïëå-

êñíèõ ïàðàáîëàõ

b0 =
(a0 − 1

2

)2
+
(mπ
ln τ

)2
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äëÿ öiëèõ ÷èñåë m; ÿêùî (a0, b0) ̸∈ Q0, òî ∆(0) ̸= 0.

Ó ïðèïóùåííi (a0, b0) ̸∈ Q0 äëÿ äîâiëüíèõ äîñòàòíüî ìàëèõ ε > 0 i

ïîñëiäîâíîñòi εk ⩾ 0, äëÿ ÿêèõ
∑

k ̸=0 ε
2
k = ε/2, íà ìíîæèíi b⃗ ∈ Q∗p \ Q

çíàìåííèêè ó ôîðìóëi (3.11) çàäîâîëüíÿþòü íåðiâíiñòü

|1− τλ1−λ2| ⩾ min
(
|∆(0)|, 3

8
,
3

4
L4k̃

1/2εk

)
⩾ L5k̃

1/2εk, k ∈ Zp, (3.17)

äå Q =
⋃

k∈Zp\{0}

Qk, mesQ ⩽ ε i L4 =
ln τ

pL2b∗p−1
√
m0πp

> 0, L5 > 0.

Íåõàé êîðåíi (3.7) ðiâíÿííÿ (3.6) íà ìíîæèíi Q̃ ⊂ Q∗p\Q çàäîâîëüíÿþòü

óìîâè

−λ−0 k̃ ⩽ Re(λ1 − λ2) ⩽ λ+0 k̃, −λ−j k̃ ⩽ Reλj ⩽ λ+j k̃, j = 1, 2, (3.18)

äëÿ äåÿêèõ äiéñíèõ ÷èñåë λ±0 , λ
±
1 , λ

±
2 . Òîäi −L3 ⩽ −λ−1 ⩽ −λ−2 ⩽ λ+1 ⩽

λ+2 ⩽ L3 i −2L2 ⩽ −λ−0 ⩽ λ+0 ⩽ 0, òîáòî öi óìîâè âèêîíóþòüñÿ íà óñié

ìíîæèíi Q∗p äëÿ ÷èñåë λ±1 = λ±2 = L3 i λ−0 = 2L2, λ+0 = 0.

Íåðiâíîñòi λ∗r ⩽ L2
6k̃

2r, äå r = 0, 1, 2, L6 > 0, i ôîðìóëè (3.11), (3.12),

(3.17), (3.18) äàþòü çìîãó ó ðàçi t1 ⩽ 1, çà óìîâè (a0, b0) ̸∈ Q0, âñòàíîâèòè

äëÿ âåêòîðiâ b⃗ ∈ Q∗p \Q îöiíêè

t2r
∣∣k̃−rtλ

−
1 k̃u

(r)
k (t)

∣∣2 ⩽ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 φ0k

∣∣2 + ∣∣t−λ+
1 k̃

1 φ1k

∣∣2), t ⩽ t1, (3.19)

t2r
∣∣k̃−rtλ

−
2 t

λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ⩽ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 φ0k

∣∣2 + ∣∣t−λ+
1 k̃

1 φ1k

∣∣2), t1 < t ⩽ 1,

(3.20)

t2r
∣∣k̃−rt−λ+

2 t
λ−
0 k̃

1 u
(r)
k (t)

∣∣2 ⩽ 8L2
6

L2
5k̃ε

2
k

(∣∣t−λ+
1 k̃

0 φ0k

∣∣2 + ∣∣t−λ+
1 k̃

1 φ1k

∣∣2), t > 1.

(3.21)

Àíàëîãi÷íi îöiíêè äëÿ uk, äå k ∈ Zp \ {0}, âñòàíîâëåíî òàêîæ â iíøèõ äâîõ

âèïàäêàõ.

Äîñëiäèìî êîðåêòíiñòü çàäà÷i. Íà îñíîâi îòðèìàíèõ íåðiâíîñòåé

äëÿ ôóíêöié uk i îöiíîê ìið ìíîæèí âåêòîðiâ b⃗ äîâåäåìî íàñòóïíi òâåð-

äæåííÿ.
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Òåîðåìà 3.1 . ßêùî φ0 ∈ Φ(p∗+3)/2,g0j , φ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið

g0j, g1j òà t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ⩽ 1 t0 < 1 < t1 t0 ⩾ 1

g0j t−L3
0 t−L3

0 tL3
0

g1j t−L3
1 tL3

1 tL3
1

,

p∗ > p i (a0, b0) ̸∈ Q0, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêà ìíîæèíà

Q ⊂ Q∗p ç ìiðîþ mesQ ⩽ ε, ùî äëÿ äîâiëüíîãî b⃗ ∈ Q∗p \ Q iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u çàäà÷i (3.1), (3.2) ç ïðîñòîðó U2,Gj
i ñïðàâäæóþòüñÿ îöiíêè

∥u∥22,Gj
⩽

16L2
6ζ(p

∗)

εL2
5

(
∥φ0∥2(p∗+3)/2,g0j

+∥φ1∥2(p∗+3)/2,g1j

)
, j = 1, 2, 3, (3.22)

äå ζ(p∗) =
∑

k∈Zp\{0} k̃
−p∗, ç ôóíêöiÿìè

G1(t) =


tL3, t ⩽ t1,

tL3t2L2
1 , t1⩽t⩽1,

t−L3t2L2
1 , t ⩾ 1,

G2(t) =

t
L3, t ⩽ 1,

t−L3, t ⩾ 1,

G3(t) =


tL3t−2L2

0 , t ⩽ 1,

t−L3t−2L2
0 , 1⩽t⩽t0,

t−L3, t ⩾ t0.

Äîâåäåííÿ. Iñíóâàííÿ. Ïðèéìåìî ε2k =
ε

2ζ(p∗)
k̃−p∗, äå p∗ > p i ε > 0.

Íà îñíîâi îöiíîê (3.19), (3.20), (3.21), â ÿêèõ λ±1 = λ±2 = L3 i λ−0 = 2L2,

λ+0 = 0, òà îçíà÷åíü ïðîñòîðiâ Φq,g i Uq,G îäåðæèìî îöiíêó (3.22) äëÿ j = 1

çi âêàçàíèìè ñòàëèìè g01 i g11 òà ôóíêöi¹þ G1(t). Ç àíàëîãi÷íèõ îöiíîê

îäåðæóþòüñÿ íåðiâíîñòi (3.22) äëÿ j = 2, 3. Ôîðìóëè (3.22) ñïðàâäæóþòüñÿ

äëÿ âñiõ b⃗ ∈ Q∗p \ Q çà óìîâè (a0, b0) ̸∈ Q0. Îòðèìàíi íåðiâíîñòi äîâîäÿòü

íàëåæíiñòü ðîçâ'ÿçêó äî ïðîñòîðiâ U2,Gj
, äå j = 1, 2, 3, ó çàëåæíîñòi âiä

çíà÷åíü t0, t1.

�äèíiñòü. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè u1 = u1(t, x) i u2 =

u2(t, x) çàäà÷i (3.1), (3.2) ç ïðîñòîðó U2,Gj
. Òîäi ôóíêöiÿ u = u2 − u1 ¹
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ðîçâ'ÿçêîì çàäà÷i (3.1) ç ïðîñòîðó U2,Gj
ç íóëüîâèìè óìîâàìè

u(t0, x) = 0, u(t1, x) = 0, x ∈ Ωp
2π.

Êîæíèé iç êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ u ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i

(3.4), (3.9) ïðè φ0k = φ1k = 0. Çãiäíî ç óìîâàìè òåîðåìè íà êîåôiöi¹íòè

ðiâíÿííÿ (a0, b0) ̸∈ Q0 i b⃗ ∈ Q∗p\Q âèïëèâà¹, ùî ∆(k) ̸= 0 äëÿ âñiõ âåêòîðiâ

k ∈ Zp. Îòæå, uk(t) ≡ 0 íà [t−, t+] äëÿ óñiõ k, òîìó âiäïîâiäíî u = 0, òîáòî

u1 = u2. Òåîðåìó äîâåäåíî.

Òî÷íiøèé ðåçóëüòàò îòðèìó¹òüñÿ ïðè âèêîðèñòàííi äîäàòêîâèõ óìîâ

(3.18) äëÿ äåÿêîãî ôiêñîâàíîãî ìàëîãî ÷èñëà ε > 0; ïðè öüîìó mes Q̃ ⩽

πpb∗2p − ε.

Òåîðåìà 3.2 . ßêùî φ0 ∈ Φ(p∗+3)/2,g0j , φ1 ∈ Φ(p∗+3)/2,g1j , ïðè÷îìó âèáið

g0j, g1j òà t0, t1 âèçíà÷à¹ òàáëèöÿ

j 1 2 3

t0, t1 t1 ⩽ 1 t0 < 1 < t1 t0 ⩾ 1

g0j t
−λ+

1
0 t

−λ+
1

0 t
λ−
2

0

g1j t
−λ+

1
1 t

λ−
2

1 t
λ−
2

1

,

p∗ > p òà (a0, b0) ̸∈ Q0 i âèêîíó¹òüñÿ óìîâà (3.18), òî äëÿ äîâiëüíîãî

ε > 0 iñíó¹ òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ mesQ ⩽ ε, ùî äëÿ äîâiëüíîãî

b⃗ ∈ Q̃ ⊂ Q∗p \ Q iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (3.1), (3.2) ç ïðîñòîðó

U2,Gj
i ñïðàâäæóþòüñÿ îöiíêè

∥u∥22,Gj
⩽

16L2
6ζ(p

∗)

εL2
5

(
∥φ0∥2(p∗+3)/2,g0j

+∥φ1∥2(p∗+3)/2,g1j

)
, j = 1, 2, 3, (3.23)

äå ζ(p∗) =
∑

k∈Zp\{0} k̃
−p∗, ç ôóíêöiÿìè

G1(t) =


tλ

−
1 , t ⩽ t1,

tλ
−
2 t

λ−
0

1 , t1⩽t⩽1,

t−λ+
2 t

λ−
0

1 , t ⩾ 1,

G2(t) =

t
λ−
1 , t ⩽ 1,

t−λ+
2 , t ⩾ 1,
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G3(t) =


tλ

−
1 t

−λ−
0

0 , t ⩽ 1,

t−λ+
1 t

−λ−
0

0 , 1⩽t⩽t0,

t−λ+
2 , t ⩾ t0.

3.2. Áàãàòîòî÷êîâà çàäà÷à

Ó öüîìó ïiäðîçäiëi äèñåðòàöi¨ âñòàíîâèìî óìîâè êîðåêòíîñòi áàãàòîòî-

÷êîâî¨ çàäà÷i ç ïðîñòèìè âóçëàìè iíòåðïîëÿöi¨ äëÿ ðiâíÿííÿ iç ÷àñòèííèìè

ïîõiäíèìè âèñîêîãî ïîðÿäêó òàêîãî âèãëÿäó

Ln (t∂t, ∂x)u(t, x) ≡ (t∂t)
n u+

n−1∑
j=0

(t∂t)
j An−j(∂x)u = 0, (t, x) ∈ Qp

T , (3.24)

u(tj, x) = φj(x), j = 1, . . . , n, t∗1 ⩽ t1 < . . . < tn ⩽ t∗2, x ∈ Ωp, (3.25)

äå n ∈ N, n ⩾ 3, à ïîëiíîìè Aj(z1, . . . , zp), j = 1, . . . , n, ¹ òàêèìè, ùî

Aj(∂x) =
∑
|s|⩽Nj

aj,s∂
s
x =

∑
|s|⩽Nj

aj,s∂
s1
x1
. . . ∂spxp

, aj,s ∈ C,

Nj ⩾ 0, N1 + . . . + Nn > 0. Áóäåìî ïðèïóñêàòè, ùî äëÿ êîæíîãî k ∈ Zp

ìíîãî÷ëåí

Ln(λ, ik) ≡ λn +
n−1∑
j=0

An−j(ik)λ
j (3.26)

ìà¹ ïðîñòi λ-êîðåíi λ1(k), . . . , λn(k). Ââàæàòèìåìî, ùî äëÿ êîæíîãî k ∈ Zp

öi êîðåíi ïðîíóìåðîâàíi çãiäíî ç íåðiâíîñòÿìè

Reλ1(k) ⩽ . . . ⩽ Reλn(k). (3.27)

×åðåç γ ïîçíà÷èìî äîäàòíå ÷èñëî

γ = max
1⩽j⩽n

{
Nj

j

}
, (3.28)

ÿêå õàðàêòåðèçó¹ ïîðÿäîê ñòåïåíåâîãî çðîñòàííÿ êîðåíiâ ìíîãî÷ëåíà (3.26).

Òîäi äëÿ êîæíîãî k ∈ Zp âèêîíóþòüñÿ îöiíêè [98]

|λj(k)| ⩽ C1(1 + |k|γ), j = 1, . . . , n, (3.29)
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äå C1 � äîäàòíà ñòàëà, ùî íå çàëåæèòü âiä k ∈ Zp.

Çàóâàæåííÿ 3.1 . Çàçíà÷èìî, ùî ó ôîðìóëþâàííi çàäà÷i (3.24), (3.25)

äèôåðåíöiàëüíèé âèðàç Ln (t∂t, ∂x) ìîæíà çîáðàçèòè i â iíøîìó âèãëÿäi

Ln (t∂t, ∂x) ≡ tn (∂t)
n +

n−1∑
j=0

tj (∂t)
j Bn−j(∂x)u = 0

(äèâ. ó öüîìó çâ'ÿçêó ôîðìóëþâàííÿ ëåìè 2.7 òà ëåìè 2.8).

Çíàéäåìî ðîçâ'ÿçîê çàäà÷i (3.24), (3.25), âèêîðèñòîâóþ÷è ìåòîä Ôóð'¹

òà ðîçâèíåííÿ ïðàâèõ ÷àñòèí â óìîâàõ (3.25) ó ðÿäè Ôóð'¹ çà ñèñòåìîþ

ôóíêöié {exp(ik, x) : k ∈ Zp}:

φj(x) =
∑
k∈Zp

φjk exp(ik, x), j = 1, . . . , n.

Ðîçâ'ÿçîê ðiâíÿííÿ (3.24) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑
k∈Zp

uk(t) exp(ik, x), (ik, x) = ik1x1 + · · ·+ ikpxp, (3.30)

äå êîæíà ôóíêöiÿ uk(t) ¹ ðîçâ'ÿçêîì çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿ-

ííÿ òèïó Åéëåðà ïîðÿäêó n(
t
d

dt

)n

uk(t) +
n−1∑
j=0

An−j(ik)

(
t
d

dt

)j

uk(t) = 0 (3.31)

i ñïðàâäæó¹ áàãàòîòî÷êîâi óìîâè

uk(tj) = φjk, j = 1, . . . , n. (3.32)

Ìíîæèíà ôóíêöié
{
tλ1(k), . . . , tλn(k)

}
óòâîðþ¹ ôóíäàìåíòàëüíó ñèñòåìó ðîç-

â'ÿçêiâ ðiâíÿííÿ (3.31), òîìó ðîçâ'ÿçîê çàäà÷i (3.31), (3.32) âèçíà÷à¹òüñÿ

ôîðìóëîþ

uk(t) =
n∑

q=1

Ckqt
λq(k), (3.33)

äå ñòàëi Ckq, q = 1, . . . , n, ñïðàâäæóþòü ñèñòåìó ëiíiéíèõ ðiâíÿíü

n∑
q=1

Ckqt
λq(k)
j = φjk, j = 1, . . . , n. (3.34)
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Ïîçíà÷èìî ÷åðåç ∆(k) âèçíà÷íèê ñèñòåìè (3.34)

∆(k) =

∣∣∣∣∣∣∣∣
t
λ1(k)
1 . . . t

λn(k)
1

. . . . . . . . .

t
λ1(k)
n . . . t

λn(k)
n

∣∣∣∣∣∣∣∣ , k ∈ Zp. (3.35)

Òåîðåìà 3.3 . Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (3.24), (3.25) ó ïðîñòîði

Cn([0, T ]; T ′) íåîáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà

∀k ∈ Zp ∆(k) ̸= 0. (3.36)

Çàóâàæåííÿ 3.2 . ßêùî äëÿ êîæíîãî k ∈ Zp êîðåíi ìíîãî÷ëåíà

(3.26) ¹ äiéñíèìè, òî óìîâà (3.36) âèêîíó¹òüñÿ, ÿêùî t1, . . . , tn ¹ ðiçíèìè

äîäàòíèìè ÷èñëàìè.

Çàóâàæåííÿ 3.3 . ßêùî êîðåíi λ1(k), . . . , λn(k) êîðåíi óòâîðþþòü

àðèôìåòè÷íó ïðîãðåñiþ, òîáòî

∀k ∈ Zp λ2(k)−λ1(k) = λ3(k)−λ2(k) = . . . = λn(k)−λn−1(k) ≡ µ(k) ̸= 0,

i, êðiì òîãî,

∀k ∈ Zp µ(k)(ln τj − ln τq) /∈ i2πZ, 0 ⩽ q < j ⩽ n− 1

òîäi óìîâà (3.36) âèêîíó¹òüñÿ.

Çàóâàæåííÿ 3.4 . ßêùî âóçëè iíòåðïîëÿöi¨ ëîãàðèôìi÷íî ðiâíîâiä-

äàëåíi, òîáòî âèêîíó¹òüñÿ óìîâà

τj = τ j1 , j = 0, 1, . . . , n− 1,

i, êðiì òîãî,

∀k ∈ Zp (λj(k)− λq(k)) ln τ1 /∈ i2πZ, 0 ⩽ q < j ⩽ n− 1,

òîäi óìîâà (3.36) âèêîíó¹òüñÿ.
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Íàäàëi ââàæàòèìåìî, ùî óìîâà (3.36) ñïðàâäæó¹òüñÿ. Çàñòîñîâóþ÷è

ïðàâèëî Êðàìåðà äëÿ çíàõîäæåííÿ íåâiäîìèõ Ckq, q = 1, . . . , n, ñèñòåìè

(3.34), íà ïiäñòàâi (3.31) îòðèìó¹ìî ôîðìàëüíå çîáðàæåííÿ ðîçâ'ÿçêó çà-

äà÷i (3.24), (3.25) ó âèãëÿäi ðÿäó

u(t, x) =
∑
|k|⩾0

n∑
j,q=1

∆jq(k)

∆(k)
tλq(k)φjk exp(ik, x). (3.37)

Çáiæíiñòü ðÿäó (3.37) ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Õî÷à

âèçíà÷íèêè (3.35), ÿêi ¹ çíàìåííèêàìè ó (3.37), âiäìiííi âiä íóëÿ çà óìîâîþ

(3.36), ïðîòå âîíè ìîæóòü ñòàâàòè ÿê çàâãîäíî ìàëèìè äëÿ íåñêií÷åííî¨

êiëüêîñòi k ∈ Zp i ñïðè÷èíÿòè ðîçáiæíiñòü ðÿäó (3.37).

Ïðèêëàä 3.1 . Ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i

t2
∂2u

∂t2
+ t

∂u

∂t
− ∂2u

∂x2
= 0, (t, x) ∈ Q1

T , (3.38)

u(1, x) = 0, u(T, x) = φ(x), x ∈ Ω1, (3.39)

ó ÿêié lnT ̸∈ πQ, çîáðàæó¹òüñÿ ôîðìóëîþ

u(t, x) =
φ0 ln t

lnT
+

∑
k∈Z\{0}

sin(k ln t)

sin(k lnT )
φk exp(ikx). (3.40)

Çà òåîðåìîþ Õií÷èíà [ñ. 48 ó [99]] äëÿ äîâiëüíî¨ äîäàòíî¨ ôóíêöi¨ g : N →
R+ iñíó¹ òàêå äîäàòíå ÷èñëî θ(g), ùî θ(g) ̸∈ πQ i íåðiâíiñòü

|kθ(g)−mπ| < g(|k|) (3.41)

âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi ïàð öiëèõ ÷èñåë k,m. Îñêiëüêè äëÿ

ôiêñîâàíîãî k íåðiâíiñòü (3.41) ìîæå âèêîíóâàòèñÿ ëèøå äëÿ ñêií÷åííî¨

êiëüêîñòi öiëèõ ÷èñåë m, òî ç îöiíêè

| sin(kθ(g))| = | sin(kθ(g)−mπ)| ⩽ |kθ(g)−mπ|,

âèïëèâà¹, ùî íåðiâíiñòü

| sin(kθ(g))| < g(|k|)
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âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ ìíîæèíèM(θ(g)) öiëèõ ÷èñåë k. Çàçíà÷èìî,

ùî

sin(kθ(g)) ̸= 0

äëÿ âñiõ k ∈ Z\{0}, îñêiëüêè θ(g) ̸∈ πQ.

Íåõàé â óìîâàõ (3.39) ôóíêöiÿ φ(x) íàëåæèòü äî ïðîñòîðó H(τk), (τk) ∈
W1, i ìà¹ ñïåöiàëüíèé âèãëÿä

φ(x) =
∑

k∈Z\{0}

φk exp(ikx), φk ≡
1

kτk
.

Òîäi äëÿ ðîçâ'ÿçêó çàäà÷i (3.38), (3.39), çîáðàæåíîãî ðÿäîì (3.40), îäåðæè-

ìî

∥t∂tu(t, x)|t=1;H(ρk)∥2 ⩾
∑

k∈Z\{0}

|kφk|2ρ2k
sin2(k lnT )

=
∑

k∈Z\{0}

ρ2k
τ 2k sin

2(k lnT )
,

äå (ρk) ∈ W1. Âèáåðåìî òåïåð ÷èñëî T > 1 òàêèì, ùî T = exp(θ(g)), äå

ôóíêöiÿ g : N → R+ âèçíà÷à¹òüñÿ ðiâíiñòþ

g(|k|) = min{ρ|k|/τ|k|, ρ−|k|/τ−|k|}.

