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ÀÍÎÒÀÖIß

ÏîëüîâèéÂ.�. Ìîäåëþâàííÿ ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ õâèëü â

øàðóâàòèõ ñòðóêòóðàõ. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà

ñïåöiàëüíiñòþ 113 �Ïðèêëàäíà ìàòåìàòèêà� (11 �Ìàòåìàòèêà òà ñòàòèñòèêà�).

� Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, Ëüâiâ, 2021.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ïðîöåñó ïîøèðåííÿ

ïîâåðõíåâèõ ïëàçìîí-ïîëÿðèòîíèõ õâèëü â ãåòåðîãåííèõ ñòðóêòóðàõ äiåëå-

êòðèê/ìåòàë/äiåëåêòðèê íà ãðàíèöi äiåëåêòðèê/ìåòàë òà âïëèâó íà íèõ

òîâùèíè ìåòàëåâîãî ïðîøàðêó, óìîâè åëåêòðîíåéòðàëüíîñòi òà êóëîíiâñüêèõ

êîðåëÿöié åëåêòðîíiâ ìåòàëó.

Øëÿõîì ìàòåìàòè÷íîãî ìîäåëþâàííÿ çàëåæíîñòi ÷àñòîòè âiä õâèëüîâîãî

âåêòîðà ðîçãëÿíóòî ðiçíi ìåòàëåâi ïðîøàðêè, òàêi ÿê ñðiáëî (Ag), çîëîòî

(Au), àëþìiíié (Al), äëÿ ÿêèõ õàðàêòåðíà âèñîêà êîíöåíòðàöiÿ íîñi¨â çàðÿäó.

Öi ìåòàëåâi ïðîøàðêè çàòèñíóòi ìiæ äiåëåêòðèêàìè, ÿêèìè ìîæóòü áóòè

âàêóóì, SiO2 ÷è iíøi ïîëiìåðíi ñïîëóêè òîùî. Äëÿ çíàõîäæåííÿ ÷àñòîòíîãî

ñïåêòðó (àáî äèñïåðñiéíîãî ñïåêòðó) â óñiõ âèïàäêàõ ïî÷àòêîâî ðîçâ'ÿçó¹òüñÿ

ñèñòåìà ìàêðîñêîïi÷íèõ ðiâíÿíü Ìàêñâåëà äëÿ êîæíîãî îêðåìî âçÿòîãî

ñåðåäîâèùà. Çàñòîñóâàâøè iíòåãðàëüíå ïåðåòâîðåííÿ Ôóð'¹ ñïî÷àòêó çà

÷àñîâîþ çìiííîþ t, à ïîòiì i çà êîîðäèíàòàìè (x, y) â ïëîùèíi ìåòàëåâîãî

ïðîøàðêó äà¹ â ðåçóëüòàòi ñèñòåìó õâèëüîâèõ ðiâíÿíü. Ó âèïàäêàõ, êîëè

ìåòàëåâèé ïðîøàðîê ðîçãëÿäà¹òüñÿ ÿê äâîâèìiðíà åëåêòðîííà ñèñòåìà

äiåëåêòðè÷íà ïðîíèêíiñòü ÿêî¨ çàëåæèòü òiëüêè âiä ÷àñîâî¨ çìiííî¨/÷àñòîòè

(ñèñòåìà õàðàêòåðèçó¹òüñÿ òiëüêè ÷àñîâîþ äèñïåðñi¹þ), õâèëüîâå ðiâíÿííÿ

â îáëàñòi ìåòàëó ìà¹ àíàëiòè÷íèé ðîçâ'ÿçîê. Ó âèïàäêàõ, êîëè æ

äiåëåêòðè÷íà ïðîíèêíiñòü ìåòàëó ¹ òàêîæ ôóíêöi¹þ êîîðäèíàò (ñèñòåìi

âëàñòèâà ïðîñòîðîâà äèñïåðñiÿ) äëÿ îòðèìàííÿ àíàëiòè÷íîãî ðîçâ'ÿçêó

íåîáõiäíî ôîðìóëþâàòè äîäàòêîâi ìîäåëüíi ïðèïóùåííÿ. Îòðèìàíi ðîçâ'ÿçêè,

â êîæíîìó ç îïèñàíèõ âèïàäêiâ, çøèâàþòüñÿ ìiæ ñîáîþ âèêîðèñòîâóþ÷è

óìîâè íåïåðåðâíîñòi åëåêòðîìàãíiòíèõ ïîëiâ íà ãðàíèöÿõ ñåðåäîâèù. Iç öèõ
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óìîâ â ïîäàëüøîìó îòðèìó¹òüñÿ äèñïåðñiéíå ðiâíÿííÿ äëÿ îá÷èñëåííÿ çíà÷åíü

÷àñòîòíîãî ñïåêòðó ïëàçìîíiâ.

Äëÿ çíàõîäæåííÿ ÷àñòîòíîãî ñïåêòðó ïëàçìîííèõ õâèëü âàæëèâî

çìîäåëþâàòè ìåòàëåâèé ïðîøàðîê [80]. Ó çíà÷íié êiëüêîñòi ðîáiò ç

äîñëiäæåííÿ ïîøèðåííÿ ïëàçìîííèõ õâèëü ç öi¹þ ìåòîþ âèêîðèñòîâó¹òüñÿ

êëàñè÷íà òåîðiÿ Äðóäå-Ëîðåíöà. Ïîïðè âñi íåäîëiêè öi¹¨ ìîäåëi [80, 81],

çîêðåìà íåõòóâàííÿ âçà¹ìîäi¹þ åëåêòðîíiâ òà iîíiâ  ðàòêè, ïðèïóùåííÿ, ùî

äîâæèíà âiëüíîãî ïðîáiãó åëåêòðîíiâ íå çàëåæèòü âiä òåìïåðàòóðè, öÿ ìîäåëü

äëÿ ìåòàëåâèõ ïðîøàðêiâ, òîâùèíà ÿêèõ íå ¹ íàíîðîçìiðíîþ, äà¹ äîâîëi

õîðîøå óçãîäæåííÿ ç åêñïåðèìåíòàëüíèìè äàíèìè. Ïðè ìàòåìàòè÷íîìó

ìîäåëþâàííi íà ïåðøîìó åòàïi ïëàçìîííèé ñïåêòð ðîçðàõîâàíî äëÿ ìîäåëi

Äðóäå òà ïîðiâíÿíî iç ðåçóëüòàòàìè, îòðèìàíèìè äëÿ êâàíòîâî¨ ìîäåëi

õàîòè÷íèõ ôàç (RPA). Ìåòàëåâèé ïðîøàðîê, â öüîìó âèïàäêó, ðîçãëÿíóòî

ÿê 2D åëåêòðîííó ñèñòåìó ïëîùà ÿêî¨ ¹ áåçìåæíî âåëèêîþ â ïîðiâíÿííi

ç ðîçìiðîì äîñëiäæóâàíî¨ ñèñòåìè âçäîâæ OZ. Ðåçóëüòàòè ìîäåëþâàííÿ

ïîêàçàëè, ùî äëÿ ìàëèõ çíà÷åíü õâèëüîâîãî âåêòîðà çíà÷åííÿ ÷àñòîòíîãî

ñïåêòðó â îáîõ âèïàäêàõ ïðàêòè÷íî ñïiâïàäàþòü, ïðîòå çíà÷íî âiäðiçíÿþòüñÿ

äëÿ áiëüøèõ çíà÷åíü õâèëüîâîãî âåêòîðà. Öi ðåçóëüòàòè óçãîäæóþòüñÿ ç

ðåçóëüòàòàìè îòðèìàíèìè â iíøèõ ïðàöÿõ îãëÿíóòèìè â õîäi âèêîíàííÿ öüîãî

äîñëiäæåííÿ.