Òîäi ç îãëÿäó íà íåñêií÷åííiñòü ìíîæèíè M(θ(g)) îòðèìó¹ìî∑
k∈Z\{0}

ρ2k
τ 2k sin

2(k lnT )
⩾

∑
k∈Z\{0}

ρ2k
τ 2kg

2(|k|)
⩾

∑
k∈M(θ(g))

1 = +∞.

Îòæå, ÿêèì áè ãëàäêèì íå áóâ ïðîñòið H(τk), äëÿ íüîãî çíàéäóòüñÿ

ôóíêöiÿ φ ∈ H(τk) i ÷èñëî T > 1 â óìîâàõ (3.39) òàêi, ùî ðÿä (3.40) íå

íàëåæèòü äî æîäíîãî ïðîñòîðó C2([1, T ];H(ρk)), (ρk) ∈ W1.

Äëÿ òîãî, ùîá ñóìà ðÿäó (3.40) íàëåæàëà äî ïðîñòîðó C2([1, T ];H(ρk))

ïðè äåÿêié ïîñëiäîâíîñòi (ρk) ∈ W1 (çà óìîâè, ùî äîâiëüíà ôóíêöiÿ φ(x)

íàëåæèòü äî H(τk) ïðè ôiêñîâàíié ïîñëiäîâíîñòi (τk) ∈ W1), äîñòàòíüî,

ùîá ÷èñëî lnT ̸∈ πQ çàäîâîëüíÿëî îöiíêó

| sin(k lnT )| ⩾ C1(1 + |k|)−ω (3.42)
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äëÿ âñiõ k ∈ Z\{0}, äå C2 > 0, ω ∈ R. Ñïðàâäi, â öüîìó âèïàäêó äëÿ

äîâiëüíî¨ ïîñëiäîâíîñòi (ρk) ∈ W1 òàêî¨, ùî ρk ⩽ τk(1+|k|)−ω−2, äëÿ ôóíêöi¨

u(t, x), çîáðàæåíî¨ ðÿäîì (3.40), âèêîíó¹òüñÿ íåðiâíiñòü

∥u(t, x);C2([1, T ];H(ρk))∥ ⩽ C3

√
|φ0ρ0|2 +

∑
k ̸=0

|k2φk|2ρ2k/ sin
2(k lnT ) ⩽

⩽ C4

√∑
k∈Z

|φkρk|2(1 + |k|)2ω+4 ⩽ C4∥φ(x);H(τk)∥, (3.43)

äå äîäàòíi ñòàëi C3, C4 íå çàëåæàòü âiä k ∈ Z.

Çàâåðøèìî ïðèêëàä îáãîâîðåííÿì ïèòàííÿ ïðî òå, äëÿ ÿêèõ ÷èñåë T

ìîæå âèêîíóâàòèñÿ íåðiâíiñòü (3.42). Íåõàé m � òàêå öiëå ÷èñëî, ùî

−π
2
< k lnT −mπ ⩽

π

2
.

Îñêiëüêè äëÿ âñiõ x ∈ [−π/2, π/2] ñïðàâäæó¹òüñÿ íåðiâíiñòü [3]

| sinx| ⩾ 2

π
|x|,

òî

| sin(k lnT )| = | sin(k lnT−mπ)| ⩾ 2

π
|k lnT−mπ| = 2|k|

∣∣∣∣ lnTπ − m

k

∣∣∣∣ , k ̸= 0.

Òîìó ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi (3.42) çâîäèòüñÿ äî

ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòi∣∣∣∣ lnTπ − m

k

∣∣∣∣ ⩾ C4

|k|ω−1
, (3.44)

òîáòî äî ç'ÿñóâàííÿ òîãî, ÿê ÷èñëî lnT/π íàáëèæà¹òüñÿ ðàöiîíàëüíèìè

äðîáàìèm/k çàëåæíî âiä âåëè÷èíè çíàìåííèêà |k|. Ó âèïàäêó, êîëè lnT/π

� äiéñíå àëãåáðè÷íå ÷èñëî ñòåïåíÿ d ⩾ 2, ç òåîðåì Ëióâiëëÿ òà Ðîòà [69]

âèïëèâà¹, ùî íåðiâíiñòü (3.44) âèêîíó¹òüñÿ äëÿ âñiõ ðàöiîíàëüíèõ ÷èñåë

m/k, ÿêùî ω = ω(d), äå ω(2) = 3 i ω(d) > 3 äëÿ d ⩾ 3. Iç òåîðåìè

Áîðåëÿ [69] âèïëèâà¹, ùî äëÿ ìàéæå âñiõ äiéñíèõ ÷èñåë T > 1 íåðiâíiñòü

(3.44) âèêîíó¹òüñÿ ïðè ω > 3 äëÿ âñiõ ðàöiîíàëüíèõ ÷èñåë m/k.
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Ïðèêëàä 3.2 . Ëåãêî ïåðåâiðèòè, ùî âèçíà÷íèê ∆(k), k ∈ Z\{0},
çàäà÷i ç óìîâàìè (3.39) äëÿ ðiâíÿííÿ

t2
∂2u

∂t2
+ t

∂u

∂t
+
∂2u

∂x2
= 0, (t, x) ∈ Q1

T ,

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∆2(k) = T |k| − T−|k|. (3.45)

Äëÿ êîæíîãî T > 1 äëÿ âèçíà÷íèêà (3.45) âèêîíó¹òüñÿ íåðiâíiñòü

|∆2(k)| ⩾ T |k|/2, (3.46)

ÿêùî |k| ⩾ ln 2/ ln(T 2).

Ïîçíà÷èìî

λmax(k) = max
1⩽j⩽n

|λj(k)|, λ− = inf
k

Reλ1(k)

k̃
,

λ+ = sup
k

Reλn(k)

k̃
, λ∗ = sup

k

Reλmax(k)

k̃
. (3.47)

Òåîðåìà 3.4 . Íåõàé mink∈Zp |∆(k)| > 0 i iñíó¹ òàêà êîíñòàíòà

ξ ∈ R ùî îöiíêà ñïðàâäæó¹òüñÿ

|∆(k)| ⩾
∏

n⩾j>q⩾1

|λj(k)− λq(k)|k̃−ξ(τ1 · . . . · τn)−Λ2k̃, k ∈ Zp, (3.48)

äå Λ2 = −min(0;λ−). Òîäi äëÿ äîâiëüíèõ åëåìåíòiâ φj ∈ Φ
n+ξ,gΛ2g

Λ1
j
,

gj = (τ0 · · · τn−1/τj+1), g = (τ1·. . .·τn)Λ2, Λ1 = max(0;λ+), j = 0, 1, . . . , n−1,

çàäà÷à (3.24), (3.25) êîðåêòíà ó ïðîñòîði Un,gΛ2hΛ1H , h = max
0⩽j⩽n−1

gj, i

ðîçâ'ÿçîê u çàäîâîëüíÿ¹ íåðiâíiñòü

∥u∥2U
n,gΛ2hΛ1H

⩽ Const
n−1∑
l=0

∥φl∥2Φ
n+ξ,gΛ2g

Λ1
j

,

äå ôóíêöiÿ H : [t∗1, t
∗
2] → R âèçíà÷à¹òüñÿ ôîðìóëîþ

H(t) =

(t0/t)
λ+, if t ∈ [t0; t

∗
2];

(t0/t)
λ−, if t ∈ [t∗1; t0].
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Ïðåäñòàâèìî óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i ó âèïàäêó ëîãàðèôìi÷íî

ðiâíîâiääàëåíèõ âóçëiâ, òîìó êîëè âèêîíóþòüñÿ íàñòóïíi óìîâè

τl = τ l1, l = 0, 1, . . . , n− 1.

Ïîçíà÷èìî

wqσ = τ
λq−λσ

1 = ezqσ , zqσ = (λq − λσ) ln τ1,

ωj =

j−1∏
q=1

|1− wqj|
n∏

q=j+1

|1− wjq|, ωmin = min(|ω1|, . . . , |ωn|).

Ââåäåìî äîäàòíó ôóíêöiþ G : [t∗1, t
∗
2] → R âiäïîâiäíî äî ôîðìóëè

1

G(t)
=


G∗

1(t), t ∈ [t∗1, t0],

Gj(t), t ∈ (tj−1, tj], j = 1, . . . , n− 1,

G∗
2(t), t ∈ (tn−1, t

∗
2],

(3.49)

äå

G∗
1(t) = max

(
(t/t0)

λ−, ((t/t0)/τ
2n−5
1 )λ−

)
,

G1(t) = max
(
(t/t0)

λ+, G∗
1(t)
)
,

G2(t) = max
(
((t/t0)/τ1)

λ+τ
λ−
1 , G1(t)

)
,

Gq(t) = max
l=2,...,q−1

(
((t/t0)/τl)

λ+τ
λ−
l , ((t/t0)/τq−1)

λ+τ
λ−
l , G2(t)

)
,

q = 3, . . . , n− 1,

G∗
2(t) = max

(
(t/t0)

λ+, ((t/t0)/τ1)
λ+τ

λ−
1 , ((t/t0)/τ

2n−5
1 )λ−,

max
l=2,...,n−1

(
((t/t0)/τl)

λ+τ
λ−
l , ((t/t0)/τ

2n−5
1 )λ+τ

λ−
l ,

max
q=n,...,3(n−2)

(
((t/t0)/τ

q−1
1 )λ+τ

λ−
l , ((t/t0)/τ

q
1 )

λ−τ
λ−
1

)))
.

Òåîðåìà 3.5 . Íåõàé mink∈Zp ωmin > 0 i íåõàé äëÿ äiéñíî¨ ñòàëî¨ q0,

äîäàòíî¨ ñòàëî¨ g0 âèêîíóþòüñÿ îöiíêè

ωmin ⩾ k̃q0gk̃0 , k ∈ Zp. (3.50)
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Òîäi, äëÿ äîâiëüíèõ åëåìåíòiâ φj ∈ Φn,(t0/tl)
λ− , j = 0, 1, . . . , n − 1, çàäà÷à

(3.24), (3.25) êîðåêòíà ó ïðîñòîði Un,g0G, i ðîçâ'ÿçîê u çàäîâîëüíÿ¹ íåðiâ-

íiñòü

∥u∥2Un,g0G
⩽ Const

n−1∑
j=0

∥φj∥2Φ
n−q0,(t0/tl)

λ−
,

äå ôóíêöiÿ G âèçíà÷åíà ôîðìóëîþ (3.49).

Çà äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó [7,69,70] âñòàíîâëåíî, ùî íåðiâíiñòü

|∆n(k)| ⩾ g(k) (3.51)

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ =

(t1, . . . , tn) ∈ [1;T ]n äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ

k ∈ Zp, ÿêùî

g(k) =
n∏

j=1

t
µj(k)
j |V (k)|(1 + |k|)−ω, ω > (p− 1)n(n− 1)/2,

äå V (k) =
∏

n⩾j>q⩾1

(λj(k)− λq(k)) � äèñêðèìiíàíò ïîëiíîìà (3.26), à γ � ÷è-

ñëî ç ôîðìóëè (3.28). Ïîäiáíà îöiíêà çáåðiãà¹òüñÿ (äèâ. òåîðåìó 2 íèæ÷å) i

äëÿ âèïàäêó ëîãàðèôìi÷íî ðiâíîâiääàëåíèõ âóçëiâ iíòåðïîëÿöi¨ t1, . . . , tn â

óìîâàõ (3.25). Äëÿ äîâåäåííÿ òåîðåì 3.6, 3.7 âèêîðèñòàíî äîïîìiæíi ëåìè

2.4, 2.6 ïðî îöiíêè ìið âèíÿòêîâèõ ìíîæèí ãëàäêèõ ôóíêöié ñïåöiàëüíî-

ãî âèãëÿäó. Ó òåîðåìi 3.8 âñòàíîâëåíî òî÷íi îöiíêè çíèçó äëÿ âèçíà÷íèêà

∆n(k) íà îñíîâi äîïîìiæíî¨ ëåìè 2.6 ïðî îöiíêè ñêàëÿðíèõ äîáóòêiâ. Ïiä-

êðåñëèìî, ùî äëÿ âèçíà÷íèêà áàãàòîòî÷êîâî¨ çàäà÷i (3.24) äëÿ ðiâíÿííÿ òè-

ïó Åéëåðà ìåòðè÷íi îöiíêè çíèçó îòðèìàíî ó íàóêîâié ëiòåðàòóði âïåðøå, öi

îöiíêè íå ìîæíà îòðèìàòè iç ðàíiøå âñòàíîâëåíèõ îöiíîê ó [6,8,60,61,69,70]

äëÿ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè.

Ðîçãëÿíåìî ìåòðè÷íi îöiíêè äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà â êóái

[1, T ]n. Çàñòîñó¹ìî ëåìó 2.4 äëÿ âñòàíîâëåííÿ îöiíîê çíèçó äëÿ âèçíà÷íèêà

(3.35).
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Òåîðåìà 3.6 . Íåõàé äëÿ êîæíîãî êîðåíi ìíîãî÷ëåíà (3.26) ïðîíó-

ìåðîâàíi, ÿê ó (3.27). Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn)

âåêòîðiâ t = (t1, . . . , tn) ∈ [1, T ]n íåðiâíiñòü (3.51) âèêîíó¹òüñÿ äëÿ âñiõ

(êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ , ÿêùî g(k) âèçíà÷åíà

ôîðìóëîþ

g(k) = |V (k)| (1 + |k |)−ω
n∏

j=1

t
Reλj(k)
j , ω > (p+ γ)n(n− 1)/2,

äå γ � ÷èñëî ç ôîðìóëè (3.28).

Äîâåäåííÿ. Ç îãëÿäó íà ëåìó Áîðåëÿ�Êàíòåëëi [69, 70], äëÿ äîâåäåííÿ

òåîðåìè 1 äîñòàòíüî âñòàíîâèòè ïðè ω > (p+ γ)n(n− 1)/2 çáiæíiñòü ðÿäó

∑
k∈Zp

mesRn

 t ∈ [1, T ]n : |∆n(k)| < |V (k)| (1 + |k|)−ω
n∏

j=1

t
Reλj(k)
j

. (3.52)

Iç êîæíîãî j-ãî ðÿäêà, 1 ⩽ j ⩽ n, âèçíà÷íèêà ∆n(k) âèíåñåìî ìíîæíèê

t
λj(k)
j , îòðèìà¹ìî ðiâíiñòü

∆n(k) = Γn(k)
n∏

j=1

t
λj(k)
j , k ∈ Zp, (3.53)

äå ñèìâîëîì Γn(k) ïîçíà÷åíî âèçíà÷íèê det
∥∥∥tλq(k)−λj(k)

j

∥∥∥n
j,q=1

ç îäèíè÷íîþ

ãîëîâíîþ äiàãîíàëëþ. Iç ðiâíîñòi (3.53) âèïëèâà¹, ùî ðÿä (3.52) çáiãà¹òüñÿ

òîäi é òiëüêè òîäi, êîëè çáiãà¹òüñÿ ðÿä∑
k∈Zp

mesRnB(k), (3.54)

äå

B(k) := {t ∈ [1, T ]n : |Γn(k)| < |V (k)| (1 + |k|)−ω}, k ∈ Zp.

Âñòàíîâèìî çáiæíiñòü ðÿäó (3.54). Äëÿ öüîãî çàóâàæèìî, ùî

B(k) ⊂
n
∪
q=2

Bq(k) (3.55)
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äëÿ âñiõ k ∈ Zp, äå ñèìâîëîì Bq(k), q = 2, . . . , n, ïîçíà÷åíî ìíîæèíó

{t ∈ [1, T ]n : |Γq(k; τq)| < νq(k), |Γq−1(k; τq−1)| ⩾ νq−1(k)}.

Òóò Γq(k; τq), q = 1, . . . , n, � âèçíà÷íèê, ÿêèé îòðèìó¹òüñÿ ç âèçíà÷íèêà

Γn(k) âèêðåñëþâàííÿì îñòàííiõ n − q ðÿäêiâ òà îñòàííiõ n − q ñòîâïöiâ,

τq = (t1, . . . , tq), q = 1, . . . , n, i ÷èñëà νq(k) âèçíà÷àþòüñÿ ðiâíîñòÿìè

ν1(k) = 1, νq(k) =

q∏
j=2

|Λj(k)|

(1 + |k |)(p+γ+ε)q(q−1)/2
, q = 2, . . . , n,

äå ε = ω/C2
n−p−γ, Λq(k) = (λq(k)−λ1(k)) . . . (λq(k)−λq−1(k)), q = 2, . . . , n.

Iç âêëþ÷åííÿ (3.55) âèïëèâà¹, ùî äëÿ âñiõ k ∈ Zp âèêîíó¹òüñÿ

mesRnB(k) ⩽
n∑

q=2

mesRnBq(k). (3.56)

Çãiäíî ç òåîðåìîþ Ôóáiíi, äëÿ êîæíîãî q = 2, . . . , n

mesRnBq(k) =

∫
[0,T ]

n−1

mesRBq(k; tq) dt1 . . . dtq−1dtq+1 . . . dtn, (3.57)

äå tq = (t1, . . . , tq−1, tq+1, . . . , tn), q = 2, . . . , n, à ñèìâîëîì Bq(k; tq), q =

2, . . . , n, ïîçíà÷åíî ìíîæèíó {tq ∈ [1, T ] : (t1, . . . , tq−1, tq, tq+1, . . . , tn) ∈
Bq(k)}.

Çàñòîñó¹ìî ëåìó 2.6 äëÿ îöiíêè çâåðõó ìið ìíîæèíBq(k; tq), q = 2, . . . , n.

Äëÿ öüîãî çàóâàæèìî, ùî ó ôóíêöi¨ Γq(k; τq) ÿê ôóíêöi¨ âiä çìiííî¨ tq (ïðè

ôiêñîâàíèõ t1, . . . , tq−1) ìîäóëi ïîêàçíèêiâ |λq(k)− λj(k)| íå ïåðåâèùóþòü
2C1(1 + |k |γ), äå C1 � ñòàëà ç ôîðìóëè (3.29).

Ïîáóäó¹ìî ëiíiéíi äèôåðåíöiàëüíi âèðàçè ïîðÿäêó q − 1 ó âèãëÿäi äî-

áóòêó äèôåðåíöiàëüíèõ âèðàçiâ ïåðøîãî ïîðÿäêó:

Rq−1

(
tq
d

dtq
, k

)
=

q−1∏
j=1

(
tq
d

dtq
+ λq(k)− λj(k)

)
, q = 2, . . . , n.
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Ëåãêî ïåðåâiðèòè, ùî ( t ddt + λ ) [t−λ] = 0, òîìó äëÿ êîæíîãî q = 2, . . . , n

ïðàâèëüíèìè ¹ ðiâíîñòi

Rq−1

(
tq
d

dtq
, k

) [
tλj(k)−λq(k)
q

]
= 0, j = 1, . . . , q − 1,

Rq−1

(
tq
d

dtq
, k

)
[ 1 ] = Λq(k).

Ðîçâèâàþ÷è âèçíà÷íèêè Γq(k; τq), q = 2, . . . , n, çà åëåìåíòàìè îñòàííüîãî

ðÿäêà, îòðèìà¹ìî òàêi ðiâíîñòi:

Γq(k; τq) =

q∑
j=1

(−1)j+qtλj(k)−λq(k)
q Γq,j(k; τq−1), q = 2, . . . , n, (3.58)

äå Γq,j(k; τq−1) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà, ùî ðîçìiùåíèé íà ïåðå-

òèíi q-ãî ðÿäêà òà j-ãî ñòîâïöÿ ó âèçíà÷íèêó Γq(k; τq). Iç ðîçâèíåíü (3.58)

i ëiíiéíîñòi äèôåðåíöiàëüíèõ âèðàçiâ Rq−1 âèïëèâàþòü òàêi ðiâíîñòi:

Rq−1

(
tq
∂

∂tq
, k

)
Γq(k; τq) = Λq(k)Γq−1(k; τq−1), q = 2, . . . , n. (3.59)

ßêùî t ∈ Bq(k), q = 2, . . . , n, òî ç ôîðìóë (3.59) òà îçíà÷åííÿ ìíîæèí

Bq(k), q = 2, . . . , n, âèïëèâà¹, ùî

∀tq ∈ [1, T ]

∣∣∣∣Rq−1 ( tq
∂

∂tq
, k ) Γq(k; τq)

∣∣∣∣ ⩾ νq−1(k) |Λq(k)| . (3.60)

Îñêiëüêè degµRq−1(µ, k) = q − 1, à ìîäóëü êîåôiöi¹íòà ïðè ( tq
∂
∂tq

)q−1−j,

j = 0, 1, . . . , q−1, ó äèôåðåíöiàëüíîìó âèðàçi Rq−1(tq∂/∂tq, k) íå ïåðåâèùó¹

C16(1 + |k |)γj, òî ç îöiíîê (3.60) i ëåìè 3 îòðèìó¹ìî, ùî

mesRBq(k; tq) ⩽ C17(1 + |k|)γ
 νq(k)

νq−1(k) |Λq(k)|

1/(q−1)

⩽

⩽ C18(1 + |k |)−p−ε, q = 2, . . . , n, (3.61)

äå äîäàòíà ñòàëà C18 íå çàëåæèòü âiä âèáîðó çíà÷åíü tq = (t1, . . . , tq−1,

tq+1, . . . , tn) ∈ [1, T ]n−1. Òîäi ç ôîðìóë (3.57), (3.61) îòðèìó¹ìî îöiíêè

mesRnBq(k) ⩽ C18T
n−1(1 + |k|)−p−ε, q = 2, . . . , n, k ∈ Zp. (3.62)
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Iç íåðiâíîñòåé (3.56) i (3.62) âèïëèâà¹ çáiæíiñòü ðÿäó (3.54).

Ðîçãëÿíåìî ìåòðè÷íi îöiíêè äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà íà êðè-

âié Âåðîíåçå. Âñòàíîâèìî îöiíêè çíèçó äëÿ âèçíà÷íèêà ∆n(k), k ∈ Zp, ó

÷àñòêîâîìó âèïàäêó ëîãàðèôìi÷íî ðiâíîâiääàëåííèõ âóçëiâ

tj = tj1, j = 1, . . . , n, t1 > 1, (3.63)

òîáòî âóçëè t1, . . . , tn ¹ ÷ëåíàìè ãåîìåòðè÷íî¨ ïðîãðåñi¨ çi çíàìåííèêîì t1 ∈
(1, T 1/n]. Ó öüîìó âèïàäêó âèçíà÷íèê (7) çàëåæèòü âiä t1 i îá÷èñëþ¹òüñÿ çà

ôîðìóëîþ

∆n(k) =

∣∣∣∣∣∣∣∣∣∣∣

t
λ1(k)
1 . . . t

λn(k)
1

t
2λ1(k)
1 . . . t

2λn(k)
1

. . . . . . . . .

t
nλ1(k)
1 . . . t

nλn(k)
1

∣∣∣∣∣∣∣∣∣∣∣
= t

λ1(k)+...+λn(k)
1

∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1

t
λ1(k)
1 . . . t

λn(k)
1

. . . . . . . . .

t
(n−1)λ1(k)
1 . . . t

(n−1)λn(k)
1

∣∣∣∣∣∣∣∣∣∣∣
=

= t
λ1(k)+...+λn(k)
1

∏
n⩾j>q⩾1

 t
λj(k)
1 − t

λq(k)
1

, k ∈ Zp. (3.64)

Òóò âðàõîâàíî ôîðìóëó äëÿ âèçíà÷íèêà Âàíäåðìîíäà [12] ÷èñåë tλ1(k)
1 , . . . ,

t
λn(k)
1 . Çàóâàæèìî, ùî òâåðäæåííÿ òåîðåìè 3.6 äëÿ îöiíêè çíèçó âèçíà÷íèêà

(3.35) íå ìîæíà çàñòîñóâàòè äëÿ îöiíêè âèçíà÷íèêà (3.64), îñêiëüêè öåé âè-

çíà÷íèê çàëåæèòü âiä âåêòîðà t = (t1, t
2
1, . . . , t

n
1), ùî çíàõîäèòüñÿ íà êðèâié

Âåðîíåçå:

{(t1, t21, . . . , tn1) ∈ Rn : t1 ∈ (1, T 1/n]},

ÿêà ìà¹ íóëüîâó n-âèìiðíó ìiðó Ëåáåãà, n ⩾ 2. Çàñòîñóâàííÿ îäíîâèìiðíî¨

ìiðè Ëåáåãà äîçâîëÿ¹ âñòàíîâèòè ìàéæå âñþäè íà êðèâié Âåðîíåçå òàêó

æ îöiíêó çíèçó äëÿ âèçíà÷íèêà (3.64), ÿê i â òåîðåìi 3.6 äëÿ âèçíà÷íèêà

(3.35). Òàêèì ÷èíîì, êðèâà Âåðîíåçå óñïàäêîâó¹ îöiíêó ç êóáà [1, T ]n.

Òåîðåìà 3.7 . Íåõàé ñïðàâäæóþòüñÿ ðiâíîñòi (3.63) i äëÿ êîæíîãî

êîðåíi ìíîãî÷ëåíà (3.26) ïðîíóìåðîâàíi, ÿê ó (3.27). Òîäi äëÿ âèçíà÷íèêà
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(3.64) íåðiâíiñòü (3.51) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëå-

áåãà â R) ÷èñåë t1 ∈ (1, T 1/n] äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ

k ∈ Zp, ÿêùî g(k) âèçíà÷åíà ôîðìóëîþ

g(k) = |V (k)| (1 + |k |)−ω
n∏

j=1

t
Reλj(k)
j , ω > (p+ γ)n(n− 1)/2,

äå γ � ÷èñëî ç ôîðìóëè (3.28).

Äîâåäåííÿ. Íåñêëàäíèìè ïåðåòâîðåííÿìè ôîðìóëè (3.64) îäåðæó¹ìî

∆n(k) = t
λ1(k)+2λ2(k)+...+nλn(k)
1

∏
n⩾j>q⩾1

 1− t
λq(k)−λj(k)
1

, k ∈ Zp. (3.65)

Çàïðîâàäèìî ôóíêöi¨

ψ(k, t1) =
∏

n⩾j>q⩾1

ψjq(k, t1), k ∈ Zp, t1 ∈ (1, T 1/n],

ψjq(k, t1) = 1− t
λq(k)−λj(k)
1 , n ⩾ j > q ⩾ 1, k ∈ Zp,

äèôåðåíöiàëüíi âèðàçè

Rjq

 t1
d

dt1

 = t1
d

dt1
+ λj(k)− λq(k), n ⩾ j > q ⩾ 1, k ∈ Zp,

òà ìíîæèíè

E(k) = {t1 ∈ (1, T 1/n] : |ψ(k, t1)| < η(k)}, k ∈ Zp,

Ejq(k) = {t1 ∈ (1, T 1/n] : |ψjq(k, t1)| < ηjq(k)}, n ⩾ j > q ⩾ 1, k ∈ Zp,

äå η(k) =
∏

n⩾j>q⩾1

ηjq(k), ηjq(k) = |k |−(p+γ)−ε |Λjq(k)|, Λjq(k) = λj(k)−λq(k).

Ëåãêî ïåðåâiðèòè, ùî ( t d
dt + λ ) [1− t−λ] = λ, òîìó∣∣∣∣∣∣Rjq

 t1
d

dt1

ψjq(k, t1)

∣∣∣∣∣∣ = |λj(k)− λq(k)| , n ⩾ j > q ⩾ 1, k ∈ Zp. (3.66)

Iç ðiâíîñòåé (3.66) íà ïiäñòàâi ëåìè 3 òà îöiíîê

|λj(k)− λq(k)| ⩽ 2C1(1 + |k |γ),
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äå C1 � ñòàëà ç ôîðìóëè (3.29), îòðèìó¹ìî

mesREjq(k) ⩽ C19(1 + |k|)γ ηjq(k)

|Λjq(k)|
⩽ C20|k|−p−ε, n ⩾ j > q ⩾ 1, k ∈ Zp.

(3.67)

Îñêiëüêè E(k) ⊂ ∪
n⩾j>q⩾1

Ejq(k), òî

mesRE(k) ⩽
∑

n⩾j>q⩾1

mesREjq(k). (3.68)

Òîäi ç íåðiâíîñòåé (3.67), (3.68) âèïëèâà¹ çáiæíiñòü ðÿäó∑
k∈Rp

mesRE(k). (3.69)

Òîìó çà ëåìîþ Áîðåëÿ�Êàíòåëëi [69,70] çi çáiæíîñòi ðÿäó (3.69) âèïëèâà¹,

ùî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Z) ÷èñåë t1 ∈ (1, T 1/n] íåðiâíiñòü

|ψ(k, t1)| ⩾ η(k), à îòæå, é íåðiâíiñòü

|∆n(k)| ⩾ η(k)t
Re (λ1+2λ2+...+nλn)
1 = η(k)tReλ1

1 tReλ2
2 . . . tReλn

n (3.70)

âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) k ∈ Zp.

Çàóâàæåííÿ 3.5 . Ó ôîðìóëþâàííÿõ òåîðåì 3.6, 3.7 ó âèðàçè äëÿ

îöiíþþ÷î¨ ôóíêöi¨ g(k) âõîäèòü ìíîæíèêîì ìîäóëü |V (k)| äèñêðèìiíàíòà
ïîëiíîìà (3.26). Äëÿ íüîãî ìîæíà âñòàíîâèòè ñòåïåíåâi (ùîäî |k |) îöiíêè
çíèçó äëÿ ìàéæå âñiõ âåêòîðiâ, ñêëàäåíèõ iç êîåôiöi¹íòiâ ïîëiíîìà

An(z1, . . . , zp) =
∑

|s |⩽Nn

As
nz

s1
1 . . . zspp .

Íåõàé rq = (0, . . . , 0, Nn, 0, . . . , 0), q = 1, . . . , p, � ìóëüòèiíäåêñ äîâæèíè

p, íà q-ìó ìiñöi ÿêîãî çíàõîäèòüñÿ Nn, âåêòîð y, y = (Ar1
n , . . . , A

rp
n ) ∈ Cp,

ñêëàäåíèé ç êîåôiöi¹íòiâ As
n, ÿêi ôiãóðóþòü ïðè íàéñòàðøèõ ïîõiäíèõ âè-

ðàçó An(Dx), j = 1, . . . , n. Âiäîìî [60,70], ùî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè

Ëåáåãà â Z) âåêòîðiâ k íåðiâíiñòü |V (k)| ⩾ (1 + |k |)−δ âèêîíó¹òüñÿ äëÿ âñiõ

(êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ , ÿêùî δ > (n− 1)(p/2−Nn).
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Ðîçãëÿíåìî ðiâíîìiðíi îöiíêè äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà íà

ñèìïëåêñi. Ó âèïàäêó, êîëè äiéñíi ÷àñòèíè êîðåíiâ ìíîãî÷ëåíà (3.26) ìàþòü

ñòåïåíåâó ïîâåäiíêó íà íåñêií÷åííîñòi, ìîæíà âñòàíîâèòè îöiíêè çíèçó äëÿ

õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ, ÿêi ¹ ñèëüíiøèìè ïîðiâíÿíî ç îöiíêàìè iç

òåîðåì 3.6, 3.7 i âèêîíóþòüñÿ äëÿ âñiõ âåêòîðiâ iç ñèìïëåêñà Πn. Äëÿ öüîãî

âèêîðèñòà¹ìî òàêó ëåìó.

Òåîðåìà 3.8 . Íåõàé äëÿ êîðåíiâ ìíîãî÷ëåíà (3.26) âèêîíóþòüñÿ

ðiâíîñòi

Reλj(k) = µj|k |γ + o(|k |γ), |k | → ∞, j = 1, . . . , n, γ > 0, (3.71)

äå µ1 < . . . < µn. Òîäi äëÿ âñiõ âåêòîðiâ t ∈ Πn íåðiâíiñòü (3.51) âèêîíó¹-

òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) k ∈ Zp, ÿêùî g(k) = 1
2

n∏
j=1

t
Reλj(k)
j .

Äîâåäåííÿ. Çàïèøåìî ðîçâèíåííÿ äëÿ âèçíà÷íèêà ∆n(k), k ∈ Zp, ó âè-

ãëÿäi ñóìè n! äîäàíêiâ:

∆n(k) =
∑

ω=(i1,...,in)∈Sn

(−1)invωt
λi1

(k)
1 . . . tλin(k)

n (3.72)

äå invω � êiëüêiñòü iíâåðñié ó ïåðåñòàíîâöi ω = (i1, . . . , in). Îñêiëüêè∣∣∣tλi1
(k)

1 . . . tλin(k)
n

∣∣∣ = exp (Reλi1(k) ln t1 + . . .+Reλin(k) ln tn),

òî ç ðiâíîñòåé (3.71) îäåðæèìî∣∣∣tλi1
(k)

1 . . . tλin(k)
n

∣∣∣ = exp ((µi1 ln t1 + . . .+ µin ln tn + βω(k))|k |γ), (3.73)

äå βω(k), ω ∈ Sn, � íåñêií÷åííî ìàëi ïîñëiäîâíîñòi ïðè |k | → ∞. Ïîçíà÷èìî

δ = max {µi1 ln t1 + . . .+ µin ln tn : ω = (i1, . . . , in) ∈ Sn,0},

äå Sn,0\{ω0}, ω0 = (1, . . . , n). Òîäi ç ðiâíîñòåé (3.73) îòðèìó¹ìî îöiíêè∣∣∣tλi1
(k)

1 . . . tλin(k)
n

∣∣∣ ⩽ exp ((δ + βω(k))|k |γ), ω = (i1, . . . , in) ∈ Sn,0,
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λi1

(k)
1 . . . t

λin(k)
n

t
λ1(k)
1 . . . t

λn(k)
n

∣∣∣∣∣ ⩽ exp ((δ + βω(k))|k |γ)
exp ((µ1 ln t1 + . . .+ µn ln tn + βω0

(k))|k |γ)
,

ω ∈ Sn,0. (3.74)

Çà óìîâîþ òåîðåìè µ1 < . . . < µn, ln t1 < . . . < ln tn, òîìó ç ëåìè 4 âèïëè-

âà¹, ùî δ < µ1 ln t1+ . . .+µn ln tn. Çâiäñè, âðàõîâóþ÷è, ùî γ > 0, îäåðæèìî

lim
|k |→∞

∣∣∣∣∣ t
λi1

(k)
1 . . . t

λin(k)
n

t
λ1(k)
1 . . . t

λn(k)
n

∣∣∣∣∣ = 0, ω = (i1, . . . , in) ∈ Sn,0.

Òàêèì ÷èíîì, iñíó¹ K > 0, ùî äëÿ âñiõ òàêèõ, ùî |k | > K, âèêîíó¹òüñÿ

îöiíêà

∣∣∣∣ tλi1(k)1 ...t
λin (k)
n

t
λ1(k)
1 ...t

λn(k)
n

∣∣∣∣ ⩽ 1
2(n!−1) , ω = (i1, . . . , in) ∈ Sn,0. Òîäi ç ðîçâèíåííÿ

(3.72) òà íåðiâíîñòi òðèêóòíèêà âèïëèâà¹, ùî äëÿ âñiõ âåêòîðiâ t ∈ Πn

âèêîíó¹òüñÿ îöiíêà çíèçó

|∆n(k)| =
∣∣∣tλ1(k)

1 . . . tλn(k)
n

∣∣∣ ·
∣∣∣∣∣∣1 +

∑
ω=(i1,...,in)∈Sn,0

(−1)invω
t
λi1

(k)
1 . . . t

λin(k)
n

t
λ1(k)
1 . . . t

λn(k)
n

∣∣∣∣∣∣ ⩾
⩾
∣∣∣tλ1(k)

1 . . . tλn(k)
n

∣∣∣ · ( 1− n!− 1

2(n!− 1)

)
=

1

2
t
Reλ1(k)
1 . . . tReλn(k)

n ,

ÿêùî |k | > K.

Çàóâàæåííÿ 3.6 . Iç ðîçâèíåííÿ (3.72) i ôîðìóë (3.74) âèïëèâà¹, ùî

äëÿ âñiõ âåêòîðiâ t ∈ Πn âèêîíó¹òüñÿ òàêà îöiíêà çâåðõó:

|∆n(k)| ⩽
∣∣∣tλ1(k)

1 . . . tλn(k)
n

∣∣∣ · ∣∣∣∣1 + n!− 1

2(n!− 1)

∣∣∣∣ = 3

2
t
Reλ1(k)
1 . . . tReλn(k)

n , |k | > K.

(3.75)

Îöiíêà (3.75) ïiäòâåðäæó¹ òî÷íiñòü îöiíêè çíèçó â òåîðåìi 3.8.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 3

Ó ðîáîòi âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó õàðàêòåðèñòè÷íîãî âèçíà-

÷íèêà äâîòî÷êîâî¨ çàäà÷i ç ïðîñòèìè âóçëàìè iíòåðïîëÿöi¨ äëÿ ëiíiéíî-

ãî ðiâíÿííÿ òèïó Åéëåðà çi çìiííèìè êîåôiöi¹íòàìè òà äîñëiäæåíî êîðå-

êòíiñòü ðîçâ'ÿçêó.

Âèêîðèñòîâóþ÷è íåðiâíîñòi −L3 ⩽ −λ−1 ⩽ −λ−2 ⩽ λ+1 ⩽ λ+2 ⩽ L3 i

−2L2 ⩽ −λ−0 ⩽ λ+0 ⩽ 0 ìîæíà ïîðiâíÿòè ïðîñòîðè îòðèìàíi â òåîðåìi 3.1

òà òåîðåìi 3.2. Äëÿ j = 1, òîáòî t0 < t1 ⩽ 1, îòðèìó¹ìî

t
−λ+

1
0 ⩽ t−L3

0 , t
−λ+

1
1 ⩽ t−L3

1 , tλ
−
1 ⩾ tL3 äëÿ t ⩽ t1,

tλ
−
2 t

λ−
0

1 ⩾ tL3t2L2
1 äëÿ t1⩽t⩽1, t−λ+

2 t
λ−
0

1 ⩾ t−L3t2L2
1 äëÿ t ⩾ 1.

Àíàëîãi÷íî îòðèìóþòüñÿ òàêi æ íåðiâíîñòi äëÿ j = 2, 3. Ç îòðèìàíèõ íå-

ðiâíîñòåé ìîæíà ïîáà÷èòè, ùî ïðîñòîðè Φ(p∗+3)/2,g0j òà Φ(p∗+3)/2,g1j ïðè âè-

êîíàííi óìîâè (3.18) ¹ øèðøèìè, à ïðîñòîðè ðîçâ'ÿçêiâ U2,Gj
� âóæ÷èìè â

òåîðåìi 3.2 ó ïîðiâíÿííi ç ïðîñòîðàìè òåîðåìè 3.1.

Ó ðîáîòi âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó õàðàêòåðèñòè÷íîãî âèçíà-

÷íèêà áàãàòîòî÷êîâî¨ çàäà÷i ç ïðîñòèìè âóçëàìè iíòåðïîëÿöi¨ äëÿ ëiíiéíîãî

ðiâíÿííÿ òèïó Åéëåðà çi çìiííèìè êîåôiöi¹íòàìè. Çàñòîñîâàíî ìåòðè÷íèé

ïiäõiä [61, 80, 81] äëÿ âñòàíîâëåííÿ òàêèõ îöiíîê. Ðîçãëÿíóòî ÷àñòêîâi âè-

ïàäêè çàäà÷i, êîëè âóçëè iíòåðïîëÿöi¨ óòâîðþþòü ãåîìåòðè÷íó ïðîãðåñiþ

àáî êîðåíi õàðàêòåðèñòè÷íîãî ïîëiíîìà ìàþòü ïåâíó ïîâåäiíêó íà íåñêií-

÷åííîñòi. Âñòàíîâëåíi óìîâè êîðåêòíîñòi ðîçâ'ÿçêó çàäà÷i. Ðåçóëüòàòè ðî-

áîòè ìîæíà ïåðåíåñòè íà âèïàäîê iíòåðïîëÿöiéíî¨ äâîòî÷êîâî¨ çàäà÷i äëÿ

ñèñòåì ëiíiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.
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ÐÎÇÄIË 4

ËÎÊÀËÜÍI ÇÀÄÀ×I ÍIÊÎËÅÒÒI ÄËß ÐIÂÍßÍÍß ÒÈÏÓ

ÅÉËÅÐÀ

4.1. Ðiâíÿííÿ äðóãîãî ïîðÿäêó

Ó ïiäðîçäiëi 4.1 äèñåðòàöi¨ äîñëiäæåíî çàäà÷ó ïðî çíàõîäæåííÿ òàêîãî

ðîçâ'ÿçêó ðiâíÿííÿ òèïó Åéëåðà äðóãîãî ïîðÿäêó, äëÿ ÿêîãî âèêîíóþòüñÿ

óìîâè Íiêîëåòòi çà âèäiëåíîþ çìiííîþ t òà óìîâè 2π-ïåðiîäè÷íîñòi çà ií-

øèìè çìiííèìè x1, . . . , xp.

Ðîçãëÿäà¹ìî çàäà÷ó Íiêîëåòòi:[
t2∂2t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (t, x) ∈ (t∗0, t

∗
1)× Ωp, (4.1)

u(t0, x) = φ0(x), ut(t1, x) = φ1(x), t0, t1 ∈ [t∗0, t
∗
1], x ∈ Ωp, (4.2)

äå 0 < t∗0 < t∗1. Â óìîâàõ (4.2) âóçëè t0, t1 ¹ ðiçíèìè, ìîæëèâi òàêi âèïàäêè

ðîçòàøóâàííÿ âóçëiâ: à) t0 < t1, á) t1 < t0. Áóäåìî ïðèïóñêàòè, ùî ðiâíÿííÿ

(4.1) ¹ òàêèì, ùî äëÿ êîæíîãî k ∈ Zp âèêîíó¹òüñÿ óìîâà

(a(ik)− 1)2 − 4b(ik) ̸= 0. (4.3)

Ðÿä

u(t, x) =
∑
k∈Zp

uk(t) e
(ik,x), (4.4)

¹ ðîçâ'ÿçêîì çàäà÷i (4.1), (4.2) ç ïðîñòîðó C2([t∗0, t
∗
1]; T ′) (çà óìîâè, ùî

φ0, φ1 ∈ T ′) òîäi i ëèøå òîäi, êîëè êîæåí éîãî êîåôiöi¹íò uk(t), k ∈ Zp,

¹ ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿí-

íÿ Åéëåðà

t2
d2uk(t)

dt2
+ ta(ik)

duk(t)

dt
+ b(ik)uk(t) = 0, t ∈ (t∗0, t

∗
1), (4.5)
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uk(t0) = φ0k, u′k(t1) = φ1k, (4.6)

äå φjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié φj(x), j = 1, 2, âiäïîâiäíî. Ç

óìîâè (4.3) âèïëèâà¹, ùî êîðåíi λ1(k), λ2(k) õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

λ(λ− 1) + a(ik)λ+ b(ik) = 0

¹ ïðîñòèìè.1 Òîìó ôóíêöi¨ tλ1(k), tλ2(k) óòâîðþþòü íà (t∗0, t
∗
1) ôóíäàìåíòàëü-

íó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (4.5). Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i (4.5),

(4.6) äîïóñêà¹ çîáðàæåííÿ

uk(t) = C1kt
λ1(k) + C2kt

λ2(k). (4.7)

Ñòàëi C1k, C2k ó ôîðìóëi (4.7) âèçíà÷àþòüñÿ íà ïiäñòàâi óìîâ (4.6) ç ëiíiéíî¨

ñèñòåìè ðiâíÿíü
C1kt

λ1(k)
0 + C2kt

λ2(k)
0 = φ0k,

C1kλ1(k)t
λ1(k)−1
1 + C2kλ2(k)t

λ2(k)−1
1 = φ1k.