Íàñòóïíèì çàâäàííÿì öi¹¨ ðîáîòè áóëî äîñëiäæåííÿ âïëèâó ïðîñòîðîâî¨

äèñïåðñi¨ íà ïîâåäiíêó ÷àñòîòíîãî ñïåêòðó, çîêðåìà äëÿ âèïàäêó àòîìíî-

òîíêèõ ìåòàëåâèõ ïëiâîê. Ó öié ìîäåëi ìåòàë ðîçãëÿäà¹òüñÿ ÿê åëåêòðîííèé

ãàç ïîìiùåíèé ó ïîòåíöiàëüíó ÿìó, ñòiíêàìè ÿêî¨ ¹ äiåëåêòðè÷íi ñåðåäîâèùà.

Öÿ ìîäåëü äîçâîëÿ¹ äîñëiäèòè çàëåæíiñòü äiåëåêòðè÷íî¨ ïðîíèêíîñòi âiä

z êîîðäèíàòè òà âðàõóâàòè çàëåæíiñòü ïîâåäiíêè ÷àñòîòíîãî ñïåêòðó âiä

òîâùèíè ìåòàëó. Îñêiëüêè, â çàïðîïîíîâàíié ìàòåìàòè÷íié ìîäåëi ïîøèðåííÿ

ïëàçìîííèõ õâèëü, ÿê óæå çàçíà÷àëîñü, äèñïåðñiéíå ðiâíÿííÿ çàëåæèòü âiä

ðîçâ'ÿçêó õâèëüîâîãî ðiâíÿííÿ, òî äëÿ îòðèìàííÿ àíàëiòè÷íèõ ¨õ ðîçâ'ÿçêiâ

çàñòîñîâàíî ðîçêëàä ìàãíiòíî¨ íàïðóæåíîñòi ïîëÿ çà ìàëèì ïàðàìåòðîì, äå

ó ðîëi ìàëîãî ïàðàìåòðó âçÿòî âiäíîøåííÿ ìiæ ðåàëüíîþ äiåëåêòðè÷íîþ

ïðîíèêíiñòþ òà ¨¨ óñåðåäíåííÿì ïî z êîîðäèíàòi. Ðåçóëüòàòè îòðèìàíi

ç äîïîìîãîþ ìàòåìàòè÷íîãî ìîäåëþâàííÿ äëÿ ñòðóêòóðè ïàðàìåòðè ÿêî¨
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âiäïîâiäàþòü ãåòåðîãåííié ïëàçìîííié êîíôiãóðàöi¨ SiO2/Ag/Si ïîêàçóþòü,

ùî äëÿ ìåòàëåâèõ ïëiâîê, òîâùèíà ÿêèõ âèìiðþ¹òüñÿ â àòîìíèõ ìîíîøàðàõ,

ðåçóëüòàòè äëÿ ìîäåëi ïîáóäîâàíî¨ òóò êðàùå óçãîäæóþòüñÿ ç åêñïåðèìåí-

òàëüíèìè äàíèìè â ïîðiâíÿííi ç ìîäåëëþ Äðóäå òà ïðè çáiëüøåíi êiëüêîñòi

ìîíîøàðiâ ïðÿìó¹ çíèçó äî çíà÷åíü ðîçðàõîâàíèõ â ðàìêàõ ìîäåëi Äðóäå äëÿ

îäíàêîâèõ ôiçè÷íèõ ïàðàìåòðiâ îáëàñòåé äîñëiäæóâàíèõ ñòðóêòóð.

Ïîïðè òå, ùî ïîáóäîâà ìîäåëi, ÿêà äîçâîëèëà âèâ÷èòè âïëèâ òîâùèíè

ìåòàëó íà ÷àñòîòíèé ñïåêòð ïëàçìîííèõ õâèëü íàáëèçèëà ðåçóëüòàòè

ìîäåëþâàííÿ äî åêñïåðèìåíòàëüíèõ äàíèõ, ïîäàëüøå ïîêðàùåííÿ ðåçóëüòàòiâ

ìîäåëþâàííÿ âèÿâèëîñü íåîáõiäíèì. Äëÿ öüîãî áóëî ðîçãëÿíóòî äîäàòêîâi

ìîäåëüíi ïðèïóùåííÿ ùîäî òîãî, ÿêi ôiçè÷íi ÿâèùà òà ïðîöåñè ìîæóòü êðàùå

îïèñàòè îá'¹êò äîñëiäæåííÿ òà ïîêðàùèòè îòðèìàíi ðåçóëüòàòè. Ïðèíàãiäíî

íåîáõiäíî çàóâàæèòè, ùî óñi íàñòóïíi ðîçãëÿíóòi ôiçè÷íi ïðîöåñè ìàþòü

êâàíòîâó ïðèðîäó òà ïîâ'ÿçàíi ç ïîâåäiíêîþ åëåêòðîíiâ â ìåòàëåâié ñèñòåìi

òà ¨õíiì ïðîíèêíåííÿì â çîíè äiåëåêòðèêiâ íà ãðàíèöÿõ äîòèêó ç ìåòàëåâèì

ïðîøàðêîì.

Ç ÷èñëåííèõ äîñëiäæåíü âiäîìî, ùî äëÿ íàíîðîçìiðíèõ àòîìíî-òîíêèõ

ìåòàëåâèõ ïëiâîê êâàíòîâî ðîçìiðíi åôåêòè âiäiãðàþòü ñóòò¹âó ðîëü â

ïîâåäiíöi ìåòàëåâî¨ ñèñòåìè òîìó ëîãi÷íèì ¹ ïðèïóùåííÿ, ùî âðàõóâàííÿ

öèõ åôåêòiâ òàê ñàìî âïëèíóòü íà ïîâåäiíêó ïëàçìîííî¨ õâèëi, ÿêà

ïîøèðþ¹òüñÿ ïî ïîâåðõíi ìåòàëó. Ïî÷àòêîâî çàïðîïîíîâàíî ðîçãëÿíóòè âïëèâ

ïðîíèêíåííÿ åëåêòðîíiâ â øàð äiåëåêòðèêà ÷åðåç êîðåêòíå âðàõóâàííÿ

óìîâè åëåêòðîíåéòðàëüíîñòi â ðàìêàõ ìîäåëi �æåëå� äëÿ ñèñòåìè åëåêòðîíiâ

÷åðåç äîâåäåíèé ôàêò, ÿêèé ïîëÿãà¹ â òîìó, ùî øèðèíà ïîòåíöiàëüíî¨ ÿìè

¹ áiëüøîþ âiä òîâùèíè ìåòàëó. Ó ðiçíèõ ðîçâiäêàõ ïîêàçàíî, ùî òàêå

âðàõóâàííÿ âåäå äî îòðèìàííÿ êîðåêòíèõ çíà÷åíü äëÿ õiìi÷íîãî ïîòåíöiàëó

µ òà îñöèëÿöiéíî¨ êàðòèíè éîãî ïîâåäiíêè â çàëåæíîñòi âiä òîâùèíè ìåòàëó.

Îñêiëüêè âiä õiìi÷íîãî ïîòåíöiàëó çàëåæàòü çíà÷åííÿõ õâèëüîâîãî âåêòîðà

Ôåðìi, ÿêèé â ñâîþ ÷åðãó âèçíà÷à¹ ÷èñëî ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ

â ìåòàëi. Çàñòîñóâàííÿ îïèñàíî¨ ìîäåëi äî ðîçðàõóíêiâ ïàðàìåòðiâ ñèñòåìè

ïîêàçàëè çíà÷íå ïîêðàùåííÿ óçãîäæåííÿ iç åêñïåðèìåíòàëüíèìè äàíèìè äëÿ

SiO2Ag/Si òà, áiëüø òîãî, ïîêàçàíî, ùî ÷àñòîòíèé ñïåêòð ïëàçìîíà ïîâòîðþ¹

çàëåæíó âiä òîâùèíè õàðàêòåðíó îñöèëÿöiéíó ïîâåäiíêó õiìi÷íîãî ïîòåíöiàëó.
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Äîäàòêîâî ïîêàçàíî, ùî õàðàêòåð òàêî¨ êàðòèíè â çíà÷íié ìiði çàëåæèòü âiä

êîíöåíòðàöi¨ âiëüíèõ íîñi¨â çàðÿäó â ìåòàëi. Òàêîæ âiäçíà÷à¹òüñÿ ïîìiòíå

çàòóõàííÿ àìïëiòóäè îñöèëÿöié çi çáiëüøåííÿì òîâùèíè ìåòàëåâî¨ ïëiâêè.

Ïîäàëüøå óäîñêîíàëåííÿ ìîäåëi ïîëÿãà¹ ó ñïðîái âðàõóâàòè âïëèâ

åëåêòðîí-åëåêòðîííî¨ âçà¹ìîäi¨ (êóëîíiâñüêèõ êîðåëÿöié). Â óìîâàõ îïèñàíèõ

ðàíiøå äîñëiäæåíî åëåêòðîííó ñèñòåìó òà çíàéäåíî çíà÷åííÿ äëÿ õiìi÷íîãî

ïîòåíöiàëó ç âðàõóâàííÿì öi¹¨ âçà¹ìîäi¨. Âàðòî òóò îäðàçó çàçíà÷èòè,

ùî ðîçãëÿä âïëèâó êîðåëÿöié îáìåæó¹òüñÿ òóò ¨õ âêëàäîì ó õiìi÷íèé

ïîòåíöiàë òà íåõòó¹òüñÿ öèì âêëàäîì â óñi iíøi ïàðàìåòðè ñèñòåìè.

Îòðèìàíi ðåçóëüòàòè ìàòåìàòè÷íîãî ìîäåëþâàííÿ äàþòü äîáðå óçãîäæåííÿ

ç åêñïåðèìåíòàëüíèìè äàíèìè ïåðåäîâñiì çà ðàõóíîê òîãî, ùî ðîçðàõîâàíi

çíà÷åííÿ äëÿ õiìi÷íîãî ïîòåíöiàëó àòîìíî-òîíêî¨ ìåòàëåâî¨ ïëiâêè íàéêðàùå

âiäïîâiäàþòü ðåàëüíèì äàíèì. Âiäìi÷åíà âèùå îñöèëÿöiéíà ïîâåäiíêà

÷àñòîòíîãî ñïåêòðó ñïîñòåðiãà¹òüñÿ i â öèõ óìîâàõ, àëå õàðàêòåðèçó¹òüñÿ

çíà÷íî áiëüøî¨ àìïëiòóäîþ â çàëåæíîñòi âiä òîâùèíè ìåòàëåâî¨ ïëiâêè òà,

âiäïîâiäíî, êiëüêîñòi ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ.

Ñóòü äîñëiäæåííÿ ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ õâèëü â ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê â öié ðîáîòi ïîëÿãà¹ ó ïîñëiäîâíîìó ïðîöåñi

ïîáóäîâè ìàòåìàòè÷íî¨ ìîäåëi, ïî÷èíàþ÷è âiä ðîçãëÿäó ìåòàëåâîãî ïðîøàðêó

ÿê 2D ïðîâiäíî¨ ñèñòåìè òà çàñòîñóâàííÿ êëàñè÷íèõ i êâàçiêëàñè÷íèõ ìîäåëåé

ïðîâiäíîñòi äî âðàõóâàííÿ â ôóíêöi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi êâàíòîâèõ

åôåêòiâ, ÿêi ðàíiøå íå áðàëèñü äî óâàãè. Òàêèé ïiäõiä äîçâîëèâ ïîêàçàòè ÿê

i â ÿêèõ óìîâàõ äîñòàòíiì ¹ âèêîðèñòàííÿ êëàñè÷íèõ ïiäõîäiâ i ÿêi ¹ ¨õ ìåæi

çàñòîñóâàííÿ, òà ïðè ÿêèõ óìîâàõ âàðòî óñêëàäíþâàòè ìàòåìàòè÷íó ìîäåëü

åôåêòàìè, ÿêi âàæëèâi òiëüêè äëÿ ñèñòåì iç ïåâíîþ ðîçìiðíiñòþ. Ïîêàçàíî,

ùî âðàõóâàííÿ ïðîñòîðîâî¨ äèñïåðñi¨ òà êîðåêòíå çàñòîñóâàííÿ óìîâè

åëåêòðîíåéòðàëüíîñòi äëÿ íàáëèæåííÿ íåçàëåæíèõ åëåêòðîíiâ äà¹ ïîìiòíî

êðàùå óçãîäæåííÿ ç åêñïåðèìåíòîì òà âèÿâëÿ¹ ñïåöèôi÷íó õàðàêòåðíó

ïîâåäiíêó ÷àñòîòíîãî ñïåêòðó. Âiäõiä æå âiä ðîçãëÿäó åëåêòðîííî¨ ñèñòåìè ÿê

íåâçà¹ìîäiþ÷î¨, à òî÷íiøå, âðàõóâàííÿ êóëîíiâñüêèõ êîðåëÿöié, äà¹ íàéêðàùå

óçãîäæåííÿ ç-ïîìiæ óñiõ ðîçðîáëåíèõ ó öié ðîáîòi ìîäåëåé. Îñíîâíèì

ïðàêòè÷íèì çäîáóòêîì ïðîâåäåíîãî äîñëiäæåííÿ ¹ âñòàíîâëåííÿ ôàêòó,

ùî äëÿ àòîìíî-òîíêèõ ìåòàëåâèõ ïëiâîê íåîáõiäíî âðàõîâóâàòè êâàíòîâó
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ïðèðîäó ïîâåäiíêè åëåêòðîíiâ â ìåòàëi i öå äîçâîëÿ¹ êðàùå ðîçóìiòè ïðèðîäó

äîñëiäæóâàíîãî ïðîöåñó òà îòðèìàòè ÿêiñíî òà êiëüêiñíî êðàùi ðåçóëüòàòè.

Êëþ÷îâi ñëîâà: ïëàçìîíiêà, ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè, äèñïåðñiéíå

ðiâíÿííÿ, äiåëåêòðè÷íà ïðîíèêíiñòü ìåòàëó, àòîìíî-òîíêà ìåòàëåâà ïëiâêà,

ìàòåìàòè÷íå ìîäåëþâàííÿ ïîøèðåííÿ ïîâåðõíåâèõ ïëàçìîí-ïîëÿðèòîíiâ,

åëåêòðîíåéòðàëüíiñòü, êóëîíiâñüêi êîðåëÿöi¨.
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ABSTRACT

PolovyiV.Ye. Modeling of plasmon-polariton propagation in strati�ed

structures. � Quali�cation scienti�c work on the rights of a manuscript.

The thesis for the Philosophy Doctor (Ph.D.) degree in specialty 11 �Applied

Mathematics� (11 �Mathematics and Statistics�). � Lviv Polytechnic National

University, Lviv, Ukraine, 2021.

The dissertation is devoted to the research of the process of propagation

of surface plasmon-polariton waves in heterogeneous dielectric/metal/dielectric

structures at the dielectric/metal boundary and the in�uence of metal layer

thickness, electroneutrality conditions, and Coulomb correlations of electrons in

a metal.