(4.8)

Î÷åâèäíî, ùî çàäà÷à (4.5), (4.6) ìà¹ òiëüêè îäèí ðîçâ'ÿçîê, ÿêùî ñèñòåìà

(4.8) ìà¹ òiëüêè îäèí ðîçâ'ÿçîê, òîáòî ¨¨ âèçíà÷íèê δ(k) âiäìiííèé âiä íóëÿ.

ßêùî δ(k) ̸= 0, òî ñèñòåìà (4.8) ìà¹ ¹äèíèé ðîçâ'ÿçîêC1k

C2k

 =

 t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

−1φ0k

φ1k

 . (4.9)

Ïiäñòàâëÿþ÷è âèðàçè (4.9) ó çîáðàæåííÿ (4.7), îòðèìó¹ìî

uk(t) =
(
tλ1(k) tλ2(k)

) t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

−1φ0k

φ1k

 . (4.10)

Çâiäñè âèïëèâà¹ òàêå òâåðäæåííÿ.

1ââàæà¹ìî, ùî öi êîðåíi çàíóìåðîâàíi òàê, ùî Reλ1(k) ⩽ Reλ2(k).
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Òåîðåìà 4.1 . Íåõàé âèêîíó¹òüñÿ óìîâà (4.3). Äëÿ äîâiëüíèõ

φ0, φ1 ∈ T ′ çàäà÷à (4.1), (4.2) ìà¹ òiëüêè îäèí ðîçâ'ÿçîê u(t, x) ∈ C2([t∗0, t
∗
1], T ′)

òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà

∀k ∈ Zp δ(k) ̸= 0. (4.11)

Öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ðiâíiñòþ

u(t, x) =
∑
k∈Zp

(tλ1(k) tλ2(k)
) t

λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

−1φ0k

φ1k


 e(ik,x).

(4.12)

Ïðèêëàä 4.1 . Äëÿ çàäà÷i Íiêîëåòòi (4.1), (4.2), ó ÿêié êiëüêiñòü p

ïðîñòîðîâèõ çìiííèõ äîðiâíþ¹ 1,

a(∂x) = 1, b(∂x) = ∂2x − 1, t0 = 1, t1 > 1, t∗0 ⩽ 1, t∗1 ⩾ t1,

âèçíà÷íèê δ(k), k ∈ Z, îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

δ(k) =

√
k2 + 1

t1

(
t
√
k2+1

1 + t−
√
k2+1

1

)
⩾

√
k2 + 1

t1
t
√
k2+1

1 ̸= 0,

òîìó äëÿ öi¹¨ çàäà÷i óìîâà (4.11) âèêîíó¹òüñÿ.

Ïðèêëàä 4.2 . Äëÿ çàäà÷i Íiêîëåòòi (4.1), (4.2), ó ÿêié êiëüêiñòü p

ïðîñòîðîâèõ çìiííèõ äîðiâíþ¹ 1,

a(∂x) = 1, b(∂x) = −∂2x, t0 = 1, t1 = eπ/2, t∗0 ⩽ 1, t∗1 ⩾ eπ/2,

âèçíà÷íèê δ(k) äëÿ íåïàðíèõ k äîðiâíþ¹ íóëþ. Äiéñíî,

δ(k) =
ik

t1

(
tik1 + t−ik

1

)
= ikt−ik−1

1

(
t2ik1 + 1

)
|t1=eπ/2 =

= ike−(ik+1)π/2
(
eikπ + 1

)
= 0.

Äëÿ öi¹¨ çàäà÷i óìîâà (4.11) ïîðóøó¹òüñÿ.
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Çàóâàæåííÿ 4.1 . ßêùî δ(k0) = 0 äëÿ äåÿêîãî k0 ∈ Zp, òî çàäà÷à

(4.5), (4.6) äëÿ öüîãî æ çíà÷åííÿ k0 ∈ Zp ìà¹ íå¹äèíèé ðîçâ'ÿçîê uk0(t),

ÿêùî

φ1k0 = (λ1(k0)t
λ1(k0)−1
1 /t

λ1(k0)
0 )φ0k0.

Äëÿ öüîãî ðîçâ'ÿçêó uk0(t) âèêîíó¹òüñÿ íàñòóïíå çîáðàæåííÿ

uk0(t) =
tλ1(k

0)t
λ1(k

0)
0 + tλ2(k

0)t
λ2(k

0)
0∣∣tλ1(k0)

0

∣∣2 + ∣∣tλ2(k0)
0

∣∣2 φ0k0 +
(
tλ1(k

0)t
λ2(k

0)
0 − tλ2(k

0)t
λ1(k

0)
0

)
C,

äå C � äîâiëüíà êîìïëåêñíà ñòàëà, à ñèìâîë λ îçíà÷à¹ ÷èñëî, êîìïëåêñíî

ñïðÿæåíå äî λ.

Äîñëiäèìî òåïåð ïèòàííÿ ïðî ïðèíàëåæíiñòü ðîçâ'ÿçêó (4.12) äî ïðî-

ñòîðiâ òèïó U2,G. Äëÿ öüîãî ïîòðiáíî âñòàíîâèòè îöiíêè çâåðõó äëÿ ôóíêöié

(4.10) òà ¨õíiõ ïîõiäíèõ. Ñïî÷àòêó ðîçãëÿíåìî êiëüêà ôàêòîðèçàöié ìàòðèöi

ñèñòåìè (4.8), ùî çàëåæàòü âiä âèïàäêiâ ðîçòàøóâàííÿ âóçëiâ iíòåðïîëÿöi¨.

Âèïàäîê 1. ßêùî t0 < t1 ⩽ 1 àáî t1 < t0 ⩽ 1, òî âèêîðèñòîâóâàòèìåìî

ôàêòîðèçàöiþ t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ1(k)
0 0

0 t
λ1(k)−1
1

 1 τλ1(k)−λ2(k)

λ1(k) λ2(k)

1 0

0 t
λ2(k)−λ1(k)
1

 , (4.13)

äå τ = t1/t0, àáî ôàêòîðèçàöiþ tλ1
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ1(k)
0 0

0 t
λ1(k)−1
1

 1 1

λ1(k) λ2(k)τ
λ2(k)−λ1(k)

1 0

0 t
λ2(k)−λ1(k)
0

 . (4.14)

Âèïàäîê 2. ßêùî t0 ⩽ 1 ⩽ t1 àáî t1 ⩽ 1 ⩽ t0, òî âèêîðèñòîâóâàòèìåìî

ôàêòîðèçàöiþ
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 t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ1(k)
0 0

0 t
λ2(k)−1
1

 1 t
λ2(k)−λ1(k)
0

λ1(k)t
λ1(k)−λ2(k)
1 λ2(k)

 (4.15)

àáî ôàêòîðèçàöiþ t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ2(k)
0 0

0 t
λ1(k)−1
1

tλ1(k)−λ2(k)
0 1

λ1(k) λ2(k)t
λ2(k)−λ1(k)
1

 . (4.16)

Âèïàäîê 3. ßêùî 1 ⩽ t0 < t1 àáî 1 ⩽ t1 < t0, òî âèêîðèñòîâóâàòèìåìî

ôàêòîðèçàöiþ t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ2(k)
0 0

0 t
λ2(k)−1
1

 1 1

λ1(k)τ
λ1(k)−λ2(k) λ2(k)

tλ1(k)−λ2(k)
0 0

0 1

 (4.17)

àáî ôàêòîðèçàöiþ t
λ1(k)
0 t

λ2(k)
0

λ1(k)t
λ1(k)−1
1 λ2(k)t

λ2(k)−1
1

 =

=

tλ2(k)
0 0

0 t
λ2(k)−1
1

τλ2(k)−λ1(k) 1

λ1(k) λ2(k)

tλ1(k)−λ2(k)
1 0

0 1

 . (4.18)

Íà ïiäñòàâi ôàêòîðèçàöié (4.13)�(4.18) iç ôîðìóëè (4.10) îòðèìó¹ìî çî-

áðàæåííÿ äëÿ ôóíêöi¨ uk(t) äëÿ ðiçíèõ âèïàäêiâ ðîçòàøóâàíü âóçëiâ t0, t1.
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Âèïàäîê 1. ßêùî t0 < t1 ⩽ 1, òî

uk(t) =

(
tλ1(k) tλ2(k)t

λ1(k)−λ2(k)
1

)
λ2(k)− λ1(k)τλ1(k)−λ2(k)

 λ2(k) −τλ1(k)−λ2(k)

−λ1(k) 1

 t
−λ1(k)
0 φ0k

t
1−λ1(k)
1 φ1k

 ,

(4.19)

ÿêùî æ t1 < t0 ⩽ 1, òî

uk(t) =

(
tλ1(k) tλ2(k)t

λ1(k)−λ2(k)
0

)
λ2(k)τλ2(k)−λ1(k) − λ1(k)

λ2(k)τλ2(k)−λ1(k) −1

−λ1(k) 1

 t
−λ1(k)
0 φ0k

t
1−λ1(k)
1 φ1k

 .

(4.20)

Âèïàäîê 2. ßêùî t0 ⩽ 1 ⩽ t1, òî

uk(t) =

(
tλ1(k) tλ2(k)

)
λ2(k)− λ1(k)τλ1(k)−λ2(k)

×

×

 λ2(k) −tλ2(k)−λ1(k)
0

−λ1(k)tλ1(k)−λ2(k)
1 1

 t
−λ1(k)
0 φ0k

t
1−λ2(k)
1 φ1k

 , (4.21)

ÿêùî æ t1 ⩽ 1 ⩽ t0, òî

uk(t) =

(
tλ1(k) tλ2(k)

)
λ2(k)τλ2(k)−λ1(k) − λ1(k)

×

×

λ2(k)tλ2(k)−λ1(k)
1 −1

−λ1(k) t
λ1(k)−λ2(k)
0

 t
−λ2(k)
0 φ0k

t
1−λ1(k)
1 φ1k

 . (4.22)

Âèïàäîê 3. ßêùî 1 ⩽ t0 < t1, òî

uk(t) =

(
tλ1(k)t

λ2(k)−λ1(k)
0 tλ2(k)

)
λ2(k)− λ1(k)τλ1(k)−λ2(k)

 λ2(k) −1

−λ1(k)τλ1(k)−λ2(k) 1

 t
−λ2(k)
0 φ0k

t
1−λ2(k)
1 φ1k

 ,

(4.23)

ÿêùî æ 1 ⩽ t1 < t0, òî

uk(t) =

(
tλ1(k)t

λ2(k)−λ1(k)
1 tλ2(k)

)
λ2(k)τλ2(k)−λ1(k) − λ1(k)

 λ2(k) −1

−λ1(k) τλ2(k)−λ1

 t
−λ2(k)
0 φ0k

t
1−λ2(k)
1 φ1k

 .

(4.24)
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Iñòîòíîþ õàðàêòåðèñòèêîþ íàâåäåíèõ çîáðàæåíü ¹ òå, ùî â êîæíîìó

ç ðîçãëÿíóòèõ âèïàäêiâ ìîäóëi âèðàçiâ τλ1(k)−λ2(k), τλ2(k)−λ1(k), tλ1(k)−λ2(k)
0 ,

t
λ2(k)−λ1(k)
0 , tλ1(k)−λ2(k)

1 , tλ2(k)−λ1(k)
1 , ÿêi âõîäÿòü äî êâàäðàòíèõ ìàòðèöü ó ôîð-

ìóëàõ (4.19)�(4.24), ¹ ìåíøèìè çà îäèíèöþ.

Ââåäåìî âåëè÷èíè λ∗3(k), λ
∗
4(k), λ

∗
5(k) çà äîïîìîãîþ ôîðìóë

λ∗3(k) = max
r

|λr(k)|2, λ∗4(k) = max
r

|λr(k)|4,

λ∗5(k) = max
r

|(λr(k)− 1)λr(k)
2|2.

Íà îñíîâi ðiâíîñòåé (4.19)�(4.24) äëÿ ïîõiäíèõ u(l)k (t), l = 0, 1, 2, ðîçâ'ÿçêó

uk(t) çàäà÷i (4.5), (4.6) îòðèìó¹ìî íàñòóïíi îöiíêè.

Âèïàäîê 1. ßêùî t0 < t1 ⩽ 1, òî

8λ∗l+3(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣λ2(k)− λ1(k)τλ1(k)−λ2(k)
∣∣2 ⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2(k)t
λ2(k)−λ1(k)
1 u

(l)
k (t)

∣∣2, t ⩾ t1,

(4.25)

ÿêùî t1 < t0 ⩽ 1, òî

8λ∗l+3(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣λ2(k)τλ2(k)−λ1(k) − λ1(k)
∣∣2 ⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2(k)t
λ2(k)−λ1(k)
0 u

(l)
k (t)

∣∣2, t ⩾ t0.

(4.26)

Âèïàäîê 2. ßêùî t0 ⩽ 1 ⩽ t1, òî

8λ∗l+3(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣λ2(k)− λ1(k)τλ1(k)−λ2(k)
∣∣2 ⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ 1,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ 1,
(4.27)

ÿêùî t1 ⩽ 1 ⩽ t0, òî

8λ∗l+3(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣λ2(k)τλ2(k)−λ1(k) − λ1(k)
∣∣2 ⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ 1,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ 1.
(4.28)
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Âèïàäîê 3. ßêùî 1 ⩽ t0 < t1, òî

8λ∗l+3(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣λ2(k)− λ1(k)τλ1(k)−λ2(k)
∣∣2 ⩾


∣∣tl−λ1(k)t

λ1(k)−λ2(k)
0 u

(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t0.

(4.29)

ÿêùî æ 1 ⩽ t1 < t0, òî

8λ∗l+3(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣λ2(k)τλ2(k)−λ1(k) − λ1(k)
∣∣2 ⩾


∣∣tl−λ1(k)t

λ1(k)−λ2(k)
1 u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t1.

(4.30)

Íàâåäåìî ïðèêëàä, ùî ïîêàçó¹ âèïàäêè iñíóâàííÿ ìàëèõ çíàìåííèêiâ

ó ôîðìóëàõ (4.25)�(4.30), ùî ñïðè÷èíÿþòü ðîçáiæíiñòü ðÿäó (4.4), ÿêèé

çîáðàæó¹ ðîçâ'ÿçîê çàäà÷i (4.1), (4.2). Äëÿ öüîãî âèêîðèñòà¹ìî îòðèìàíi

äîïîìiæíi òâåðäæåííÿ ïðî íàáëèæåííÿ ÷èñåë ðàöiîíàëüíèìè äðîáàìè.

Ïðèêëàä 4.3 . Çàïèøåìî âèçíà÷íèê äëÿ çàäà÷i Íiêîëåòòi (4.1), (4.2),

ó ÿêié êiëüêiñòü p ïðîñòîðîâèõ çìiííèõ äîðiâíþ¹ 1,

a(∂x) = 1, b(∂x) = −∂2x, t0 = 1.

δ(k) =

∣∣∣∣∣∣ 1 1

λ(k)1t
λ(k)1−1
1 λ(k)2t

λ(k)2−1
1

∣∣∣∣∣∣ = t
λ(k)1−1
1 (λ2(k)t

λ(k)2−λ(k)1
1 − λ1(k)).

Çãiäíî êîåôiöi¹íòiâ çàäà÷i λ1(k) = −λ2(k) = ik. Çâiäñè, âèçíà÷íèê çà-

ïèøåòüñÿ ó íàñòóïíîìó âèãëÿäi

|δ(k)| = |tik−1
1 | · |ikt2ik1 + ik| = |tik−1

1 | · |k| · |e2ik ln t1 + 1|,

îñêiëüêè tλ(k)1−1
1 ̸= 0. ßêùî ïðèéíÿòè t1 > t0 = 1, òî

|δ(k)| ⩽ |k| · |e2ik ln t1 + 1|.

Çà äîïîìîãîþ òðèãîíîìåòðè÷íèõ ïåðåòâîðåíü îòðèìó¹ìî

|e2ix + 1|2 = (cos 2x+ 1)2 + sin2 2x =
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= 2 + 2 cos 2x = 2(1 + cos2 x− sin2 x) = 4 cos2 x,

îòæå

|e2ik ln t1 + 1| = 2| cos k ln t1|. (4.31)

Âèêîðèñòîâóþ÷è íåðiâíiñòü | sinx| ⩽ |x|, ∀x ∈ R ìîæåìî çàïèñàòè

| cos(k ln t1)| =
∣∣sin (k ln t1 + π

2

)∣∣ = ∣∣sin (k ln t1 + π
2 +mπ

)∣∣ ⩽
⩽
∣∣k ln t1 + π+2mπ

2

∣∣ = ∣∣kπ2 ∣∣ · ∣∣2 ln t1π + 2m+1
k

∣∣ .
Íàïðÿìó çàñòîñóâàòè òåîðåìó Õií÷èíà (2.3) íå ìîæíà, îñêiëüêè ÷èñåëü-

íèê 2m+ 1 ìîæå íàáóâàòè ëèøå íåïàðíèõ çíà÷åíü.

Çàïèøåìî ξ ó âèãëÿäi ïðîñòîãî ëàíöþãîâîãî äðîáó

ξ0 +
1

ξ1 +
1

ξ2+···
,

äå ξi, i ⩾ 1 � äîäàòíi öiëi ÷èñëà.

n-ì íàáëèæåííÿ ëàíöþãîâîãî äðîáó ξ = [ξ0, ξ1, ξ2, . . .] íàçèâà¹òüñÿ ñêií-

÷åííèé ëàíöþãîâèé äðiá [ξ0, ξ1, ξ2, . . . , ξn], çíà÷åííÿ ÿêîãî ìîæíà çàïèñàòè

ó âèãëÿäi äðîáó pn
qn
.

Äîâåäåííÿ òåîðåìè Õií÷èíà 2.3 êîíñòðóêòèâíå äëÿ ÷èñëà a0 = ξ. Çîêðå-

ìà, ÷èñëî ξ0 âèáèðà¹òüñÿ äîâiëüíî, à íàñòóïíi åëåìåíòè ëàíöþãîâîãî äðîáó

ìàþòü çàäîâîëüíÿòè íàñòóïíó íåðiâíiñòü

ξk+1 >
1

q2kϕ(qk)
, k ⩾ 0. (4.32)

Âèáåðåìî ξ0 íåïàðíèì ÷èñëîì ξ0 ≡ 1 (mod 2), à âñi íàñòóïíi ïàðíèìè

ξi ≡ 0 (mod 2), i ⩾ 1. Öå ìîæíà çðîáèòè çãiäíî äîâiëüíîñòi êîíñòðóêòèâíî¨

ïîáóäîâè ÷èñëà ξ çà äîïîìîãîþ çàêîíó óòâîðåííÿ ïiäõiäíèõ äðîáiâ [112, ñ.

11], à ñàìå ξ0 � äîâiëüíå, ξi, i ⩾ 1 � îáìåæåíi ëèøå çíèçó çãiäíî (4.32).
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Òàêèì ÷èíîì ìîæíà îòðèìàòè ëèøå íåïàðíi ÷èñëà pk. Ñïðàâäi

p−1 = 1 ≡ 1 (mod 2),

p0 = ξ0 ≡ 1 (mod 2),

p1 = ξ1p0 + p−1 ≡ (0 · 1 + 1) (mod 2) ≡ 1 (mod 2),

· · ·
pk = ξkpk−1 + pk−2 ≡ (0 · 1 + 1) (mod 2) ≡ 1 (mod 2).

Çâiäñè, ìîæíà îòðèìàòè òàêèé íàñëiäîê ç òåîðåìè Õií÷èíà 2.3.

Íàñëiäîê 4.1 . ßêîþ íå áóëà á äîäàòíà ôóíêöiÿ φ(q) íàòóðàëüíîãî

àðãóìåíòó q, çíàéäåòüñÿ iððàöiîíàëüíå ÷èñëî ξ, äëÿ ÿêîãî íåðiâíiñòü∣∣∣∣ξ − p

q

∣∣∣∣ < φ(q)

ìà¹ íåñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ â íåïàðíèõ öiëèõ p i öiëèõ q (q > 0).

Çãiäíî íàñëiäêó 4.1 äëÿ äîâiëüíî¨ ôóíêöi¨ φ(k) ∃ ξ = 2 ln t1
π , àáî ∃ t1 =

exp{πξ/2}, òàêå ùî iñíó¹ áåçëi÷ m, k ∈ Z, çà ÿêèõ âèêîíó¹òüñÿ îöiíêà

|δ(k)| ⩽ |k| · 2| cos(k ln t1)| ⩽
∣∣k2π∣∣ · ∣∣∣∣2 ln t1π

+
2m+ 1

k

∣∣∣∣ ⩽ ∣∣k2π∣∣φ(k).
Îòæå, ìîæíà ïiäiáðàòè òàêó ôóíêöiþ φ(k), ç âiäïîâiäíèì t1, ùî ñïðè÷è-

íÿòèìå ðîçáiæíiñòü ðÿäó (4.12). Çãiäíî ïåâíî¨ êîíñòðóêòèâíî¨ äîâiëüíîñòi

ïîáóäîâè ξ, çîêðåìà, öiëà ÷àñòèíà ξ � äîâiëüíå íåïàðíå öiëå ÷èñëî, ìîæíà

çàáåçïå÷èòè âèêîíàííÿ t1 = exp{πξ/2} > t0 = 1.

Çàóâàæèìî, ùî ïiäñòàâèâøè t1 = exp{πξ/2} ó âèðàç (4.31) îòðèìà¹ìî

2| cos k ln t1| = 2| cos(πkξ/2)| ≠ 0,

òîáòî âèêîíó¹òüñÿ óìîâà (4.11) âiäìiííîñòi âèçíà÷íèêà âiä íóëÿ, îñêiëüêè

÷èñëî ξ � iððàöiîíàëüíå, îòæå kξ/2 ̸∈ Z.