Various metal layers, such as silver (Ag), gold (Au), aluminum (Al), which

are characterized by a high concentration of charge carriers, are considered by

mathematical modeling of the dependence of frequency on the wave vector. These

metal layers are sandwiched between dielectrics, which may be a vacuum, SiO2

or other polymeric compounds and the like. To �nd the frequency spectrum

(or dispersion spectrum) in all cases, we initially solved the system of Maxwell's

macroscopic equations for each medium. Applying the integral Fourier transform

�rst for the time variable t and then for the coordinates (x, y) in the plane of

the metal layer results in a system of wave equations. In cases when we consider

the metal layer as a two-dimensional electronic system whose dielectric constant

depends only on the time variable/frequency (the system is characterized only

by a time dispersion), the wave equation in the metal region has an analytical

solution. In cases when the dielectric constant of the metal is also a function

of coordinates (the system is characterized by a spatial dispersion) to obtain an

analytical solution, it is necessary to formulate additional model assumptions.

The obtained solutions in each of the mentioned cases are connected using the

conditions of continuity of electromagnetic �elds at the boundaries of the media.

From these conditions, we obtain the dispersion relation for the calculation of

values of a frequency spectrum of plasmons.

To �nd the frequency spectrum of plasmon waves it is important to model the

metal layer [80]. We used the classical Drude-Lorentz theory for this purpose in
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a signi�cant number of works on the study of the propagation of plasmon waves.

Despite all the shortcomings of this model [80, 81] in particular, the neglect of

the interaction of electrons and lattice ions, the assumption that the free path

of electrons does not depend on temperature, this model for metal layers with

thickness bigger than nanoscale gives a fairly good agreement with experimental

data. During mathematical modeling in the �rst stage, the plasmon spectrum was

calculated for the Drude model and compared with the results obtained for the

quantum Random Phase Approximation (RPA) model. In this case, we consider

the metal layer as a 2D electronic system with area that is in�nitely big compared

to the size of the studied system along OZ. The simulation results showed that for

small values of the wave vector the values of the frequency spectrum in both cases

are almost the same but di�er signi�cantly for larger values of the wave vector.

These results are consistent with the results obtained in other works reviewed in

this study.

The next goal of this work was to study the e�ect of a spatial dispersion on

the behavior of the frequency spectrum, in particular for the case of atomically

thin metal �lms. In this model, we considered the metal as an electron gas placed

in a potential well, the walls of which are dielectric media. This model allows

us to investigate the dependence of the dielectric constant on the z coordinate

and take into account the dependence of the frequency spectrum behavior on the

thickness of the metal. Since in the proposed mathematical model, the propagation

of plasmon waves, as already noted, the dispersion relation depends on the solution

of the wave equation. Then to obtain analytical solutions for these equations, we

used the expansion of the magnetic �eld strength into a series on powers of a small

parameter. This parameter is the ratio between the real dielectric constant and

its average value calculated along the z coordinate. Mathematical modeling for

the structure with parameters that correspond to the heterogeneous plasmonic

con�guration SiO2/Ag/Si show that for metal �lms with a thickness that is

measured in atomic monolayers, the results for our model have better agreement

with experimental data compared to the Drude model and with the increasing

number of monolayers goes from the bottom to the values calculated for the Drude

model with the same physical parameters for the areas of the studied structures.

Although the construction of the model, which allowed to study the in�uence
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of metal thickness on the frequency spectrum of plasmon waves, brought the

simulation results closer to the experimental data, further improvement of the

simulation results was necessary. To do this, we considered additional model

assumptions as to which physical phenomena and processes can better describe

the object of study and improve the results obtained. It should be noted that

all the following physical processes are quantum in nature and are related to the

behavior of electrons in the metal system and their penetration into the dielectrics

zones at the boundaries of contact with the metal layer.

Numerous studies have shown that for nanoscale atomic-thin metal �lms,

quantum-dimensional e�ects play a signi�cant role in the behavior of the metal

system, so it is logical to assume that these e�ects will also a�ect the behavior

of the plasmon wave propagating on the metal surface. It was initially proposed

to consider the e�ect of electron penetration into the dielectric layer due to the

correct consideration of the electroneutrality condition in the "jellium" model

for the electron system due to the proven fact that the width of a potential

well is greater than the metal thickness. Various investigations have shown that

such consideration yields the correct values for the chemical potential µ and the

oscillating picture of its behavior depending on the thickness of the metal. Because

the values of the Fermi wave vector depend on the chemical potential, which in

turn determines the number of levels of dimensional quantization in the metal. The

application of the described model to the calculations of the system parameters

showed a signi�cant improvement in the agreement with the experimental data for

SiO2/Ag/Si and, moreover, it was shown that the plasmon frequency spectrum

repeats the thickness-dependent characteristic oscillating behavior of the chemical

potential. Additionally, it is shown that the nature of such a picture largely depends

on the concentration of free charge carriers in the metal. There is also a noticeable

attenuation of the amplitude of oscillations with increasing thickness of the metal

�lm.

Further improvement of the model is an attempt to study the in�uence

of electron-electron interaction (Coulomb correlations). Under the conditions

described earlier, the electronic system was investigated and the value for the

chemical potential was found taking into account this interaction. It should be

noted here that the consideration of the in�uence of correlations is limited here by
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their contribution to the chemical potential and we neglect this contribution to all

other parameters of the system. The obtained results give good agreement with

the experimental data, primarily because the calculated values for the chemical

potential of the atomically thin metal �lm best correspond to the experimental

data. The above-mentioned oscillating behavior of the frequency spectrum is

observed in these conditions but is characterized by a much larger amplitude

depending on the thickness of the metal �lm and, accordingly, the number of

levels of dimensional quantization.

The essence of the study of the propagation of plasmon-polariton waves in

dielectric/metal/dielectric structures in this work is the sequential process of

building a mathematical model, starting from the consideration of the metal layer

as a 2D conducting system and the application of classical and quasi-classical

conductivity models, which were not previously taken into account. This approach

allowed us to show how and under what conditions the use of classical approaches

is su�cient and what are their limits of application, and under what conditions it

is necessary to complicate the mathematical model with e�ects that are important

only for systems with a certain dimension. Showed that taking into account the

spatial dispersion and the correct application of the electroneutrality condition for

the approximation of independent electrons gives a signi�cantly better agreement

with the experiment and reveals a speci�c characteristic behavior of the frequency

spectrum. The departure from the consideration of the electronic system as non-

interacting, or rather, taking into account Coulomb correlations, gives the best

agreement among all the models developed in this paper. The main practical

achievement of the study is to establish the fact that for atomically thin metal

�lms it is necessary to take into account the quantum nature of the behavior of

electrons in metal and it allows to better understand the nature of the process and

get better and quantitatively better results. The main practical achievement of

the study is to establish the fact that for atomically thin metal �lms it is necessary

to take into account the quantum nature of the behavior of electrons in the metal

and it leads to a better understanding of the nature of the process and yields

qualitatively and quantitatively better results.

Keywords: plasmonics, surface plasmon polaritons, dispersion relation,

dielectric constant of metal, atomically thin metal �lm, mathematical modeling
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of surface plasmon-polariton propagation, electroneutrality, Coulomb correlations.

11



Ñïèñîê ïóáëiêàöié çäîáóâà÷à

1. Kostobij P., PolovyiV., PavlyshV., NevinskyiD. SPP waves in �dielectric-

metal-dielectric� structures: in�uence of exchange correlations // Math.

Model. Comput. 2018. Vol. 4, no. 2, P.148-155.

2. Kostobij P., PolovyiV. Surface plasmon polaritons in dielectric/metal/

dielectric structures: metal layer thickness in�uence // Math. Model.

Comput. 2019. Vol.6, no.1, P. 109-115.

3. Kostobij P.,MarkovychB., PolovyiV. In�uence of the electroneutrality of a

metal layer on the plasmon spectrum in dielectric-metal-dielectric structures

// Math. Model. Comput. 2019. Vol.6, no.2, P. 297-303.

4. Kostobij P.,MarkovychB., PolovyiV. Frequency spectrum of surface

plasmon-polariton waves: in�uence of Coulomb correlations // Math. Model.

Comput. 2020. Vol.7, no.1, P. 140-145.

Íàóêîâi ïðàöi, ÿêi çàñâiä÷óþòü àïðîáàöiþ ìàòåðiàëiâ äèñåðòà-

öi¨:

5. Kostobij P., PolovyiV. Plasmon-polariton waves in the structures �dielectric-

metal-dielectric�: Experiment and modeling // XIth International Scienti�c

and Technical Conference Computer Sciences and Information Technologies

(CSIT), 2016, P. 208-211.

6. ÊîñòðîáiéÏ.Ï.,ÏîëüîâèéÂ.�. Ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ

õâèëü â ñòðóêòóðàõ äiåëåêòðèê-ìåòàë-äiåëåêòðèê // Ñó÷àñíi

ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, îá÷èñëþâàëüíèõ ìåòîäiâ

òà iíôîðìàöiéíèõ òåõíîëîãié, 2-4 áåðåçíÿ 2018 ðîêó, Ðiâíå, Óêðà¨íà,

2018, Ñ. 57-58.

7. Kostobij P., PolovyiV. In�uence of the thickness of a metal nano�lm on the

spectrum of surface plasmons // IEEE 15th International Conference on the

Experience of Designing and Application of CAD Systems (CADSM), 26

Feb.-2 March 2019, Polyana, Ukraine, 2019, P. 1-4.

12



8. KostobiyP., PolovyiV. The in�uence of the electroneutrality of the metal

layer on the plasmon spectrum in "dielectric-metal-dielectric"structures

// Modeling, Control and Information Technologies: Proceedings of

International Scienti�c and Practical Conference, (3), 14-16 November,

Rivne, Ukraine, 2019, P. 141-144.

9. KostobiyP., PolovyiV. The behaviour of the surface plasmon spectrum in

heterogeneous structures depending on the thickness of the metal layer //

Nanotechnology and nanomaterials (NANO-2019) : international research

and practice conference, 27�30 August 2019, Lviv, Ukraine : book of

abstracts, 2019, P. 533.

10. KostobiyP., PolovyiV. The behaviour of the surface plasmon spectrum in

heterogeneous structures depending on the thickness of the metal layer //

Nanotechnology and nanomaterials (NANO-2020) : international research

and practice conference, 26�29 August 2020, Lviv, Ukraine : book of

abstracts, 2020, P. 501.

11. Êîñòðîáié Ï. Ï., Ìàðêîâè÷ Á. Ì., Ïîëüîâèé Â. �. ×àñòîòíèé ñïåêòð

ïëàçìîí-ïîëÿðèòîííèõ õâèëü: âïëèâ êóëîíiâñüêèõ êîðåëÿöi¨ // 16-òà

Âiäêðèòà íàóêîâà êîíôåðåíöiÿ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà

ôóíäàìåíòàëüíèõ íàóê (IÌÔÍ) : çáiðíèê ìàòåðiàëiâ êîíôåðåíöi¨, 6�7

ëþòîãî, Ëüâiâ, 2020 ð, 2020, C. 85�86.

12. Kostobij P., PolovyiV.MarkovychB. Modeling of a Surface Plasmons

Frequency Spectrum in Dielectric/metal/dielectric Structures: the In�uence

of the Coulomb Correlations // IEEE 15th International Conference on

Computer Sciences and Information Technologies (CSIT), 23-26 Sept. 2020,

Zbarazh, Ukraine, 2020, P. 1-4.

13. Kostrobij P.,MarkovychB., PolovyiV. Frequency spectrum of surface

plasmon-polariton waves: in�uence of Coulomb correlations. // XXII

International Seminar on Physics and Chemistry of Solids, June 17-19, 2020

Lviv, Ukraine, P. 23.

13



14. Kostrobij P.,MarkovychB., PolovyiV. Study of SSPs Waves Frequency

Spectrum in Atomically-Thin Films: Case of Electron-Electron Interaction.

// IEEE 11th International Conference �Nanomaterials: Applications &

Properties� (IEEE NAP � 2021), September 5-11, 2021 Odesa, Ukraine.

14



Çìiñò

Ïåðåëiê óìîâíèõ ïîçíà÷åíü 17

Âñòóï 18

Îãëÿä ëiòåðàòóðè 23

1.1 Ñõåìà çáóäæåííÿ ïëàçìîííèõ õâèëü . . . . . . . . . . . . . . . . 26

1.2 Ìîäåëi îïèñó ïëàçìîííèõ õâèëü òà ïðîâiäíîãî ñåðåäîâèùà . . . 29

1.2.1 Ìîäåëü Äðóäå äiåëåêòðè÷íî¨ ïðîíèêíîñòi ìåòàëó . . . . . 31

1.2.2 Êâàçiêëàñè÷íi ïiäõîäè äî ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â øàðóâàòèõ ñòðóêòóðàõ . 34

1.3 ×èñëîâi ìåòîäè äîñëiäæåííÿ ïëàçìîííèõ õâèëü . . . . . . . . . 39

1.3.1 Ìåòîä ôóð'¹-ìîä . . . . . . . . . . . . . . . . . . . . . . . 39

1.3.2 Ìåòîä òðàíñôåð-ìàòðèöi . . . . . . . . . . . . . . . . . . 41

2 Ìàòåìàòè÷íå ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê 44

2.1 Ðåçóëüòàòè åêñïåðèìåíòàëüíèõ äîñëiäæåíü . . . . . . . . . . . . 44

2.2 Ïîñòàíîâêà çàäà÷i ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ â ñòðóêòó-

ðàõ äiåëåêòðèê/ìåòàë/äiåëåêòðèê . . . . . . . . . . . . . . . . . 45

2.3 Âèñíîâêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3 Êâàíòîâi ìîäåëi ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ õâèëü â

øàðóâàòèõ ñòðóêòóðàõ 59

3.1 Êâàíòîâi ìåòîäè îïèñó äiåëåêòðè÷íî¨ ôóíêöi¨ ìåòàëåâîãî

ïðîøàðêó â øàðóâàòèõ ñòðóêòóðàõ . . . . . . . . . . . . . . . . . 60

15



3.2 Êâàíòîâi ìîäåëi äiåëåêòðè÷íî¨ ôóíêöi¨ ìåòàëåâîãî ïðîøàðêó ç

âðàõóâàííÿì ïðîñòîðîâî¨ äèñïåðñi¨ . . . . . . . . . . . . . . . . . 63

3.3 Äîñëiäæåííÿ âïëèâó óìîâè åëåêòðîíåéòðàëüíîñòi òà êóëîíiâ-

ñüêèõ êîðåëÿöié íà ñïåêòð ïëàçìîí-ïîëÿðèòîííèõ õâèëü . . . . 70

3.3.1 Óìîâà åëåêòðîíåéòðàëüíîñòi . . . . . . . . . . . . . . . . 71

3.3.2 Êóëîíiâñüêi êîðåëÿöi¨ . . . . . . . . . . . . . . . . . . . . 79

3.4 Âèñíîâêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4 Ìàòåìàòè÷íå ìîäåëþâàííÿ ïîøèðåííÿ ïëàçìîí-

ïîëÿðèòîííèõ õâèëü â ðåàëüíèõ ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê 88

4.1 Ïëàçìîí-ïîëÿðèòîííi õâèëi äëÿ âèïàäêó íàäòîíêèõ ìåòàëåâèõ

ïðîøàðêiâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2 Âðàõóâàííÿ òîâùèíè ìåòàëåâîãî ïðîøàðêó íà ñïåêòð ïëàçìîí-

ïîëÿðèòîííèõ õâèëü . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.3 Âèñíîâêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Âèñíîâêè 98