Äëÿ çíàìåííèêiâ iç ôîðìóë (4.25)�(4.30) ââåäåìî ïîçíà÷åííÿ:

∆+(k) = λ2(k)− λ1(k)τ
λ1(k)−λ2(k), τ > 1,

∆−(k) = λ2(k)τ
λ2(k)−λ1(k) − λ1(k), τ < 1.

Îñêiëüêè |a(ik)| ⩽ L1k̃ i |b(ik)| ⩽ L2
1k̃

2 , òî |D(k)| ⩽ L2
2k̃

2 i |λj(k)| ⩽ L3k̃.
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Òåîðåìà 4.2 . Íåõàé âèêîíó¹òüñÿ óìîâà (4.3) i íåõàé äëÿ âñiõ (êðiì

ñêií÷åííî¨ êiëüêîñòi k ∈ Zp) âèêîíóþòüñÿ íåðiâíîñòi

|∆+(k)| ⩾ C1k̃
γ+

,

|∆−(k)| ⩾ C2k̃
γ−
,

äå C1, C2 � äîäàòíi ñòàëi, γ+, γ− � äiéñíi ÷èñëà.

ßêùî φ0 ∈ Φγ+,g0j , φ1 ∈ Φγ−,g1j , j = 1, . . . , 6, äå g0j, g1j âèçíà÷àþòüñÿ

òàáëèöåþ

j 1 2 3 4 5 6

t0, t1
t0 ⩽ t1

t1 ⩽ 1

t1 ⩽ t0

t0 ⩽ 1

t0 ⩽ 1

1 ⩽ t1

t1 ⩽ 1

1 ⩽ t0

1 ⩽ t0

t0 ⩽ t1

1 ⩽ t1

t1 ⩽ t0

g0j t−L3
0 t−L3

0 t−L3
0 tL3

0 tL3
0 tL3

0

g1j t−L3
1 t−L3

1 tL3
1 t−L3

1 tL3
1 tL3

1

òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (4.1), (4.2) ç ïðîñòîðó U2,Gj
i ñïðàâ-

äæóþòüñÿ îöiíêè

∥u∥22,Gj
⩽ C3(∥φ0∥2(p∗+3)/2,g0j

+ ∥φ1∥2(p∗+3)/2,g1j

)
, j = 1, . . . , 6, (4.33)

äå ôóíêöi¨ G1, G2, G3, G4, G5, G6 âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì

G1(t) =


tL3, t ⩽ t1,

tL3t2L2
1 , t1⩽t⩽1,

t−L3t2L2
1 , t ⩾ 1,

G2(t) =


tL3, t ⩽ t0,

tL3t2L2
0 , t0⩽t⩽1,

t−L3t2L2
0 , t ⩾ 1,

G3(t) = G4(t) =

t
L3, t ⩽ t1,

t−L3, t ⩾ 1,

G5(t) =


tL3t−2L2

0 , t ⩽ 1,

t−L3t−2L2
0 , 1⩽t⩽t0,

t−L3, t ⩾ t0,

G6(t) =


tL3t−2L2

1 , t ⩽ 1,

t−L3t−2L2
1 , 1⩽t⩽t1,

t−L3, t ⩾ t1.
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Äîâåäåííÿ. Çãiäíî ïðèïóùåíü ôóíêöi¨ uk(t) iñíóþòü òà âèçíà÷àþòüñÿ

ôîðìóëàìè (4.19)�(4.24). Îöiíêè äëÿ ôóíêöié (t∂t)
luk(t) âèïëèâàþòü ç íå-

ðiâíîñòåé (4.25)�(4.30). Çâiäñè îòðèìó¹ìî íåðiâíîñòi (4.33) äëÿ iñíóâàííÿ

ðîçâ'ÿçêó çàäà÷i (4.1), (4.2). �äèíiñòü ðîçâ'ÿçêó âèïëèâà¹ ç îäíîçíà÷íîãî

âèçíà÷åííÿ ôóíêöié uk(t).

4.2. Ðiâíÿííÿ âèñîêîãî ïîðÿäêó

Ðîçãëÿíåìî òàêó çàäà÷ó ç óìîâàìè Íiêîëåòòi äëÿ ðiâíÿííÿ iç ÷àñòèííè-

ìè ïîõiäíèìè òèïó Åéëåðà:

L

(
t
∂

∂t
,D

)
u(t, x) ≡

(
t
∂

∂t

)n

u+
n−1∑
j=0

(
t
∂

∂t

)j

An−j(D)u = 0, (t, x) ∈ Qp
T ,

(4.34)(
t
∂

∂t

)j−1

u(t, x)

∣∣∣∣∣
t=tj

= φj(x), j = 1, . . . , n, n ∈ N, x ∈ Ωp, (4.35)

äå t1, . . . , tn � òàêi ðiçíi òî÷êè ç âiäðiçêà [1;T ], ùî

1 ⩽ t1 < . . . < tn ⩽ T,

à ïîëiíîìèAj, j = 1, . . . , n, íàëåæàòü äî êëàñó Polhomj,p , òóò Polhomj,p � ìíîæèíà

îäíîðiäíèõ ìíîãî÷ëåíiâ ñòåïåíÿ j âiä p çìiííèõ ç äiéñíèìè êîåôiöi¹íòàìè:

Aj(∂x) =
∑
|s|=j

aj,s∂
s1
x1
. . . ∂spxp

, as0,s ∈ C,

|as0,s| ⩽ A, A > 0, s = (s1, . . . , sp) ∈ Zp
+, |s| = s1 + . . .+ sp.

(4.36)

Áóäåìî ïðèïóñêàòè, ùî ðiâíÿííÿ (4.34) ¹ òàêèì, ùî äëÿ êîæíîãî k ∈ Zp,

k ̸= 0⃗, ìíîãî÷ëåí

L(λ, ik) ≡ λn +
n−1∑
j=0

An−j(ik)λ
j (4.37)

ìà¹ òàêi ðiçíi êîðåíi λ1(k), . . . , λn(k), ùî i λj(k) ∈ R, j = 1, . . . , n. Òàêîæ

ââàæàòèìåìî, ùî äëÿ âñiõ ξ ∈ Rp, ÿêi ëåæàòü íà ñôåði |ξ| = 1, âèêîíó¹òüñÿ

óìîâà

PL(ξ) · An(ξ) ̸= 0 (4.38)
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äå PL(ξ) � äèñêðèìiíàíò ìíîãî÷ëåíà (4.37) çà çìiííîþ λ.

Ðîçâ'ÿçîê çàäà÷i (4.34), (4.35) ç ïðîñòîðó Cn([1, T ]; T ′) øóêà¹ìî ó âè-

ãëÿäi ðÿäó

u(t, x) =
∑
|k|⩾0

uk(t)e
(ik,x).

Êîæíà ôóíêöiÿ uk(t), k ∈ Zp, ¹ ðîçâ'ÿçêîì òàêî¨ áàãàòîòî÷êîâî¨ çàäà÷i

Íiêîëåòòi:

Ln (d/dt, k)uk(t) = 0, (4.39)

(td/dt)j−1uk(tj) = φjk, j = 1, . . . , n, (4.40)

äå φjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié φj(x), j = 1, . . . , n, âiäïîâiäíî.

Óâåäåìî ôóíêöi¨:

yq(t, k) =

 lnq−1 t, ÿêùî k = 0⃗,

tλq(k), ÿêùî k ̸= 0⃗,
q = 1, . . . , n,

Öi ôóíêöi¨ óòâîðþþòü ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äèôåðåíöi-

àëüíîãî ðiâíÿííÿ (4.39). Òîìó ðîçâ'ÿçîê çàäà÷i (4.39), (4.40) ç êëàñó Cn[1, T ]

âèçíà÷à¹òüñÿ ôîðìóëîþ

uk(t) =
n∑

q=1

Ckqyq(t, k), (4.41)

äå ñòàëi Ckq, q = 1, . . . , n, âèçíà÷àþòüñÿ çi ñèñòåìè ëiíiéíèõ ðiâíÿíü

n∑
q=1

Ckq(td/dt)
j−1yq(tj, k) = φjk, j = 1, . . . , n. (4.42)

Âèçíà÷íèê ëiíiéíî¨ ñèñòåìè (4.42) ïîçíà÷èìî ÷åðåç ∆n(k):

∆n(k) = det
∥∥(td/dt)j−1yq(tj, k)

∥∥n
j,q=1

, k ∈ Zp. (4.43)

Ëåãêî ïåðåâiðèòè, ùî äëÿ êîæíîãî q ∈ {1, . . . , n} âèêîíóþòüñÿ ðiâíîñòi(
t
d

dt

)r−1 (
lnq−1 t

)
=

(q − 1)!

(q − r)!
lnq−r t, 1 ⩽ r ⩽ q, (4.44)
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(
t
d

dt

)r−1 (
lnq−1 t

)
= 0, r > q. (4.45)

Iç ôîðìóë (4.44), (4.45) âèïëèâà¹, ùî

∆n(⃗0) =
n∏

j=1

(n− 1)!,

òîáòî ∆n(⃗0) ̸= 0. ßêùî ∆n(k) ̸= 0 äëÿ äåÿêîãî k ∈ Zp, òî, âèêîðèñòîâóþ÷è

ïðàâèëî Êðàìåðà äëÿ çíàõîäæåííÿ ñòàëèõ Ckq, q = 1, . . . , n, ñèñòåìè (4.42)

i ïiäñòàâëÿþ÷è îòðèìàíi äëÿ Ckq, q = 1, . . . , n, âèðàçè ó ôîðìóëó (4.41),

äëÿ ðîçâ'ÿçêó çàäà÷i (4.39), (4.40) îòðèìó¹ìî ðiâíiñòü

uk(t) =
n∑

j,q=1

∆jq(k)

∆n(k)
φjk yq(t, k), (4.46)

äå ∆jq(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà

(td/dt)j−1yq(tj, k), j, q = 1, . . . , n,

ó âèçíà÷íèêó ∆n(k).

ßêùî φj(x) ∈ T ′, j = 1, . . . , n, i âèêîíó¹òüñÿ óìîâà

∀k ∈ Zp\{⃗0} ∆n(k) ̸= 0, (4.47)

òî çàäà÷à (4.34), (4.35) ìà¹ â ïðîñòîði Cn([1, T ], T ′) ¹äèíèé ðîçâ'ÿçîê, ùî

çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑
k∈Zp

n∑
j,q=1

∆jq(k)

∆n(k)
φjk yq(t, k)e

(ik,x). (4.48)

Âñòàíîâèìî çáiæíiñòü ðÿäó (4.48) ó øêàëi ïðîñòîðiâ Cn([1, T ], Hα).

Íèæ÷å ó ïiäðîçäiëi ôiãóðóþòü äîäàòíi ñòàëi Cj, j = 1, . . . , 18, ÿêi íå

çàëåæàòü âiä k.

Òåîðåìà 4.3 . Íåõàé âèêîíó¹òüñÿ óìîâà (4.47), i íåõàé iñíó¹ òàêà

ñòàëà ω, ùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈
Zp ñïðàâäæó¹òüñÿ íåðiâíiñòü

|∆n(k)| ⩾ k̃−ω, ω ∈ R. (4.49)
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ßêùî φj ∈ Hαj
, αj = ω+α+n+C2

n−(j−1), j = 1, . . . , n, òî çàäà÷à (4.34),

(4.35) ìà¹ â ïðîñòîði Cn([1, T ];Hα) ¹äèíèé ðîçâ'ÿçîê, ÿêèé çîáðàæó¹òüñÿ

ðÿäîì (4.48) i íåïåðåðâíî çàëåæèòü âiä φj, j = 1, . . . , n.

Äîâåäåííÿ. Çi ñòðóêòóðè ðiâíÿííÿ (4.34), ïîëiíîìiâ (4.36) òà çðîáëåíèõ

ïðèïóùåíü âèïëèâàþòü òàêi îöiíêè:

|λj(k)| ⩽ C1k̃, j = 1, . . . , n, (4.50)

|∆jq(k)| ⩽ C2k̃
n(n−1)/2−(j−1), j, q = 1, . . . , n, (4.51)

|(td/dt)r yq(t, k)| ⩽ C3k̃
r, r = 0, 1, . . . , n, q = 1, . . . , n. (4.52)

Iç íåðiâíîñòåé (4.50), (4.51), (4.52), (4.49) äëÿ ôóíêöi¨ (4.46) îòðèìó¹ìî

îöiíêè

|(td/dt)r uk(t)| ⩽ C4

n∑
j=1

|φjk|k̃ω+r+n(n−1)/2−(j−1), r = 0, 1, . . . , n. (4.53)

Òàêèì ÷èíîì, iç (4.53) äiñòà¹ìî

∥u;Cn([1, T ];Hα)∥ ⩽ C5

n∑
j=1

∥φj;Hα+ω+n+n(n−1)/2−(j−1)∥. (4.54)

Iç îöiíêè (4.54) âèïëèâà¹ äîâåäåííÿ òåîðåìè.

Çàñòîñó¹ìî ìåòðè÷íèé ïiäõiä äëÿ äîñëiäæåííÿ ïèòàííÿ ïðî ìîæëèâiñòü

âèêîíàííÿ îöiíêè (4.49). Äîâåäåìî, ùî íåðiâíiñòü (4.49) âèêîíó¹òüñÿ äëÿ

ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ = (t1, . . . , tn) ∈ [1, T ]n

äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp, ÿêùî

ω > (p − 1)n(n − 1)/2. Îöiíêà ç òàêèì æå çíà÷åííÿì äëÿ ïîêàçíèêà ω

çáåðiãà¹òüñÿ (äèâ. íèæ÷å òåîðåìó 4.5) i äëÿ âèïàäêó, êîëè âóçëè iíòåðïî-

ëÿöi¨ t1, . . . , tn â óìîâàõ Íiêîëåòòi (4.35) ¹ ëîãàðèôìi÷íî ðiâíîâiääàëåíèìè,

òîáòî âèêîíóþòüñÿ ðiâíîñòi

tj = tj1, j = 1, . . . , n, t1 > 1. (4.55)
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Äëÿ äîâåäåííÿ òåîðåì 4.4, 4.5 âèêîðèñòàíî êëàñè÷íó ëåìó Áîðåëÿ-Êàí-

òåëëi, à òàêîæ äîïîìiæíi òâåðäæåííÿ ïðî îöiíêè çâåðõó ìið âèíÿòêîâèõ

ìíîæèí ãëàäêèõ ôóíêöié ñïåöiàëüíîãî âèãëÿäó.

Ëåìà 4.1 . Iñíóþòü ñòàëi C6, C7 > 0 òàêi, ùî äëÿ âñiõ k ∈ Zp,

k ̸= 0⃗, âèêîíóþòüñÿ îöiíêè

|λj(k)− λq(k)| ⩾ C6 k̃, n ⩾ j > q ⩾ 1, (4.56)

|λj(k)| ⩾ C7 k̃, j = 1, . . . , n. (4.57)

Äîâåäåííÿ. Iç îäíîðiäíîñòi ïîëiíîìiâ Aj(ξ1, . . . , ξp), j = 1, . . . , n, òà çi

ñòðóêòóðè äèôåðåíöiàëüíîãî âèðàçó L(∂/∂t,D) îòðèìó¹ìî, ùî

L(λ, ik) = (ik̃)nL

(
λ

ik̃
,
k

k̃

)
, k ̸= 0⃗.

Òîìó êîðåíi λj(k), j = 1, . . . , n, k ̸= 0⃗, äîïóñêàþòü çîáðàæåííÿ

λj(k) = ik̃σj(k), j = 1, . . . , n, (4.58)

äå σj(k), j = 1, . . . , n, k ̸= 0⃗, � êîðåíi ðiâíÿííÿ

L
(
σ, k/k̃

)
= 0. (4.59)

Äëÿ êîæíîãî ξ ∈ Rp\{⃗0} äèñêðèìiíàíò PL(ξ) ìíîãî÷ëåíà L(λ, ξ) (ÿê ìíî-

ãî÷ëåíà çìiííî¨ λ) ¹ âiäìiííèì âiä íóëÿ. Îñêiëüêè PL(ξ) ¹ ìíîãî÷ëåíîì âiä

êîåôiöi¹íòiâ ìíîãî÷ëåíà L(λ, ξ), òî PL(ξ) ¹ íåïåðåðâíîþ ôóíêöi¹þ ïàðà-

ìåòðiâ ξ1, . . . , ξp. Íà êîìïàêòi S = {ξ ∈ Rp : ξ21 + . . . + ξ2p = 1} ìîäóëü öi¹¨
ôóíêöi¨ âiäîêðåìëåíèé çíèçó âiä íóëÿ äåÿêîþ äîäàòíîþ ñòàëîþ C8:

∀ξ ∈ S |PL(ξ)| ⩾ C8. (4.60)

Òîäi ç ðiâíîñòi

PL

(
k

k̃

)
=

∏
n⩾j>q⩾1

(σj(k)− σq(k))
2, k ̸= 0⃗,



98

à òàêîæ iç îöiíîê (4.60) äiñòà¹ìî, ùî∏
n⩾j>q⩾1

|σj(k)− σq(k)|2 ⩾ C8, k ̸= 0⃗. (4.61)

Iç íåðiâíîñòi (4.61) íà ïiäñòàâi ôîðìóë (4.58) âèïëèâà¹, ùî ïðè k ̸= 0⃗∏
n⩾j>q⩾1

|λj(k)− λq(k)| ⩾
√
C8k̃

n(n−1)/2, (4.62)

Iç ðiâíîìiðíî¨ îáìåæåíîñòi çà k ∈ Zp\{⃗0} êîåôiöi¹íòiâ ðiâíÿííÿ (4.59) âè-

ïëèâà¹ é ðiâíîìiðíà îáìåæåíiñòü çà k êîðåíiâ öüîãî ðiâíÿííÿ; òîìó iñíó¹

ñòàëà C9 > 0 òàêà, ùî äëÿ âñiõ k ̸= 0⃗ âèêîíóþòüñÿ îöiíêè

|σj(k)| ⩽ C9, j = 1, . . . , n. (4.63)

Iç ôîðìóë (4.58), (4.63) äëÿ k ̸= 0⃗ îòðèìó¹ìî

|λj(k)− λq(k)| ⩽ 2C9k̃, n ⩾ j > q ⩾ 1. (4.64)

Òîäi ç îöiíîê (4.62), (4.64) âèïëèâà¹, ùî

|λj(k)− λq(k)| ⩾ C10k̃, n ⩾ j > q ⩾ 1,

äå C10 =
√
C8 · (2C9)

1−n(n−1)/2 > 0, òîáòî îöiíêè (4.56) âèêîíóþòüñÿ. Íå-

ðiâíîñòi (4.57) âèïëèâàþòü ç ôîðìóë Âi¹òà, âiäìiííîñòi âiä íóëÿ ïîëiíîìà

An(ξ) íà ñôåði S i âñòàíîâëþþòüñÿ àíàëîãi÷íî.

Âñòàíîâèìî ìåòðè÷íi îöiíêè çíèçó äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà

∆n(k) ó âèïàäêó äîâiëüíîãî ðîçòàøóâàííÿ âóçëiâ.

Òåîðåìà 4.4 . Íåõàé âèêîíó¹òüñÿ óìîâà (4.38). Òîäi äëÿ ìàéæå

âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ = (t1, . . . , tn) ∈ [1;T ]n íåðiâ-

íiñòü (4.49) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi)

âåêòîðiâ k ∈ Zp, ÿêùî

ω > (p− 1)n(n− 1)/2.
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Äîâåäåííÿ. Íåõàé k ̸= 0⃗. Îçíà÷èìî ÷èñëà νj(k), j = 1, . . . , n, çà äîïî-

ìîãîþ ðiâíîñòåé

ν1(k) = 1, νj(k) =

j∏
q=2

|Λq(k)|
j∏

q=2
|λq−1

q (k)|

k̃(p+1+ε)j(j−1)/2
, j = 2, . . . , n,

äå ε = ω/C2
n−p+1, Λq(k) = (λq(k)−λ1(k)) . . . (λq(k)−λq−1(k)), q = 2, . . . , n.

Ïîçíà÷èìî ÷åðåç Bω(k) ìíîæèíó òèõ âåêòîðiâ t⃗ ∈ [1;T ]n, äëÿ ÿêèõ

íåðiâíiñòü |∆n(k)| < νn(k) âèêîíó¹òüñÿ äëÿ ôiêñîâàíîãî k ∈ Zp, k ̸= 0⃗,

òîáòî

Bω(k) = {t⃗ ∈ [1;T ]n : |∆n(k)| < νn(k)}.

Íåõàé Bω � ìíîæèíà òèõ âåêòîðiâ t⃗ ∈ [1;T ]n, ÿêi íàëåæàòü äî íå-

ñêií÷åííî¨ êiëüêîñòi ìíîæèí Bω(k), k ∈ Zp, k ̸= 0⃗. Äîâåäåìî ñïî÷àòêó, ùî

mesRn Bω = 0, ÿêùî ω > (p−1)n(n−1)/2. Çãiäíî ç ëåìîþ Áîðåëÿ�Êàíòåëëi

äëÿ öüîãî äîñèòü ïåðåâiðèòè, ùî ðÿä∑
|k|>0

mesRn Bω(k)

¹ çáiæíèì ïðè ω > (p− 1)n(n− 1)/2.

×åðåç ∆j(k; t1, . . . , tj) ïîçíà÷èìî âèçíà÷íèê, îäåðæàíèé iç âèçíà÷íèêà

∆n(k) âèêðåñëþâàííÿì îñòàííiõ (n−j) ðÿäêiâ òà îñòàííiõ (n−j) ñòîâïöiâ,
j = 1, . . . , n; çðîçóìiëî, ùî ∆n(k; t1, . . . , tn) = ∆n(k), ∆1(k; t1) = t

λ1(k)
1 .