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè 101

Äîäàòêè 115

À Òåêñòè êîìï'þòåðíèõ ïðîãðàì 115

À.1 Ðîçðàõóíîê ìîäåëi Äðóäå òà RPA äëÿ 2D ìåòàëåâîãî ïðîøàðêó 115

À.2 Ðîçðàõóíîê ç âðàõóâàííÿì òîâùèíè ÀÒÌÏ . . . . . . . . . . . . 116

À.3 Ðîçðàõóíîê ç âðàõóâàííÿì êâàíòîâèõ åôåêòiâ . . . . . . . . . . 117

16



Ïåðåëiê óìîâíèõ ïîçíà÷åíü

ÏÏÕ - ïîëàçìîí-ïîëÿðèòîííà õâèëÿ

ÀÒÌÏ - àòîìíî-òîíêà ìåòàëåâà ïëiâêà

ÄÌÄ - äiåëåêòðèê/ìåòàë/äiåëåêòðèê

ÄÀÄ - äiåëåêòðèê/ÀÒÌÏ/äiåëåêòðèê

ÌØ/ML - ìîíîøàð

RPA - íàáëèæåííÿ âèïàäêîâèõ ôàç

DFT - òåîðiÿ ôóíêöiîíàëó ãóñòèíè

∇· - îïåðàòîð äèâåðãåíöi¨

∇× - îïåðàòîð ðîòîðà

17



Âñòóï

Àêòóàëüíiñòü òåìè. Ïîïðè òå, ùî äâà îñíîâíèõ îá'¹êòè âèâ÷åííÿ

íàóêè ïëàçìîíiêè ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè òà ëîêàëiçîâàíi ïîâåðõíåâi

ïëàçìîí-ïîëÿðèòîíè ïî÷àëè âèâ÷àòèñÿ ùå íà ïî÷àòêó 1990-x [1], çîêðåìà

â ïðàöÿõ òà À. Çîììåðôåëüäà [2], É. Öåííiêå [3] òà Âóäà [4], é

òåïåð ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè âiäêðèâàþòüñÿ äëÿ çàñòîñóâàííÿ ó

ðiçíîìàíiòíèõ êîíòåêñòàõ i ñôåðàõ, òà çíàõîäÿòü äåäàëi íîâi çàñòîñóâàííÿ.

Íà ñó÷àñíîìó åòàïi, ïëàçìîíiêà çàâäÿ÷ó¹ ñâî¹ìó ñòðiìêîìó ðîçâèòêó òîìó,

ùî äëÿ âèâ÷åííÿ ÿâèù, ÿêi îïèñó¹ öÿ íàóêà íàÿâíi óñi íåîáõiäíi çàñîáè,

à ñàìå: òåõíîëîãi¨ äëÿ ïîáóäîâè ñòðóêòóð ó íàíîìàñøòàáàõ, âèñîêîòî÷íi

òà âèñîêî÷óòëèâi îïòè÷íi òåõíîëîãi¨ äëÿ âèìiðó õàðàêòåðèñòèê, ïîòóæíi ó

îá÷èñëþâàëüíîìó ïëàíi çàñîáè ìîäåëþâàííÿ.

Áàçîâèì çàñòîñóâàííÿì ïëàçìîí-ïîëÿðèòîííèõ õâèëü â òàê çâàíèõ

ïëàçìîííèõ ñòðóêòóðàõ (òîáòî, ñòðóêòóðàõ, â ÿêèõ çáóäæóþòüñÿ ïëàçìîíè)

¹ ñòâîðåííÿ íà ¨õíié îñíîâi êîìïàêòíèõ âèñîêî÷óòëèâèõ îïòè÷íèõ õâèëåâîäiâ

[1, 5], ïëàçìîííèõ áiîñåíñîðiâ [6�8], ïðèçíà÷åíèõ äëÿ âèâ÷åííÿ ðiçíîìàíiòíèõ

àíàëiçiâ íà íàÿâíiñòü äîìiøêîâèõ ðå÷îâèí, ÄÍÊ òà äi¨ ëiêiâ ó ðåàëüíèõ

âiäðiçêàõ ÷àñó òîùî, ðîáîòà ÿêèõ çàñíîâàíà íà åôåêòi ðåçîíàíñó ïîâåðõíåâèõ

ïëàçìîíiâ [9] òà ïðèñòðîÿõ ëàçåðíî¨ ñòåòîñêîïi¨ [10]. Òàêîæ, îñêiëüêè,

íà íàíîìàñøòàáàõ ïëàçìîíè õàðàêòåðèçóþòüñÿ âèñîêîþ ëîêàëiçàöi¹þ òà

çðîñòàííÿì iíòåíñèâíîñòi, òî ïåðñïåêòèâíîþ ãàëóççþ ¹ êåðóâàííÿ õâèëÿìè

ñâiòëà ñàìå íà íàíîìàñøòàáàõ. Äîäàòêîâî âàðòî âiäçíà÷èòè, ùî ùå îäíèì

âàæëèâèì çàñòîñóâàííÿì ïëàçìîíiêè ¹ âèêîðèñòàííÿ â ÿêîñòi ïðîâiäíîãî

ìàòåðiàëó ïëàíàðíîãî ãðàôåíó [11�15], ÿêèé çàáåçïå÷ó¹ âèñîêó àêòèâíiñòü

íîñi¨â çàðÿäó [13,16] òà, ÿê íàñëiäîê, âåäå äî ìåíøèõ âòðàò ïëàçìîíiâ [14,15,17].

Iùå îäíå ïåðñïåêòèâíå çàñòîñóâàííÿ ïëàçìîíiêè, ÿêå âëàñíå íàñ ó

öié ðîáîòi é íàéáiëüøå öiêàâèòèìå, � öå âèêîðèñòàííÿ äëÿ çáóäæåííÿ

18



ïëàçìîííèõ õâèëü ãåòåðîãåííèõ ñòðóêòóð ìåòàë-äiåëåêòðèê, çîêðåìà òàêèõ

ÿê, äiåëåêòðèê/ìåòàë, ìåòàë/äiåëåêòðèê ÷è äiåëåêòðèê/ìåòàë/äiåëåêòðèê [1,

18�25,27]. Âèêîðèñòàííÿ ðiçíèõ ìàòåðiàëiâ äëÿ ìåòàëó ÷è äiåëåêòðèêiâ äàþòü

çìîãó îòðèìàòè ïëàçìîííi õâèëi ç ðiçíèìè iíòåãðàëüíèìè õàðàêòåðèñòèêàìè,

ÿê-îò ÷àñòîòîþ ÷è äîâæèíîþ ïîøèðåííÿ.

Çâàæàþ÷è íà øèðîòó çàñòîñóâàííÿ, ðiçíîìàíiòíi âëàñòèâîñòi öèõ õâèëü òà

çãàäàíó óæå íàÿâíiñòü íåîáõiäíîãî iíñòðóìåíòàðiþ äëÿ ïðîâåäåííÿ äîñëiäæåíü

ÿê ìàòåìàòè÷íîãî òàê é åêñïåðèìåíòàëüíîãî, öÿ òåìàòèêà òàêîæ ïðèòÿãó¹

óâàãó áàãàòüîõ â÷åíèõ åêñïåðèìåíòàòîðiâ [25,27,29�32].

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ó ÿêîñòi îá'¹êòà äîñëiäæåííÿ âè-

áðàíî êîëåêòèâíi çáóäæåííÿ åëåêòðîííî¨ ãóñòèíè íà ïîâåðõíi ìåòàëó

� ïëàçìîí-ïîëÿðèòîííi õâèëi (ÏÏÕ) ó ãåòåðîãåííèõ ñòðóêòóðàõ äiåëå-

êòðèê/ìåòàë/äiåëåêòðèê (ÄÌÄ).

Ïðåäìåòîì äîñëiäæåííÿ ¹ ïîøèðåííÿ ÏÏÕ ó ÄÌÄ, òà âïëèâ êóëîíiâñüêèõ

êîðåëÿöié íà ÷àñòîòíèé ñïåêòð ÏÏÕ, äå äiåëåêòðèêè ðîçãëÿíóòî ÿê àáñîëþòíî

íåïðîâiäíi ñåðåäîâèùà, à ìåòàëåâi ïðîøàðêè ¹ àòîìíî-òîíêi ìåòàëåâi ïëiâêè

(ÀÒÌÏ).