Äëÿ êîæíîãî k ∈ Zp, k ̸= 0⃗, ðîçãëÿíåìî òàêi ìíîæèíè:

Bω,j(k) = {t⃗ ∈ [1;T ]n : |∆j(k; t1, . . . , tj)| < νj(k),

|∆j−1(k; t1, . . . , tj−1)| ⩾ νj−1(k)}, j = 2, . . . , n.

Îñêiëüêè êîðiíü λ1(k) ¹ ñóòî óÿâíèì, òî âðàõîâóþ÷è, ùî äëÿ äîâiëüíèõ

k ̸= 0⃗ âèêîíó¹òüñÿ ðiâíiñòü |∆1(k; t1)| =
∣∣∣tλ1(k)
1

∣∣∣ = 1 ⩾ ν1(k), îòðèìó¹ìî, ùî

ïðàâèëüíèì ¹ âêëþ÷åííÿ

Bω(k) ⊂
n⋃

j=2

Bω,j(k), k ̸= 0⃗. (4.65)
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Iç ôîðìóë (4.65) òà àäèòèâíîñòi ìiðè Ëåáåãà âèïëèâà¹, ùî

mesRn Bω(k) ⩽
n∑

j=2

mesRn Bω,j(k), k ̸= 0⃗.

Òîìó çáiæíiñòü ðÿäó
∑
|k|>0

mesRn Bω(k) âèïëèâàòèìå çi çáiæíîñòi âñiõ ðÿäiâ

∑
|k|>0

mesRn Bω,j(k), j = 2, . . . , n. (4.66)

Çà òåîðåìîþ Ôóáiíi, äëÿ êîæíîãî j = 2, . . . , n

mesRnBω,j(k) =

∫
[0,T ]

n−1

mesRBω,j(k; t⃗j) dt1 . . . dtq−1dtq+1 . . . dtn,

äå t⃗j = (t1, . . . , tj−1, tj+1, . . . , tn), à ñèìâîë Bω,j(k; t⃗j), j = 2, . . . , n, ïîçíà÷à¹

ìíîæèíó

{tj ∈ [1, T ] : (t1, . . . , tj−1, tj, tj+1, . . . , tn) ∈ Bω,j(k)}.

Ïîáóäó¹ìî ëiíiéíi äèôåðåíöiàëüíi âèðàçè ó âèãëÿäi äîáóòêó äèôåðåí-

öiàëüíèõ âèðàçiâ ïåðøîãî ïîðÿäêó:

Rq−1

(
tq
d

dtq
, k

)
=

q−1∏
j=1

(
tq
d

dtq
− λj(k)

)
, q = 2, . . . , n.

Ëåãêî ïåðåâiðèòè, ùî
(
t ddt − λ

)
[tλ] = 0, òîìó äëÿ êîæíîãî q = 2, . . . , n

ïðàâèëüíèìè ¹ ðiâíîñòi

Rq−1

(
tq
d

dtq
, k

)[
tλj(k)
q

]
= 0, j = 1, . . . , q − 1,

Rq−1

(
tq
d

dtq
, k

)[
tλq(k)
q

]
= Λq(k)t

λq(k)
q .

Ðîçâèâàþ÷è âèçíà÷íèê ∆j(k; t1, . . . , tj) çà åëåìåíòàìè îñòàííüîãî ðÿäêà,

îòðèìà¹ìî

∆j(k; t1, . . . , tj) =

j∑
r=1

(−1)j+rλj−1
r (k)t

λr(k)
j ∆r

j(k; t1, . . . , tj−1), j = 2, n,

(4.67)
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äå ∆r
j(k; t1, . . . , tj−1), 1 ⩽ r ⩽ j, � ìiíîð âèçíà÷íèêà ∆j(k; t1, . . . , tj) ïîðÿä-

êó (j−1), ÿêèé âiäïîâiäà¹ âèêðåñëåíèì îñòàííüîìó ðÿäêó òà r-ìó ñòîâïöþ.

ßêùî t⃗ ∈ Bω,j(k), j = 2, . . . , n, òî ç ðiâíîñòåé (4.67) òà îçíà÷åííÿ ìíî-

æèí Bω,j(k), j = 2, . . . , n, âèïëèâà¹ íåðiâíiñòü∣∣∣∣Rj−1

(
tj
∂

∂tj
, k

)
∆j(k; t1, . . . , tj)

∣∣∣∣ ⩾ νj−1(k)
∣∣∣λj−1

j (k)Λj(k)
∣∣∣ . (4.68)

×åðåç òå, ùî degµRj−1(µ, k) = j−1, à ìîäóëü êîåôiöi¹íòà ïðè
(
tj

∂
∂tj

)j−1−r

,

r = 0, 1, . . . , j−1, ó äèôåðåíöiàëüíîìó âèðàçi Rj−1(tj∂/∂tj, k) íå ïåðåâèùó¹

C11k̃, òî ç îöiíîê (4.68) i ëåì 2.4, 4.1 îòðèìó¹ìî, ùî

mesRBω,j(k; t⃗j) ⩽ C12k̃

(
νj(k)

νj−1(k)|λj−1
j (k)Λj(k)|

)1/(j−1)

⩽

⩽ C12k̃
−p−ε, C12 > 0, j = 2, . . . , n, (4.69)

äå ñòàëà C12 íå çàëåæèòü âiä âèáîðó t⃗j = (t1, . . . , tj−1, tj+1, . . . , tn) ∈ [1;T ]n−1.

Òîäi ç ôîðìóë (4.68), (4.69) îòðèìó¹ìî îöiíêè

mesRnBω,j(k) ⩽ C13T
n−1k̃−p−ε, j = 2, . . . , n, k ∈ Zp. (4.70)

Iç íåðiâíîñòåé (4.68) i (4.70) âèïëèâà¹ çáiæíiñòü ðÿäiâ (4.66). Òîìó äëÿ ìàé-

æå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ t⃗ = (t1, . . . , tn) ∈ [1;T ]n íåðiâ-

íiñòü

|∆n(k)| ⩾ νn(k)

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp,

ÿêùî ω > (p− 1)n(n− 1)/2. Çàëèøà¹òüñÿ âðàõóâàòè, ùî

νn(k) ⩾ C14k̃
−(p−1)n(n−1)/2−σ, σ > 0.

Âñòàíîâèìî òåïåð ìåòðè÷íi îöiíêè äëÿ âèïàäêó, êîëè âóçëè ¹ ëîãàðè-

ôìi÷íî ðiâíîâiääàëåíèìè, òîáòî âèêîíóþòüñÿ ðiâíîñòi (4.55). Ó öüîìó âè-

ïàäêó âèçíà÷íèê (4.43) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ
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∆n(k) =

∣∣∣∣∣∣∣∣∣∣∣

t
λ1(k)
1 . . . t

λn(k)
1

λ1(k)t
2λ1(k)
1 . . . λn(k)t

2λn(k)
1

. . . . . . . . .

λn−1
1 (k)t

nλ1(k)
1 . . . λn−1

n (k)t
nλn(k)
1

∣∣∣∣∣∣∣∣∣∣∣
=

= t
λ1(k)+...+λn(k)
1

∏
n⩾j>q⩾1

(
λj(k) t

λj(k)
1 − λq(k)t

λq(k)
1

)
, k ∈ Zp, k ̸= 0⃗. (4.71)

Ïðè âèâåäåííi (4.71) âðàõîâàíî ôîðìóëó äëÿ âèçíà÷íèêà Âàíäåðìîíäà ÷è-

ñåë

λ1(k)t
λ1(k)
1 , . . . , λn(k)t

λn(k)
1 .

Òåîðåìó 4.4 íå ìîæíà çàñòîñóâàòè äëÿ îöiíêè âèçíà÷íèêà (4.71), îñêiëüêè

öåé âèçíà÷íèê çàëåæèòü âiä âåêòîðà t⃗ = (t1, t
2
1, . . . , t

n
1), ùî çíàõîäèòüñÿ íà

êðèâié Âåðîíåçå

{(t1, t21, . . . , tn1) ∈ Rn : t1 ∈ (1, T 1/n]}.

Öÿ êðèâà ìà¹ íóëüîâó n-âèìiðíó ìiðó Ëåáåãà, n ⩾ 2. Ó öüîìó âèïàäêó

ñëiä çàñòîñóâàòè îäíîâèìiðíó ìiðó Ëåáåãà, ÿêà äîçâîëÿ¹ âñòàíîâèòè ìàéæå

âñþäè íà êðèâié Âåðîíåçå òàêó æ îöiíêó çíèçó äëÿ âèçíà÷íèêà (4.71), ÿê i â

òåîðåìi 4.4 äëÿ âèçíà÷íèêà (4.43). Òàêèì ÷èíîì, êðèâà Âåðîíåçå óñïàäêîâó¹

îöiíêó ç êóáà [1, T ]n.

Òåîðåìà 4.5 . Íåõàé ñïðàâäæó¹òüñÿ óìîâà (4.37) i ðiâíîñòi (4.55).

Òîäi äëÿ âèçíà÷íèêà (4.71) íåðiâíiñòü (4.49) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ

(ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t1 ∈ (1, T 1/n] äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi) âåêòîðiâ k ∈ Zp, ÿêùî ω > (p− 1)n(n− 1)/2.

Äîâåäåííÿ. Âðàõîâóþ÷è, ùî λ1(k), . . . , λn(k) ñóòî óÿâíi ÷èñëà, çà äîïî-

ìîãîþ åëåìåíòàðíèõ ïåðåòâîðåíü ôîðìóëè (4.71) îäåðæó¹ìî, ùî

|∆n(k)| =
∏

n⩾j>q⩾1

|λj(k)− λq(k) t
λq(k)−λj(k)
1 |, k ∈ Zp, k ̸= 0⃗.

Ïîêëàäåìî:

ψ(k, t1) =
∏

n⩾j>q⩾1

ψjq(k, t1), k ∈ Zp, k ̸= 0⃗, t1 ∈ (1, T 1/n],
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ψjq(k, t1) = λj(k)− λq(k) t
λq(k)−λj(k)
1 , n ⩾ j > q ⩾ 1, k ∈ Zp, k ̸= 0⃗,

Rjq

(
t1
d

dt1

)
= t1

d

dt1
+ λj(k)− λq(k), n ⩾ j > q ⩾ 1, k ∈ Zp, k ̸= 0⃗,

E(k) = {t1 ∈ (1, T 1/n] : |ψ(k, t1)| < η(k)}, k ∈ Zp, k ̸= 0⃗,

Ejq(k) = {t1 ∈ (1, T 1/n] : |ψjq(k, t1)| < ηjq(k)}, n ⩾ j > q ⩾ 1, k ∈ Zp, k ̸= 0⃗,

äå η(k) =
∏

n⩾j>q⩾1

ηjq(k), ηjq(k) = k̃−(p−1)−ε, ε = 2ω/(n(n − 1)) − p + 1 > 0.

Îñêiëüêè∣∣∣∣Rjq

(
t1
d

dt1

)
ψjq(k, t1)

∣∣∣∣ = |λj(k)(λj(k)− λq(k))| ⩾ C15k̃
2,

äå n ⩾ j > q ⩾ 1, k ∈ Zp, k ̸= 0⃗, ñòàëà C15 > 0 íå çàëåæèòü âiä âèáîðó k,

òî ç ôîðìóë (4.56), (4.57) íà ïiäñòàâi ëåì 2.4, 4.1 äiñòàíåìî

mesREjq(k) ⩽ C16k̃ · k̃−(p−1)−ε/k̃2 ⩽ C17k̃
−p−ε, (4.72)

äå n ⩾ j > q ⩾ 1, k ∈ Zp, k ̸= 0⃗. Âðàõîâóþ÷è, ùî

E(k) ⊂
⋃

n⩾j>q⩾1

Ejq(k),

ç íåðiâíîñòåé (4.72) îòðèìó¹ìî òàêó îöiíêó äëÿ ìið ìíîæèí E(k):

mesR E(k) ⩽
∑

n⩾j>q⩾1

mesR Ejq(k) ⩽ C18k̃
−p−ε, C18 > 0. (4.73)

Iç îöiíîê (4.73) âèïëèâà¹ çáiæíiñòü ðÿäó
∑
k

mesR E(k). Òîìó çà ëåìîþ

Áîðåëÿ�Êàíòåëëi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t1 ∈
(1, T 1/n] íåðiâíiñòü |ψ(k, t1)| ⩾ η(k) = k̃−ω, äå ω > (p − 1)n(n − 1)/2, à

îòæå, é íåðiâíiñòü

|∆n(k)| ⩾ η(k)

âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp.

Çàóâàæåííÿ 4.2 . Çàóâàæèìî, ùî äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-

ìè çi çìiííèìè êîåôiöi¹íòàìè òèïó Åéëåðà ìåòðè÷íi îöiíêè çíèçó ìàëèõ
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çíàìåííèêiâ çàäà÷i Íiêîëåòòi ¹ íîâèìè i äëÿ âèïàäêó äîâiëüíîãî ðîçòà-

øóâàííÿ âóçëiâ iíòåðïîëÿöi¨, i äëÿ âèïàäêó ëîãàðèôìi÷íî ðiâíîâiääàëåíèõ

âóçëiâ. Ðàíiøå ìåòðè÷íi îöiíêè äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà çàäà÷i

Íiêîëåòòi âñòàíîâëåíî ó ïðàöi [51] äëÿ îêðåìîãî êëàñó ðiâíÿíü ç ÷àñòèííè-

ìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè.

Çàóâàæåííÿ 4.3 . Ðîçâèíåíi ó ïiäðîçäiëi 4.2 ïiäõîäè äîçâîëÿþòü âñòà-

íîâèòè êîðåêòíiñòü çàäà÷ Íiêîëåòòi äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïî-

õiäíèìè òèïó Åéëåðà.
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 4

Ó ðîáîòi âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó õàðàêòåðèñòè÷íîãî âèçíà-

÷íèêà çàäà÷i Íiêîëåòòi äëÿ ëiíiéíîãî ðiâíÿííÿ òèïó Åéëåðà äðóãîãî ïîðÿä-

êó çi çìiííèìè êîåôiöi¹íòàìè òà äîñëiäæåíî êîðåêòíiñòü ðîçâ'ÿçêó.

Âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó õàðàêòåðèñòè÷íîãî âèçíà÷íèêà çà-

äà÷i Íiêîëåòòi äëÿ ëiíiéíîãî ðiâíÿííÿ òèïó Åéëåðà çi çìiííèìè êîåôiöi¹í-

òàìè. Çàñòîñîâàíî ìåòðè÷íèé ïiäõiä [61,80,81] äëÿ âñòàíîâëåííÿ òàêèõ îöi-

íîê. Ðîçãëÿíóòî ÷àñòêîâèé âèïàäîê çàäà÷i, êîëè âóçëè iíòåðïîëÿöi¨ óòâî-

ðþþòü ãåîìåòðè÷íó ïðîãðåñiþ. Âñòàíîâëåíi óìîâè êîðåêòíîñòi ðîçâ'ÿçêó

çàäà÷i. Ðåçóëüòàòè ðîáîòè ìîæíà ïåðåíåñòè íà âèïàäîê iíòåðïîëÿöiéíî¨

çàäà÷i Íiêîëåòòi äëÿ ñèñòåì ëiíiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.
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ÐÎÇÄIË 5

ÍÅËÎÊÀËÜÍI ÄÂÎÒÎ×ÊÎÂI ÇÀÄÀ×I ÄËß ÐIÂÍßÍÍß

ÒÈÏÓ ÅÉËÅÐÀ

5.1. Ðiâíÿííÿ äðóãîãî ïîðÿäêó

Ó öüîìó ïiäðîçäiëi äîñëiäæåíî óìîâè ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëü-

íèìè äâîòî÷êîâèìè óìîâàìè äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè òèïó

Åéëåðà äðóãîãî ïîðÿäêó.

Ðîçãëÿíåìî çàäà÷ó[
t2∂2t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (t, x) ∈ (0,∞)× Ωp

2π, (5.1)

µ0u(t0, x) + µ1u(t1, x) = φ0(x), x ∈ Ωp
2π,

µ0ut(t0, x) + µ1ut(t1, x) = φ1(x), x ∈ Ωp
2π,

(5.2)

äå 0 < t0 < t1 i âåêòîð êîåôiöi¹íòiâ (µ0, µ1) íåëîêàëüíèõ óìîâ ¹ íåíóëüîâèì.

Ôóíêöiÿ

u(t, x) =
∑
k∈Zp

uk(t)e
(ik,x) (5.3)

¹ ðîçâ'ÿçêîì çàäà÷i (5.1), (5.2) ëèøå òîäi, êîëè êîæíà ôóíêöiÿ uk(t), k ∈ Zp,

¹ ðîçâ'ÿçêîì ðiâíÿííÿ Åéëåðà[
t2d2t + ta(ik)dt + b(ik)

]
uk(t) = 0, dt = d/dt, (5.4)

i ñïðàâäæó¹ íåëîêàëüíi äâîòî÷êîâi óìîâè

µ0uk(t0) + µ1uk(t1) = φ0k, µ0u
′
k(t0) + µ1u

′
k(t1) = φ1k, k ∈ Zp, (5.5)

äå φjk, k ∈ Zp, � êîåôiöi¹íòè ðîçâèíåíü ôóíêöié φj(x), j = 1, 2, âiäïîâiäíî

ó ðÿäè Ôóð'¹ çà ñèñòåìîþ åêñïîíåíò {e(ik,x) : k ∈ Zp}:

φj(x) =
∑
k∈Zp

φjke
(ik,x), j = 1, 2. (5.6)
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Çà óìîâè (a(ik)− 1)2−4b(ik) ̸= 0 êîðåíi λ1(k), λ2(k) õàðàêòåðèñòè÷íîãî

ðiâíÿííÿ

λ(λ− 1) + a(ik)λ+ b(ik) = 0 (5.7)

¹ ïðîñòèìè.1 Òîìó ôóíêöi¨ tλ1(k), tλ2(k) óòâîðþþòü íà (0,∞) ôóíäàìåíòàëü-

íó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (5.4). Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i (5.4),

(5.5) äîïóñêà¹ çîáðàæåííÿ

uk(t) = C1kt
λ1(k) + C2kt

λ2(k). (5.8)

Çâiäñè ìà¹ìî ñèñòåìè ç íåíóëüîâèìè ìàòðèöÿìè äëÿ âèçíà÷åííÿ ñòàëèõ

C1k, C2k ó ôîðìóëi (5.8): µ0t
λ1(k)
0 + µ1t

λ1(k)
1 µ0t

λ2(k)
0 + µ1t

λ2(k)
1

λ1(k)
(
µ0t

λ1(k)−1
0 + µ1t

λ1(k)−1
1

)
λ2(k)

(
µ0t

λ2(k)−1
0 + µ1t

λ2(k)−1
1

)
×

×

C1k

C2k

 =

φ0k

φ1k

 .

Ïîçíà÷èìî:

µ+(λ) = µ0 + µ1τ
λ = τλ

(
µ0τ

−λ + µ1
)
= τλµ−(λ), (5.9)

äå τ = t1/t0. Äëÿ ïðîñòèõ êîðåíiâ ðîçãëÿíåìî òðè ñïîñîáè ðîçìiùåííÿ

÷èñåë t0 i t1 ùîäî îäèíèöi: t1 ⩽ 1, t0 ⩽ 1 < t1, t0 > 1.

ßêùî t1 ⩽ 1, òî ìàòðèöi âiäïîâiäíèõ ñèñòåì ¹ òàêèìè:tλ1(k)
0 0

0 t
λ1(k)−1
0

 µ+(λ1(k)) µ+(λ2(k))

λ1(k)µ
+(λ1(k)− 1) λ2(k)µ

+(λ2(k)− 1)

1 0

0 t
λ2(k)−λ1(k)
0


äëÿ Reλ2(k) ⩽ 0,tλ1(k)

0 0

0 t
λ1(k)−1
0

 µ+(λ1(k)) µ−(λ2(k))

λ1(k)µ
+(λ1(k)− 1)

)
λ2(k)µ

−(λ2(k)− 1)/τ

×

1ââàæà¹ìî, ùî öi êîðåíi çàíóìåðîâàíi òàê, ùî Reλ1(k) ⩽ Reλ2(k).
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×

1 0

0 τλ2(k)t
λ2(k)−λ1(k)
0


äëÿ Reλ1(k) ⩽ 0 i Reλ2(k) > 0,tλ1(k)

1 0

0 t
λ1(k)−1
1

 µ−(λ1(k)) µ−(λ2(k))

λ1(k)µ
−(λ1(k)− 1) λ2(k)µ

−(λ2(k)− 1)

1 0

0 t
λ2(k)−λ1(k)
1


äëÿ Reλ1(k) > 0.

ßêùî t0 > 1, òî ìàòðèöi òàêi:tλ2(k)
0 0

0 t
λ2(k)−1
0

 µ+(λ1(k)) µ+(λ2(k))

λ1(k)µ
+(λ1(k)− 1) λ2(k)µ

+(λ2(k)− 1)

tλ1(k)−λ2(k)
0 0

0 1


äëÿ Reλ2(k) ⩽ 0,tλ2(k)

1 0

0 t
λ2(k)−1
1

 µ+(λ1(k)) µ−(λ2(k))

λ1(k)µ
+(λ1(k)− 1)τ λ2(k)µ

−(λ2(k)− 1)

×

×

τ−λ1(k)t
λ1(k)−λ2(k)
1 0

0 1


äëÿ Reλ1(k) ⩽ 0 i Reλ2(k) > 0,tλ2(k)

1 0

0 t
λ2(k)−1
1

 µ−(λ1(k)) µ−(λ2(k))

λ1(k)µ
−(λ1(k)− 1) λ2(k)µ

−(λ2(k)− 1)

tλ1(k)−λ2(k)
1 0

0 1


äëÿ Reλ1(k) > 0.