Ìåòà ðîáîòè � ìîäåëþâàííÿ ïðîöåñiâ çáóäæåííÿ òà ïîøèðåííÿ ÏÏÕ,

âèâ÷åííÿ çàëåæíîñòi ïîâåäiíêè ÏÏÕ âiä õàðàêòåðèñòèê ìàòåðiàëiâ ñòðóêòóðè,

ÿê-îò äiåëåêòðè÷íèõ ïðîíèêíîñòåé ñåðåäîâèù, òîâùèíè ÀÒÌÏ, êóëîíiâñüêèõ

êîðåëÿöié.

Äëÿ äîñÿãíåííÿ ìåòè ñôîðìóëüîâàíî òàêi çàâäàííÿ:

� âèâ÷åííÿ âïëèâó ÷àñòîòíî¨ òà ïðîñòîðîâî¨ äèñïåðñi¨ (íåñòàöiîíàðíîñòi)

íà ïîøèðåííÿ ÏÏÕ;

� âñòàíîâëåííÿ çàëåæíîñòi ìiæ òîâùèíîþ ìåòàëåâîãî ïðîøàðêó òà

ïîâåäiíêîþ ÷àñòîòíîãî ñïåêòðó ÏÏÕ;

� ôîðìóëþâàííÿ àëüòåðíàòèâíîãî äî ìîäåëi Äðóäå ÷è àïðîêñèìàöi¨

âèïàäêîâèõ ôàç (RPA) ïiäõîäó äî îïèñó äiåëåêòðè÷íî¨ ïðîíèêíîñòi

ìåòàëó â êîíòåêñòi ¨¨ âïëèâó íà ÷àñòîòíèé ñïåêòð;

� äîñëiäæåííÿ âïëèâó óìîâè åëåêòðîíåéòðàëüíîñòi òà ìiæåëåêòðîííî¨

âçà¹ìîäi¨ (êóëîíiâñüêèõ êîðåëÿöi¨).
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Ùîäî ìåòîäiâ äîñëiäæåííÿ, òî äëÿ ïîøóêó âèðiøåííÿ ïîñòàâëåíèõ

çàâäàíü ïðîâåäåíî åòàï ïîáóäîâè áàçîâî¨ ìàòåìàòè÷íî¨ ìîäåëi äîñëiäæóâàíîãî

ÿâèùà iç ïîäàëüøèì äîïîâíåííÿì, ñïðîùåííÿì ÷è óñêëàäíåííÿì îòðèìàíî¨

ìîäåëi, â çàëåæíîñòi âiä ÷àñòèíè àáî õàðàêòåðèñòèêè ïðîöåñó, íà ÿêié

àêöåíòóâàëàñü óâàãà ïðî âèêîíàííi êîíêðåòíî âçÿòîãî çàâäàííÿ. Çîêðåìà,

áóëî âèêîðèñòàíî êëàñè÷íi ìåòîäè ìàêðîñêîïi÷íî¨ åëåêòðîäèíàìiêè, êâàíòîâî

ìåõàíi÷íi ìåòîäè äîñëiäæåííÿ ïîâåäiíêè åëåêòðîíà â ïðîñòîðîâî-îáìåæåíèõ

ñòðóêòóðàõ.

Ìàòåìàòè÷íó ìîäåëü òà óñi ¨¨ îäåðæàíi âàðiàöi¨ ïåðåíåñåíî ó ïðîãðàìíèé

êîä i ïðîâåäåíî åòàï êîìï'þòåðíîãî ìîäåëþâàííÿ. Öå äîçâîëèëî îòðèìàòè

÷àñòîòíèé ñïåêòð äëÿ êîæíîãî âèïàäêó òà, â îêðåìèõ âèïàäêàõ, äîâæèíó

ïîøèðåííÿ ÏÏÕ.

Âåðèôiêàöiþ îäåðæàíèõ ðåçóëüòàòiâ ïðîâåäåíî ÿê ïîðiâíþþ÷è ¨õ ç

åêñïåðèìåíòàëüíèìè äàíèìè äëÿ àíàëîãi÷íèõ ñòðóêòóð, òàê i âèêîðèñòîâóþ÷è

àïðîáîâàíi ìåòîäè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, à òàêîæ â õîäi ïðåçåíòàöié

òà îáãîâîðåííÿ íà íàóêîâèõ êîíôåðåíöiÿõ, çîêðåìà é ìiæíàðîäíèõ.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ ïîëÿãà¹ ó ðîçâ'ÿçàííi

íàóêîâîãî çàâäàííÿ ðîçâèòêó ìàòåìàòè÷íèõ ìåòîäiâ ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîííèõ çáóäæåíü â ñòðóêòóðàõ ç àòîìíî-òîíêèì ïðîâiäíèì ïðîøàðêîì.

Çà ðåçóëüòàòàìè äèñåðòàöiéíî¨ ðîáîòè âèçíà÷åíî ìåæi çàñòîñóâàííÿ ìîäåëi

Äðóäå äiåëåêòðè÷íî¨ ïðîíèêíîñòi ìåòàëåâîãî ïðîøàðêó, ÿêùî ¨õíÿ òîâùèíà

ñòàíîâèòü âiä êiëüêîõ äî äåñÿòêiâ àòîìíèõ ìîíîøàðiâ (ÌØ) i â ïàðàëåëüíîìó

âñòàíîâëåííi ôàêòó ïåðåâàãè çàñòîñóâàííÿ êâàíòîâîìåõàíi÷íîãî îïèñó

äiåëåêòðè÷íî¨ ïðîíèêíîñòi â öüîìó êîíêðåòíîìó âèïàäêó.

� Âïåðøå äîâåäåíî íåîáõiäíiñòü âðàõóâàííÿ êâàíòîâîðîçìiðíèõ åôåêòiâ

ïðè ðîçãëÿäi ÀÒÌÏ.

� Âïåðøå ïîêàçàíî âïëèâ óìîâè åëåêòðîíåéòðàëüíîñòi â ìåòàëi íà

÷àñòîòíèé ñïåêòð ÏÏÕ.

� Âïåðøå ïîêàçàíî âïëèâ êóëîíiâñüêèõ êîðåëÿöié â ìåòàëi íà ÷àñòîòíèé

ñïåêòð ÏÏÕ.
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� Âïåðøå âiäçíà÷åíî, ùî ïîâåäiíêà ñïåêòðó çàëåæèòü ÿê âiä òîâùèíè

ÀÒÌÏ òà êóëîíiâñüêèõ êîðåëÿöié.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ ïîëÿãà¹ ó îòðèìàííi

êàðòèíè ïîøèðåííÿ ÏÏÕ íà ïîâåðõíi óëüòðàòîíêèõ ìåòàëåâèõ ïðîøàðêiâ.