ßêùî æ t0 ⩽ 1 < t1, òîtλ1(k)
0 0

0 t
λ1(k)−1
0

 µ+(λ1(k)) µ+(λ2(k))

λ1(k)µ
+(λ1(k)− 1) λ2(k)µ

+(λ2(k)− 1)

1 0

0 t
λ2(k)−λ1(k)
0


äëÿ Reλ2(k) ⩽ (ln t0/ ln t1) Reλ1(k),tλ2(k)

1 0

0 t
λ2(k)−1
1

 µ−(λ1(k)) µ−(λ2(k))

λ1(k)µ
−(λ1(k)− 1) λ2(k)µ

−(λ2(k)− 1)

tλ1(k)−λ2(k)
1 0

0 1


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äëÿ Reλ2(k) > (ln t0/ ln t1) Reλ1(k).

Iç ôîðìóëè (5.8) ó ïðèïóùåííi íåíóëüîâèõ çíàìåííèêiâ

∆+ = ∆+(k) =

= λ2(k)µ
+(λ2(k)− 1)µ+(λ1(k))− λ1(k)µ

+(λ1(k)− 1)µ+(λ2(k)), (5.10)

∆− = ∆−(k) =

= λ2(k)µ
−(λ2(k)− 1)µ−(λ1(k))− λ1(k)µ

−(λ1(k)− 1)µ−(λ2(k)), (5.11)

∆−
+ = ∆−

+(k) =

= λ2(k)µ
−(λ2(k)− 1)µ+(λ1(k))/τ − λ1(k)µ

+(λ1(k)− 1)µ−(λ2(k)) (5.12)

ìà¹ìî òðè âèïàäêè.

ßêùî t1 ⩽ 1, òî

uk(t) =

(
tλ1(k) tλ2(k)t

λ1(k)−λ2(k)
0

)
∆+(k)

×

×

 λ2(k)µ
+(λ2(k)− 1) −µ+(λ2(k))

−λ1(k)µ+(λ1(k)− 1) µ+(λ1(k))

 t
−λ1(k)
0 φ0k

t
1−λ1(k)
0 φ1k

 , (5.13)

uk(t) =

(
tλ1(k) (t/τ)λ2(k)t

λ1(k)−λ2(k)
0

)
∆−

+(k)
×

×

λ2(k)µ−(λ2(k)−1)/τ −µ−(λ2(k))

−λ1(k)µ+(λ1(k)−1) µ+(λ1(k))

 t
−λ1(k)
0 φ0k

t
1−λ1(k)
0 φ1k

 , (5.14)

uk(t) =

(
tλ1(k) tλ2(k)t

λ1(k)−λ2(k)
1

)
∆−(k)

×

×

 λ2(k)µ
−(λ2(k)− 1) −µ−(λ2(k))

−λ1(k)µ−(λ1(k)− 1) µ−(λ1(k))

 t
−λ1(k)
1 φ0k

t
1−λ1(k)
1 φ1k

 (5.15)
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âiäïîâiäíî äëÿ Reλ2(k) ⩽ 0, äëÿ Reλ1(k) ⩽ 0 i Reλ2(k) > 0 òà äëÿ

Reλ1(k) > 0.

ßêùî t0 > 1, òî

uk(t) =

(
tλ1(k)t

λ2(k)−λ1(k)
0 tλ2(k)

)
∆+(k)

×

×

 λ2(k)µ
+(λ2(k)− 1) −µ+(λ2(k))

−λ1(k)µ+(λ1(k)− 1) µ+(λ1(k))

 t
−λ2(k)
0 φ0k

t
1−λ2(k)
0 φ1k

 , (5.16)

uk(t) =

(
(t τ)λ1(k)t

λ2(k)−λ1(k)
1 tλ2(k)

)
τ∆−

+(k)
×

×

 λ2(k)µ
−(λ2(k)−1) −µ−(λ2(k))

−λ1(k)µ+(λ1(k)−1)τ µ+(λ1(k))

 t
−λ2(k)
1 φ0k

t
1−λ2(k)
1 φ1k

 , (5.17)

uk(t) =

(
tλ1(k)t

λ2(k)−λ1(k)
1 tλ2(k)

)
∆−(k)

×

×

 λ2(k)µ
−(λ2(k)− 1) −µ−(λ2(k))

−λ1(k)µ−(λ1(k)− 1) µ−(λ1(k))

 t
−λ2(k)
1 φ0k

t
1−λ2(k)
1 φ1k

 (5.18)

âiäïîâiäíî äëÿ Reλ2(k) ⩽ 0, äëÿ Reλ1(k) ⩽ 0 i Reλ2(k) > 0 òà äëÿ

Reλ1(k) > 0.

ßêùî t0 ⩽ 1 < t1, òî

uk(t) =

(
tλ1(k) tλ2(k)t

λ1(k)−λ2(k)
0

)
∆+(k)

×

×

 λ2(k)µ
+(λ2(k)− 1) −µ+(λ2(k))

−λ1(k)µ+(λ1(k)− 1) µ+(λ1(k))

 t
−λ1(k)
0 φ0k

t
1−λ1(k)
0 φ1k

 , (5.19)

uk(t) =

(
tλ1(k)t

λ2(k)−λ1(k)
1 tλ2(k)

)
∆−(k)

×
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×

 λ2(k)µ
−(λ2(k)− 1) −µ−(λ2(k))

−λ1(k)µ−(λ1(k)− 1) µ−(λ1(k))

 t
−λ2(k)
1 φ0k

t
1−λ2(k)
1 φ1k

 (5.20)

âiäïîâiäíî äëÿ Reλ2(k) ⩽
ln t0
ln t1

Reλ1(k) òà äëÿ Reλ2(k) >
ln t0
ln t1

Reλ1(k).

ßêùî ∆+ = 0 äëÿ k ∈ Zp, òî ðîçâ'ÿçîê uk iñíó¹ ëèøå çà óìîâè

λ1(k)µ
+(λ1(k)− 1)φ0k = t0µ

+(λ1(k))φ1k

ó âèïàäêó λ1(k) ̸= 0 i çà óìîâè

λ2(k)µ
+(λ2(k)− 1)φ0k = t0µ

+(λ2(k))φ1k

ó ïðîòèëåæíîìó âèïàäêó. Ïðè öüîìó ìíîæèíà ðîçâ'ÿçêiâ ¹ îäíîâèìiðíèì

ìíîãîâèäîì ç êîîðäèíàòîþ Ck ∈ C:

uk(t) =
tλ1(k)µ+(λ1(k)) + tλ2(k)µ+(λ2(k))∣∣µ+(λ1(k))∣∣2 + ∣∣µ+(λ2(k))∣∣2 φ0k+

+
(
tλ1(k)µ+(λ2(k))− tλ2(k)µ+(λ1(k))

)
Ck. (5.21)

Íà îñíîâi ôîðìóë (5.13)�(5.20) îòðèìó¹ìî äëÿ ïîõiäíèõ u
(l)
k , äå l =

0, 1, 2, ðîçâ'ÿçêó uk çàäà÷i (5.1), (5.2) âiäïîâiäíi îöiíêè çâåðõó. Çîêðåìà,

ç ðiâíîñòåé (5.13)�(5.15) äëÿ t1 ⩽ 1 ìà¹ìî íåðiâíîñòi

8λ∗l+6(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣∆+(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2(k)t
λ2(k)−λ1(k)
0 u

(l)
k (t)

∣∣2, t ⩾ t0,
(5.22)

8λ∗l+6(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣∆−
+(k)

∣∣2 ⩾

⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t2,∣∣tl−λ2(k)τλ2(k)t
λ2(k)−λ1(k)
0 u

(l)
k (t)

∣∣2, t ⩾ t2,
(5.23)



112

8λ∗l+6(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣∆−(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2(k)t
λ2(k)−λ1(k)
1 u

(l)
k (t)

∣∣2, t ⩾ t1,
(5.24)

äå t2 = t0τ
Reλ2(k)/Re(λ2(k)−λ1(k)). Âåëè÷èíè λ∗6(k), λ

∗
7(k), λ

∗
8(k) âèçíà÷àþòü

ôîðìóëè

λ∗6(k) = (|µ0|+ |µ1|)2max
r

|λr(k)|2,

λ∗7(k) = (|µ0|+ |µ1|)2max
r

|λr(k)|4,

λ∗8(k) = (|µ0|+ |µ1|)2max
r

|(λr(k)− 1)λr(k)
2|2.

(5.25)

Ç ðiâíîñòåé (5.16)�(5.18) äëÿ t0 > 1 ìà¹ìî íåðiâíîñòi

8λ∗l+6(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣∆+(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)t

λ1(k)−λ2(k)
0 u

(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t0,
(5.26)

8λ∗l+6(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣∆−
+(k)

∣∣2 ⩾

⩾


∣∣tl−λ1(k)τ−λ1(k)t

λ1(k)−λ2(k)
1 u

(l)
k (t)

∣∣2, t ⩽ t3,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t3,
(5.27)

8λ∗l+6(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣∆−(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)t

λ1(k)−λ2(k)
1 u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t1,
(5.28)

äå t3 = t1τ
Reλ1(k)/Re(λ2(k)−λ1(k)). Ç ðiâíîñòåé (5.19)�(5.20) äëÿ t0 ⩽ 1 < t1

ìà¹ìî íåðiâíîñòi
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8λ∗l+6(k)

∣∣t−λ1(k)
0 φ0k

∣∣2 + ∣∣t1−λ1(k)
1 φ1k

∣∣2∣∣∆+(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)u

(l)
k (t)

∣∣2, t ⩽ t0,∣∣tl−λ2(k)t
λ2(k)−λ1(k)
0 u

(l)
k (t)

∣∣2, t ⩾ t0,
(5.29)

8λ∗l+6(k)

∣∣t−λ2(k)
0 φ0k

∣∣2 + ∣∣t1−λ2(k)
1 φ1k

∣∣2∣∣∆−(k)
∣∣2 ⩾

⩾


∣∣tl−λ1(k)t

λ1(k)−λ2(k)
1 u

(l)
k (t)

∣∣2, t ⩽ t1,∣∣tl−λ2(k)u
(l)
k (t)

∣∣2, t ⩾ t1.
(5.30)

Âñòàíîâèìî êîðåêòíiñòü ðîçâ'ÿçêó. Íåõàé Z[0], Z[1], Z[2] � ðîçáèò-

òÿ ìíîæèíè Zp, äëÿ ÿêèõ âiäïîâiäíî âèêîíóþòüñÿ íåðiâíîñòi

Reλ2(k) ⩽ 0, Reλ1(k) ⩽ 0, Reλ2(k) > 0,

à Π0,Π1,Π2 � ïðî¹êòîðè íà ïðîñòîðè, ïîðîäæåíi åêñïîíåíòàìè e(ik,x), äå

k ∈ Z[j], j = 0, 1, 2, òîáòî

Πiφ =
∑

k∈Z[i]

φke
ikx,

Πiu =
∑

k∈Z[i]

uk(t)e
ikx.

(5.31)

Òåîðåìà 5.1 . Ïðèïóñòèìî, ùî t1 ⩽ 1. Íåõàé äèñêðèìiíàíò õàðà-

êòåðèñòè÷íîãî ðiâíÿííÿ (5.7) íå äîðiâíþ¹ íóëåâi äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi âåêòîðiâ k ∈ Zp) âèêîíóþòüñÿ íåðiâíîñòi

|∆+(k)| ⩾ C+k̃γ
+

, k ∈ Z[0],

|∆−
+(k)| ⩾ C−

+ k̃
γ−
+ , k ∈ Z[1],

|∆−(k)| ⩾ C−k̃γ
−
, k ∈ Z[2],

(5.32)

äå C+, C−
+ , C

− � äîäàòíi ñòàëi, γ+, γ−+ , γ
− � äiéñíi ÷èñëà.

Òîäi çà óìîâ

Π0φj ∈ Φγ+,gj , Π1φj ∈ Φγ−
+ ,gj

, Π2φj ∈ Φγ−,gj , j = 1, 2,



114

äå g0 = t−L3
0 , g1 = t−L3

1 , iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (5.1), (5.2) ç ïðî-

ñòîðó U2,Gj
i ñïðàâäæóþòüñÿ îöiíêè

∥Πju∥22,Gj
⩽ C(∥Πjφ0∥2(p∗+3)/2,g0j

+ ∥Πjφ1∥2(p∗+3)/2,g1j

)
, j = 0, 1, 2, (5.33)

äå ôóíêöi¨ G0, G1, G2 âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì

G0(t) =


tL3, t ⩽ t0,

tL3t2L2
0 , t0⩽t⩽1,

t−L3t2L2
0 , t ⩾ 1,

G1(t) =



tL3, t ⩽ t2, t ⩽ 1,

t−L3, t ⩽ t2, t ⩾ 1,

tL3τL3t2L2
0 , t ⩾ t2, t ⩽ 1,

t−L3τL3t2L2
0 , t ⩾ t2, t ⩾ 1,

G2(t) =


tL3, t ⩽ t1,

tL3t2L2
1 , t1⩽t⩽1,

t−L3t2L2
1 , t ⩾ 1.

Äîâåäåííÿ. Çãiäíî ç ïðèïóùåííÿìè òåîðåìè ôóíêöi¨ uk(t) iñíóþòü i âè-

çíà÷àþòüñÿ ôîðìóëàìè (5.13)�(5.15). Îöiíêè äëÿ ôóíêöié (t∂t)
luk(t) âè-

ïëèâàþòü ç íåðiâíîñòåé (5.22)-(5.24). Çâiäñè îòðèìó¹ìî íåðiâíîñòi (5.33)

äëÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (5.1), (5.2). �äèíiñòü ðîçâ'ÿçêó âèïëèâà¹ ç

îäíîçíà÷íîãî âèçíà÷åííÿ ôóíêöié uk(t).

Àíàëîãi÷íà òåîðåìà ñïðàâäæó¹òüñÿ äëÿ âèïàäêó t0 ⩾ 1 i ôîðìóëþ¹òüñÿ

àíàëîãi÷íî äî òåîðåìè 5.1 íàñòóïíèì ÷èíîì.

Òåîðåìà 5.2 . Ïðèïóñòèìî, ùî t0 > 1. Íåõàé äèñêðèìiíàíò õàðà-

êòåðèñòè÷íîãî ðiâíÿííÿ (5.7) íå äîðiâíþ¹ íóëåâi äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi âåêòîðiâ k ∈ Zp) âèêîíóþòüñÿ íåðiâíîñòi

|∆+(k)| ⩾ C+k̃γ
+

, k ∈ Z[0],

|∆−
+(k)| ⩾ C−

+ k̃
γ−
+ , k ∈ Z[1],

|∆−(k)| ⩾ C−k̃γ
−
, k ∈ Z[2],

äå C+, C−
+ , C

− � äîäàòíi ñòàëi, γ+, γ−+ , γ
− � äiéñíi ÷èñëà.
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Òîäi çà óìîâ

Π0φj ∈ Φγ+,gj , Π1φj ∈ Φγ−
+ ,gj

, Π2φj ∈ Φγ−,gj , j = 1, 2,

äå g0 = t−L3
0 , g1 = t−L3

1 , iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (5.1), (5.2) ç ïðî-

ñòîðó U2,Gj
i ñïðàâäæóþòüñÿ îöiíêè

∥Πju∥22,Gj
⩽ C(∥Πjφ0∥2(p∗+3)/2,g0j

+ ∥Πjφ1∥2(p∗+3)/2,g1j

)
, j = 0, 1, 2,

äå ôóíêöi¨ G0, G1, G2 âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì

G0(t) =


tL3t2L2

0 , t ⩽ 1,

t−L3t2L2
0 , 1⩽t⩽t0,

t−L3, t ⩾ t0,

G1(t) =



tL3τ−L3t2L2
1 , t ⩽ t3, t ⩽ 1,

t−L3τ−L3t2L2
1 , t ⩽ t3, t ⩾ 1,

tL3, t ⩾ t3, t ⩽ 1,

t−L3, t ⩾ t3, t ⩾ 1,

G2(t) =


tL3t2L2

1 , t ⩽ 1,

t−L3t2L2
1 , 1⩽t⩽t1,

t−L3, t ⩾ t1.

Ùîá ñôîðìóëþâàòè òåîðåìó äëÿ òðåòüîãî âèïàäêó t0 ⩽ 1 ⩽ t1 ðîçiá'¹ìî

Zp íà ìíîæèíè Z[3] i Z[4] i ââåäåìî ïðî¹êòîðè Π3 i Π4 çà ôîðìóëàìè (5.31).

Òåîðåìà 5.3 . Ïðèïóñòèìî, ùî t0 ⩽ 1 ⩽ t1. Íåõàé âèêîíóþòüñÿ

óìîâè òåîðåìè 5.1 ïðî äèñêðèìiíàíò i âèêîíóþòüñÿ íåðiâíîñòi

|∆+(k)| ⩾ C+k̃γ
+

, k ∈ Z[3],

|∆−(k)| ⩾ C−k̃γ
−
, k ∈ Z[4],

(5.34)

äå C+, C− � äîäàòíi ñòàëi, γ+, γ− � äiéñíi ÷èñëà.

Òîäi çà óìîâ

Π3φj ∈ Φγ+,gj , Π4φj ∈ Φγ−,gj , j = 1, 2,

äå g0 = t−L3
0 , g1 = tL3

1 , iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (5.1), (5.2) ç ïðî-

ñòîðó U2,Gj
i ñïðàâäæóþòüñÿ îöiíêè

∥Πju∥22,Gj
⩽ C(∥Πjφ0∥2(p∗+3)/2,g0j

+ ∥Πjφ1∥2(p∗+3)/2,g1j

)
, j = 3, 4, (5.35)
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äå ôóíêöi¨ G3, G4 âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì

G3(t) =


tL3, t ⩽ t0,

tL3t2L2
0 , t0⩽t⩽1,

t−L3t2L2
0 , t ⩾ 1,

G4(t) =


tL3t−2L2

1 , t ⩽ 1,

t−L3t−2L2
1 , 1⩽t⩽t1,

t−L3, t ⩾ t1.

5.2. Ðiâíÿííÿ âèñîêîãî ïîðÿäêó

Ðîçãëÿíåìî òàêó íåëîêàëüíó äâîòî÷êîâó çàäà÷ó äëÿ ðiâíÿííÿ òèïó Åé-

ëåðà âèñîêîãî ïîðÿäêó:(
t∂t
)n
u(t, x)+

n∑
j=1

Aj(∂x)
(
t∂t
)n−j

u(t, x) = 0, (t, x) ∈ (0,∞)×Ωp
2π, (5.36)

µ0∂
j−1
t u(t0, x) + µ1∂

j−1
t u(t1, x) = φj(x), j = 1, . . . , n, x ∈ Ωp

2π, (5.37)

äå 0 < t0 < t1, µ0, µ1 ∈ C, µ0 · µ1 ̸= 0, |µ0|2 + |µ1|2 ⩽M 2, M > 0,

Aj(∂x) =
∑
|s|⩽j

an−j,s∂
s
x =

∑
|s|⩽j

an−j,s∂
s1
x1
. . . ∂spxp

, as0,s ∈ C,

|as0,s| ⩽ A, A > 0, s = (s1, . . . , sp) ∈ Zp
+, |s| = s1 + . . .+ sp.

(5.38)

Áóäåìî ïðèïóñêàòè, ùî äëÿ êîæíîãî k ∈ Zp ðiâíÿííÿ

λn +
n∑

j=1

Aj(ik)λ
n−j = 0 (5.39)

ìà¹ ïðîñòi êîðåíi λ1(k), . . . , λn(k), öå ïðèïóùåííÿ ðiâíîñèëüíå òîìó, ùî äëÿ

êîæíîãî k ∈ Zp äèñêðèìiíàíò W (k) ðiâíÿííÿ (5.39) ¹ âiäìiííèì âiä íóëÿ.

Íàäàëi ââàæàòèìåìî, ùî äëÿ êîæíîãî k ∈ Zp íóìåðàöiÿ êîðåíiâ ðiâíÿííÿ

(5.39) ïiäïîðÿäêîâó¹òüñÿ ïðàâèëó Reλ1(k) ⩽ . . . ⩽ Reλn(k).

Çíàéäåìî ðîçâ'ÿçîê çàäà÷i (5.36), (5.37) çà äîïîìîãîþ âiäîêðåìëåííÿ

çìiííèõ. Äëÿ öüîãî âèêîðèñòà¹ìî äëÿ øóêàíî¨ ôóíêöi¨ u(t, x) òà çàäàíèõ

ôóíêöié φj(x), j = 1, . . . , n, ¨õíi çîáðàæåííÿ ó âèãëÿäi ðÿäiâ Ôóð'¹ çà îð-

òîãîíàëüíîþ ñèñòåìîþ {e(ik,x) : k ∈ Zp}:

u(t, x) =
∑
k∈Zp

uk(t)e
(ik,x), (ik, x) = ik1x1 + . . .+ ikpxp, (5.40)
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φj(x) =
∑
k∈Zp

φjke
(ik,x), j = 1, . . . , n. (5.41)

Ïiäñòàâëÿþ÷è ðÿäè (5.40), (5.41) ó ðiâíÿííÿ (5.36) òà íåëîêàëüíi óìîâè

(5.37), îòðèìó¹ìî, ùî êîæåí êîåôiöi¹íò uk(t), k ∈ Zp, ðÿäó (5.40) ¹ ðîçâ'ÿç-

êîì çàäà÷i

(
tdt
)n
uk(t) +

n∑
j=1

Aj(ik)
(
tdt
)n−j

uk(t) = 0, dt = d/dt, (5.42)

µ0d
j−1
t uk(t0) + µ1d

j−1
t uk(t1) = φjk, j = 1, . . . , n, (5.43)

Ïîçíà÷èìî: µ(λ) = µ0t
λ
0 + µ1t

λ
1 , λ

1 = λ, λr = λ(λ − 1) . . . (λ − r + 1),

r = 2, . . . , n− 1, î÷åâèäíî, ùî (tλ)(r) = λr tλ−r, r = 1, . . . , n− 1.

Íåõàé H(k), k ∈ Zp, � õàðàêòåðèñòè÷íà ìàòðèöÿ íåëîêàëüíî¨ çàäà÷i

(5.42), (5.43), ÿêà çîáðàæó¹òüñÿ ôîðìóëîþ

H(k) =


µ(λ1(k)) . . . µ(λn(k))

λ1(k)µ(λ1(k)− 1) . . . λn(k)µ(λn(k)− 1)

. . . . . . . . . . . . . . . . . . . . . . . . . .

λ1(k)
n−1µ(λ1(k)− n+ 1) . . . λn(k)

n−1µ(λn(k)− n+ 1)

 .

(5.44)

ßêùî H(k), k ∈ Zp, � íåâèðîäæåíà ìàòðèöÿ, òî çàäà÷à (5.42), (5.43)

ìà¹ ¹äèíèé ðîçâ'ÿçîê

uk(t) =
(
tλ1(k) . . . tλn(k)

)
H−1(k)


φ1k

. . .

φnk

 . (5.45)

Ðîçiá'¹ìî Zp íà ìíîæèíè Z[0], Z[1], . . . , Z[n], äå

Z[0] = {k : Reλn(k) ⩽ 0}, Z[n] = {k : Reλ1(k) > 0},

Z[j] = {k : Reλn−j(k) ⩽ 0 < Reλn−j+1(k)}, j = 1, . . . , n;

òàêîæ âèêîðèñòîâóâàòèìåìî ðîçáèòòÿ Zp = Z{0} ∪ Z{1}, äå

Z{0} =
{
k : ReA1(ik) ⩾ 0

}
, −A1(ik) = λ1(k) + · · ·+ λn(k).
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Î÷åâèäíî, ùî Z[0] ⊂ Z{0} i Z[n] ⊂ Z{1}.
Áóäåìî âèêîðèñòîâóâàòè ôàêòîðèçàöi¨ ìàòðèöi (5.44).

Äëÿ âèïàäêó t1 ⩽ 1 ìà¹ìî

H(k) =


1

k̃
. . .

k̃n−1

 H̃(k)


t
λ1(k)
0

. . .

t
λn(k)
0

 , k ∈ Z[0],

H(k) =


1

k̃
. . .

k̃n−1

 H̃(k)


t
λ1(k)
1

. . .

t
λn(k)
1

 , k ∈ Z[n],

à äëÿ k ∈ Z[j] ìà¹ìî

H(k) =


1

k̃
. . .

k̃n−1

 H̃(k)×

×

diag(tλ1(k)
0 , . . . , t

λn−j(k)
0

)
0

0 diag
(
t
λn−j+1(k)
1 , . . . , t

λn(k)
1

)
 ,

äå àáñîëþòíi çíà÷åííÿ åëåìåíòiâ ìàòðèöü H̃(k) îáìåæåíi âåëè÷èíîþ h, ÿêà

çàëåæèòü ëèøå âiä A, M , t0 i t1.

ßêùî k ∈ Z[0], òî

det H̃(k) = k̃−(n−1)n/2t
A1(ik)
0 detH(k),

ÿêùî k ∈ Z[n], òî

det H̃(k) = k̃−(n−1)n/2t
A1(ik)
1 detH(k),

ÿêùî æ k ∈ Z[j], òî

det H̃(k) = k̃−(n−1)n/2t
−(λ1(k)+···+λn−j(k))
0 t

−(λn−j+1(k)+···+λn(k))
1 detH(k).
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Íåõàé φ̃jk = k̃1−jφjk, äå j = 1, . . . , n, òîäi

uk(t) =

(( t
t0

)λ1(k)

. . .
( t
t0

)λn(k)
)
H̃−1(k)


φ̃1k

. . .

φ̃nk

 , k ∈ Z[0],

uk(t) =

(( t
t1

)λ1(k)

. . .
( t
t1

)λn(k)
)
H̃−1(k)


φ̃1k

. . .

φ̃nk

 , k ∈ Z[n],

à äëÿ k ∈ Z[j] ìà¹ìî

uk(t)=

(( t
t0

)λ1(k)

. . .
( t
t0

)λn−j(k) ( t
t1

)λn−j+1(k)

. . .
( t
t1

)λn(k)
)
H̃−1(k)


φ̃1k

. . .

φ̃nk

.
ßêùî Ĥ(k) � ïðè¹äíàíà äî H̃(k) ìàòðèöÿ (H̃−1(k) = Ĥ(k)/ det H̃(k)),

òî

uk(t)=
k̃(n−1)n/2

t
A1(ik)
0 detH(k)

(( t
t0

)λ1(k)

. . .
( t
t0

)λn(k)
)
Ĥ(k)


φ̃1k

. . .

φ̃nk

, k ∈ Z[0],

(5.46)

uk(t)=
k̃(n−1)n/2

t
A1(ik)
1 detH(k)

(( t
t1

)λ1(k)

. . .
( t
t1

)λn(k)
)
Ĥ(k)


φ̃1k

. . .

φ̃nk

, k ∈ Z[n],

(5.47)

à äëÿ k ∈ Z[j] ìà¹ìî

uk(t) =
t
λ1(k)+···+λn−j(k)
0 t

λn−j+1(k)+···+λn(k)
1

k̃−(n−1)n/2 detH(k)
×

×
(( t
t0

)λ1(k)

. . .
( t
t0

)λn−j(k) ( t
t1

)λn−j+1(k)

. . .
( t
t1

)λn(k)
)
Ĥ(k)


φ̃1k

. . .

φ̃nk

. (5.48)
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Âèçíà÷íèê ìàòðèöi H(k) ¹ ôîðìîþ ñòåïåíÿ n âiä äâîõ êîìïëåêñíèõ

çìiííèõ µ0 i µ1. Êîåôiöi¹íò ïðè µn0 ó öié ôîðìi äîðiâíþ¹ âèçíà÷íèêîâi∣∣∣∣∣∣∣∣∣∣∣

t
λ1(k)
0 . . . t

λn(k)
0

λ1(k)t
λ1(k)−1
0 . . . λn(k)t

λn(k)−1
0

. . . . . . . . . . . . . . . . . . .

λ1(k)
n−1t

λ1(k)−n+1
0 . . . λn(k)

n−1t
λn(k)−n+1
0

∣∣∣∣∣∣∣∣∣∣∣
≡

≡ 1

t
A1(ik)+(n−1)n/2
0

∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1

λ1(k) . . . λn(k)

. . . . . . . . . . .

λ1(k)
n−1 . . . λn(k)

n−1

∣∣∣∣∣∣∣∣∣∣∣
=

=
1

t
A1(ik)+(n−1)n/2
0

∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1

λ1(k) . . . λn(k)

. . . . . . . . . .

λn−1
1 (k) . . . λn−1

n (k)

∣∣∣∣∣∣∣∣∣∣∣
=

W (k)

t
A1(ik)+(n−1)n/2
0

̸= 0,

äå W (k) � äèñêðèìiíàíò ðiâíÿííÿ (5.39), âiäìiííèé âiä íóëÿ çãiäíî ç ïðè-

ïóùåííÿì.

Äëÿ j = 0, 1, . . . , n i α = 0, 1 ïîçíà÷èìî ÷åðåç Πjα ïðî¹êòîð íà ïðîñòið,

ïîðîäæåíèé åêñïîíåíòàìè e(ik,x), äå k ∈ Z[j] ∩ Z{α}. Öåé ïðî¹êòîð äi¹ íà

ôóíêöi¨ φ(x) =
∑
k∈Zn

φke
(ik,x) çà ôîðìóëîþ

Πjαφ(x) =
∑

k∈Z[j]∩Z{α}

φke
(ik,x).

Òåîðåìà 5.4 . Íåõàé gj0 = τ jΛ, gj1 = τ (n−j)Λ, j = 1, . . . , n, τ = t1/t0,

ôóíêöiÿ G âèçíà÷åíà íàñòóïíèì ÷èíîì

1

G(t)
=


(t/t0)

Λ, t ⩽ t0,

1, t0 < t ⩽ t1,

(t/t1)
Λ, t1 < t,

(5.49)
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äèñêðèìiíàíò ðiâíÿííÿ (5.39) ìà¹ îöiíêó

|W (k)| ⩾ θ−1
1 k̃−w, (5.50)

i íåðiâíiñòü

∥Ĥ(k)∥ < n(n+1)/2hn−1 (5.51)

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi k ∈ Zp).

Äëÿ äîâiëüíîãî ε > 0 iñíó¹ ìíîæèíà B ⊂ C, mesB ⩽ ε, ùî äëÿ âñiõ

(µ0, µ1) /∈ B, çà óìîâ

Πjαφj ∈ Φq−(1−n−p∗)n/2,gjα, p∗ > p, j = 1, . . . , n, α = 0, 1,

iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (5.36), (5.37) ç ïðîñòîðó Uq−w,G i ñïðàâ-

äæóþòüñÿ îöiíêè

∥∥Πjαu
∥∥2
q−w,G

<
C2

1

εn

( n∑
r=0

Λ2r
) n∑

j=1

∥Πjαφ∥2q−(1−n−p∗)n/2,gjα
. (5.52)

äå C1 =

√
θnnn+2t

(n−1)n
1 θ1h

n−1.

Äîâåäåííÿ. Íåõàé ζ(x) =
∑
k∈Zp

k̃−x i θ = 2π2M 2ζ(p∗). Ïîçíà÷èìî ÷åðåç

B0
k � ìíîæèíó âåêòîðiâ (µ0, µ1), äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü

t
A1(ik)+(n−1)n/2
0 |W (k)|−1| detH(k)| <

(ε
θ

)n/2
k̃−p∗n/2, (5.53)

i B0
k(µ1) ⊂ Bk � ìíîæèíó òèõ âåêòîðiâ (µ0, µ1), äëÿ ÿêèõ ïðè ôiêñîâàíîìó

µ1, äå |µ1| ⩽M , âèêîíó¹òüñÿ (5.53).

Çà òåîðåìîþ Ôóáiíi ìà¹ìî

mesB0
k =

∫∫
|µ1|⩽M

mesBk(µ1) dµ1. (5.54)

Çà ëåìîþ Êàðòàíà

mesB0
k(µ1) ⩽ π

ε

θ
k̃−p∗,



122

òîìó ôîðìóëà (5.54) äà¹

mesB0
k ⩽ π2M 2ε

θ
k̃−p∗.

Íà ìíîæèíi B0 =
⋃

k∈Zp

B0
k õî÷à á îäèí ðàç âèêîíó¹òüñÿ íåðiâíiñòü (5.53),

ïðè÷îìó

mesB0 ⩽
∑
k∈Zp

mesB0
k(µ1) ⩽ π2M 2ε

θ

∑
k∈Zp

k̃−p∗ =
ε

2
.

Ïîçà ìíîæèíîþ B0 äëÿ âñiõ k ∈ Zp îòðèìó¹ìî îöiíêó

| detH(k)| ⩾ t
−A1(ik)−(n−1)n/2
0

(ε
θ

)n/2
k̃−p∗n/2|W (k)|. (5.55)

Àíàëîãi÷íî, ïîçà ìíîæèíîþ B1, äå mesB1 ⩽ ε/2, äëÿ âñiõ k ∈ Zp

îòðèìó¹ìî îöiíêó

| detH(k)| ⩾ t
−A1(ik)−(n−1)n/2
1

(ε
θ

)n/2
k̃−p∗n/2|W (k)|. (5.56)

Îòæå, ïîçà ìíîæèíîþ B = B0 ∪ B1, äå mesB ⩽ ε, ñïðàâäæóþòüñÿ

îáèäâi îöiíêè (5.55) i (5.56).

Äàëi âèêîðèñòà¹ìî ôîðìóëè

(t∂t)rtλ = λrtλ, r ⩾ 0,

íåðiâíiñòü Êîøi�Áóíÿêîâñüêîãî, îöiíêè

|λj(k)| ⩽ Λk̃, j = 1, . . . , n,

äå

Λ = sup
k∈Zp

{
|λj(k)|
k̃

: j = 1, . . . , n

}
,

à òàêîæ îöiíêè (5.55), (5.56).

Çãiäíî ç ïðèïóùåííÿìè òåîðåìè ôóíêöi¨ uk(t) iñíóþòü òà âèçíà÷àþòüñÿ

ôîðìóëàìè (5.46)�(5.48). Äëÿ k ∈ Z[j] ∩ Z{0} i k ∈ Z[j] ∩ Z{1}, äå j =

0, 1, . . . , n, âiäïîâiäíî, ìà¹ìî
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∣∣(t∂t)ruk(t)∣∣2 ⩽ θnt
(n−1)n
0

εn
Λ2r∥Ĥ(k)∥2τ 2Reλn−j+1(k)+···+2Reλn(k)

k̃(1−n−p∗)n|W (k)|2
×

×
( n−j∑

l=1

( t
t0

)2Reλl(k)

+
n∑

l=n−j+1

( t
t1

)2Reλl(k)) n∑
j=1

|φ̃jk|2, (5.57)

∣∣(t∂t)ruk(t)∣∣2 ⩽ θnt
(n−1)n
1

εn
Λ2r∥Ĥ(k)∥2τ−2Reλ1(k)−···−2Reλn−j(k)

k̃(1−n−p∗)n|W (k)|2
×

×
( n−j∑

l=1

( t
t0

)2Reλl(k)

+
n∑

l=n−j+1

( t
t1

)2Reλl(k)) n∑
j=1

|φ̃jk|2, (5.58)

äå τ = t1/t0 > 1. Ïðè öüîìó ââàæàòèìåìî íóëüîâèìè ñóìè
∑0

l=1 i
∑n

l=n+1.

Ôîðìóëó (5.55) çàñòîñîâàíî äëÿ íåðiâíîñòi (5.57), à ôîðìóëó (5.56) � äëÿ

íåðiâíîñòi (5.58).

Îöiíêè äëÿ ôóíêöié (t∂t)
ruk(t), 0 ⩽ r ⩽ n, âèïëèâàþòü ç íåðiâíîñòåé

(5.50)�(5.51), (5.57)�(5.58), äiéñíî,

∣∣(t∂t)ruk(t)∣∣2 ⩽ C2
1Λ

2rk̃2w

εnk̃(1−n−p∗)n
g2k̃jαG

−2k̃(t)
n∑

j=1

|φ̃jk|2, k ∈ Z[j]∩Z{α}. (5.59)

Òîäi ç ôîðìóëè (5.59) âèïëèâàþòü îöiíêè äëÿ ðîçâ'ÿçêó (5.52). �äèíiñòü

ðîçâ'ÿçêó âèïëèâà¹ ç îäíîçíà÷íîãî âèçíà÷åííÿ ôóíêöié uk(t).
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ÂÈÑÍÎÂÊÈ ÄÎ ÐÎÇÄIËÓ 5

Ó ï'ÿòîìó ðîçäiëi äèñåðòàöi¨ äîñëiäæåíî óìîâè êîðåêòíîñòi çàäà÷ ç íå-

ëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ t òà óìîâàìè

ïåðiîäè÷íîñòi çà iíøèìè êîîðäèíàòàìè äëÿ ëiíiéíèõ ðiâíÿíü iç ÷àñòèííè-

ìè ïîõiäíèìè òèïó Åéëåðà.

Îòðèìàíî ôîðìóëè äëÿ ðîçâ'ÿçêiâ ðîçãëÿíóòèõ íåëîêàëüíèõ äâîòî÷êî-

âèõ çàäà÷ ó âèãëÿäi ðÿäiâ Ôóð'¹. Âñòàíîâëåíî óìîâè çáiæíîñòi öèõ ðÿäiâ ó

âiäïîâiäíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ. Çà äîïîìîãîþ òâåðäæåíü ïðî îöií-

êè âèíÿòêîâèõ ìíîæèí óïåðøå äëÿ ðiâíÿíü òèïó Åéëåðà äîâåäåíî ìåòðè-

÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ íåëîêàëüíèõ äâîòî÷êîâèõ

çàäà÷. Ðàíiøå ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ íå-

ëîêàëüíèõ äâîòî÷êîâèõ çàäà÷ áóëè âñòàíîâëåíi ëèøå äëÿ âèïàäêó ðiâíÿíü

çi ñòàëèìè êîåôiöi¹íòàìè, òîäi ÿê ðîçãëÿíóòå ðiâíÿííÿ òèïó Åéëåðà ìà¹

çìiííi çà t êîåôiöi¹íòè.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó âèêëàäåíî ó ïðàöÿõ [91].

Ðåçóëüòàòè öüîãî ðîçäiëó ìîæíà óçàãàëüíèòè íà âèïàäîê íåëîêàëüíèõ

äâîòî÷êîâèõ çàäà÷ äëÿ ñèñòåì ëiíiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè

òèïó Åéëåðà.
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ÇÀÃÀËÜÍI ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ïðîâåäåíî äîñëiäæåííÿ ðîçâ'ÿçíîñòi íåêëàñè-

÷íèõ çàäà÷ ç ëîêàëüíèìè áàãàòîòî÷êîâèìè óìîâàìè, çàäà÷ ç óìîâàìè Íi-

êîëåòòi òà çàäà÷ ç íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìií-

íîþ òà óìîâàìè 2π-ïåðiîäè÷íîñòi çà ðåøòîþ çìiííèõ äëÿ äèôåðåíöiàëüíîãî

ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè òèïó Åéëåðà.

Íàâåäåíî îãëÿä ïðàöü, ÿêi ¹ áëèçüêèìè äî òåìàòèêè äàíî¨ äèñåðòàöi¨.

Îïèñàíî çàãàëüíó ìåòîäèêó äîñëiäæåííÿ çàäà÷, íàâåäåíî äåÿêi äîïîìiæíi

òâåðäæåííÿ ç àíàëiçó i òåîði¨ ÷èñåë.

Îäåðæàíî òàêi íîâi ðåçóëüòàòè:

• âñòàíîâëåíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó (çîáðàæåíîãî ðÿäîì

Ôóð'¹) äâîòî÷êîâèõ i áàãàòîòî÷êîâèõ çàäà÷ ç ïðîñòèìè âóçëàìè iíòåðïî-

ëÿöi¨ äëÿ ðiâíÿííÿ Åéëåðà äðóãîãî i âèñîêîãî ïîðÿäêiâ. Çà äîïîìîãîþ ìå-

òðè÷íîãî ïiäõîäó ïîêàçàíî, ùî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ âèêîíóþ-

òüñÿ äëÿ âñiõ âåêòîðiâ, êîìïîíåíòàìè ÿêèõ ¹ ïàðàìåòðè çàäà÷i (êîåôiöi¹íòè

ðiâíÿíü, çíà÷åííÿ âóçëiâ iíòåðïîëÿöi¨), êðiì, ìîæëèâî, ìíîæèíè âåêòîðiâ

íóëüîâî¨ àáî ìàëî¨ ìiðè Ëåáåãà. Ðîçãëÿíóòî ÷àñòêîâèé âèïàäîê áàãàòîòî-

÷êîâî¨ çàäà÷i, êîëè ¨¨ âóçëè ¹ ëîãàðèôìi÷íî ðiâíîâiääàëåíèìè.

• ðîçãëÿíóòî çàäà÷ó Íiêîëåòòi äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

òèïó Åéëåðà. Âñòàíîâëåíî óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ó ïðîñòîðàõ

ôóíêöié çi ñòåïåíåâîþ òà åêñïîíåíöiéíîþ ïîâåäiíêîþ êîåôiöi¹íòiâ Ôóð'¹.

Óïåðøå äëÿ ðiâíÿíü çi çìiííèìè çà t êîåôiöi¹íòàìè äîâåäåíî ìåòðè÷íi òå-

îðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ çàäà÷i Íiêîëåòòi. Ïîáóäîâàíî

ïðèêëàäè çàäà÷, ùî iëþñòðóþòü íàâåäåíi ðåçóëüòàòè.

• äîñëiäæåíî íåëîêàëüíó äâîòî÷êîâó çàäà÷ó äëÿ äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ ç ÷àñòèííèìè ïîõiäíèìè òèïó Åéëåðà äðóãîãî òà âèñîêîãî ïîðÿäêiâ.
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Îòðèìàíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i, çàñòîñîâàíî ìåòðè-

÷íèé ïiäõiä äëÿ äîâåäåííÿ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ çàäà÷i. Ïîêàçà-

íî, ùî òàêi îöiíêè âèêîíóþòüñÿ äëÿ âñiõ âåêòîðiâ, ñêëàäåíèõ iç ïàðàìåòðiâ

çàäà÷i, êðiì ìíîæèíè âåêòîðiâ íóëüîâî¨ àáî ìàëî¨ ìiðè Ëåáåãà. Âèêîíàí-

íÿ öèõ îöiíîê ïðîàíàëiçîâàíî äëÿ ðiçíèõ âèïàäêiâ ðîçòàøóâàííÿ äiéñíèõ

÷àñòèí êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ, à òàêîæ ðiçíèõ âèïàäêiâ ðîç-

òàøóâàííÿ âóçëiâ iíòåðïîëÿöi¨ t0, t1.

Ðåçóëüòàòè äèñåðòàöi¨ ìàþòü òåîðåòè÷íèé õàðàêòåð. �õ ìîæíà âèêîðè-

ñòàòè ó ìàéáóòíiõ äîñëiäæåííÿõ çàäà÷ ç ëîêàëüíèìè áàãàòîòî÷êîâèìè óìî-

âàìè, çàäà÷ ç óìîâàìè Íiêîëåòòi òà çàäà÷ ç íåëîêàëüíèìè äâîòî÷êîâèìè

óìîâàìè çà âèäiëåíîþ çìiííîþ òà óìîâàìè 2π-ïåðiîäè÷íîñòi çà ðåøòîþ

çìiííèõ äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òèïó Åéëåðà, à òàêîæ

ïðè äîñëiäæåííi êîíêðåòíèõ çàäà÷ ïðàêòèêè, ÿêi ìîäåëþþòüñÿ ðîçãëÿíó-

òèìè çàäà÷àìè.
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