Îòðèìàíi ðåçóëüòàòè, íà äóìêó àâòîðà, äîïîâíþþòü óÿâëåííÿ ïðî ïðèðîäó

âèíèêíåííÿ òà ïîøèðåííÿ ÏÏÕ ó ÄÌÄ ñòðóêòóðàõ òà ïîêàçóþòü

âçà¹ìîçâ'ÿçîê öüîãî ÿâèùà ç iíøèìè ôiçè÷íèìè ÿâèùàìè.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Çàäà÷i äîñëiäæåííÿ áóëî ñôîðìóëüî-

âàíî íàóêîâèì êåðiâíèêîì ðîáîòè äîêòîðîì ôiçèêî-ìàòåìàòè÷íèõ íàóê,

çàâiäóâà÷åì êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Ï. Ï. Êîñòðîái¹ì. Ó ñïiëüíèõ

ïóáëiêàöiÿõ àâòîðîì ñàìîñòiéíî âèêîíàíî:

� àíàëiòè÷íå äîñëiäæåííÿ çàäà÷i ïîøèðåííÿ ÏÏÕ ó ãåòåðîãåííié

ïëàçìîííié ÄÌÄ ñòðóêòóði, íà îñíîâi ñèñòåìè ðiâíÿíü Ìàêñâåëà òà

óìîâ íåïåðåðâíîñòi åëåêòðîìàãíiòíèõ ïîëiâ ïðè ðiçíèõ âàðiàíòàõ îïèñó

åëåìåíòiâ ñòðóêòóðè [33];

� ðîçðàõîâàíî òà ïîðiâíÿíî çíà÷åííÿ ÷àñòîòíîãî ñïåêòðó ÏÏÕ äëÿ

ìîäåëåé Äðóäå òà õàîòè÷íèõ ôàç ïðîâiäíîñòi ìåòàëåâîãî ïðîøàðêó

[33,37,38];

� ðîçãëÿíóòî òà äîñëiäæåíî ðiçíîìàíiòíi êâàíòîâi ïiäõîäè äî îïèñó ÀÒÌÏ

ç âðàõóâàííÿì ïðîñòîðîâî¨ äèñïåðñi¨;

� äîñëiäæåíî çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó ÏÏÕ âiä òîâùèíè ìåòàëåâîãî

ïðîøàðêó â ðàìêàõ îïèñó ÀÒÌÏ äëÿ íàáëèæåííÿ íåâçà¹ìîäiþ÷èõ

åëåêòðîíiâ òà ðîçãëÿäó òåíçîðà äiåëåêòðè÷íî¨ ïðîíèêíîñòi, à îòðèìàíi

ðåçóëüòàòè ïîðiâíÿíî iç ðåçóëüòàòàìè îäåðæàíèìè äëÿ ìîäåëi Äðóäå òà

åêñïåðèìåíòàëüíèìè äàíèìè [34,39,41];

� âèâ÷åíî âïëèâ óìîâè åëåêòðîíåéòðàëüíîñòi íà õàðàêòåðó ïîâåäiíêó

÷àñòîòíîãî ñïåêòðó ÏÏÕ òà ïîðiâíÿíî ç åêñïåðèìåíòàëüíèìè äàíèìè

[35,40,43].
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� ðîçãëÿíóòî ìîäåëü ïîâåäiíêè åëåêòðîíiâ â ÀÒÌÏ ç âðàõóâàííÿì

êóëîíiâñüêèõ êîðåëÿöi¨ òà ðîçðàõîâàíî ¨õ âïëèâ íà äîñëiäæóâàíó ñèñòåìó

[36,42�46].

Îòðèìàíi ðåçóëüòàòè îáãîâîðþâàëèñü, àíàëiçóâàëèñü, iíòåðïðåòóâàëèñü

àâòîðîì öüîãî äîñëiäæåííÿ òà ñïiâàâòîðàìè ïóáëiêàöié êîëåêòèâíî.

Àïðîáàöiÿ ðåçóëüòàòiâ äîñëiäæåííÿ. Îñíîâíi ðåçóëüòàòè äîñëiäæåííÿ

äîïîâiäàëèñü òà îáãîâîðþâàëèñü íà êîíôåðåíöiÿõ òà ñåìiíàðàõ: 11th, 15th

International Scienti�c and Technical Conference Computer Sciences and

Information Technologies (Ëüâiâ, 2016 òà Çáàðàæ, 2020), International Conference

on the Experience of Designing and Application of CAD Systems (CADSM)

(Ïîëÿíà, 2019), Modeling, Control and Information Technologies: Proceedings of

International Scienti�c and Practical Conference (Ðiâíå, 2019), Nanotechnology

and nanomaterials (NANO) (Ëüâiâ, 2019 òà 2020), 16-òà Âiäêðèòà íàóêîâà

êîíôåðåíöiÿ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè òà ôóíäàìåíòàëüíèõ íàóê

(Ëüâiâ, 2020), XXII International Seminar on Physics and Chemistry of Solids

(Ëüâiâ, 2020), IEEE 11th International Conference �Nanomaterials: Applications

& Properties� (Îäåñà, 2021).

Ïóáëiêàöi¨. Ïiä ÷àñ âèêîíàííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëiêîâàíî

14 íàóêîâèõ ïðàöü, ç íèõ: 4 ñòàòòi ó ôàõîâèõ íàóêîâèõ âèäàííÿõ (iíäåêñîâàíi

ó Scopus) [33�36,46] òà 10 òåç êîôåðåíöié òà ñåìiíàðiâ [37�43].

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ iç

àíîòàöi¨, âñòóïó, ÷îòèðüîõ ðîçäiëiâ îñíîâíî¨ ÷àñòèíè, çàãàëüíèõ âèñíîâêiâ,

ñïèñêó âèêîðèñòàíèõ äæåðåë iç 171 íàéìåíóâàíü, 1 äîäàòêó, ìiñòèòü 40

ðèñóíêiâ, 5 òàáëèöü. Ïîâíèé îáñÿã äèñåðòàöi¨ 120 ñòîðiíîê.
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Îãëÿä ëiòåðàòóðè

Ó öüîìó ðîçäiëi íàâåäåíî îãëÿä ðîáiò, çäiéñíåíèé ïiä ÷àñ íàïèñàííÿ öüîãî

äîñëiäæåííÿ, òåìàòèêà ÿêèõ ñòîñó¹òüñÿ ÿê i ìàòåìàòè÷íèõ ìîäåëåé çáóäæåííÿ

òà ïîøèðåííÿ ïëàçìîí-ïîëÿðèòîííèõ õâèëü â ðiçíîìàíiòíèõ ãåòåðîãåííèõ

ïëàçìîííèõ ñòðóêòóðàõ òàê i, ÷àñòêîâî, îñíîâíèõ àñïåêòiâ åêñïåðèìåíòàëüíèõ

ìåòîäiâ äîñëiäæåííÿ. Àêöåíòîâàíî óâàãó íà òîìó, ÿêi îñíîâíi õàðàêòåðèñòèêè

òà âëàñòèâîñòi äîñëiäíèêè öi¹¨ òåìàòèêè áåðóòü äî óâàãè òà íàìàãàþòüñÿ

îòðèìàòè â ñâî¨õ ðîáîòàõ. Ðîçãëÿíóòî iñíóþ÷i ìåòîäè òà ìîäåëi îïèñó

ïîøèðåííÿ öèõ õâèëü, âêàçàíî ¨õíi ïåðåâàãè, íåäîëiêè òà ìåæi çàñòîñóâàííÿ.

Â îñíîâíîìó çîñåðåäæåíî óâàãó íà ñòðóêòóðàõ äiåëåêòðèê/ìåòàë/äiåëåêòðèê

÷è iíøèõ ñõîæèõ çà õàðàêòåðèñòèêàìè îá'¹êòàõ âèâ÷åííÿ.

Íà ñó÷àñíîìó åòàïi ðîçâèòêó ìiêðîåëåêòðîíiêè iñíóþòü òåõíîëîãi÷íi

ìîæëèâîñòi äëÿ âèãîòîâëåííÿ ïëîñêèõ ïåðiîäè÷íèõ ñòðóêòóð ç ìåòàëåâèõ

åëåìåíòiâ ñêëàäíî¨ ôîðìè íà äiåëåêòðè÷íié ïiäêëàäöi, õàðàêòåðíi ðîçìiðè

ÿêèõ ñïiâìiðíi ç äîâæèíàìè õâèëü áëèæíüîãî iíôðà÷åðâîíîãî i íàâiòü

îïòè÷íîãî äiàïàçîíiâ. Òàêi ñòðóêòóðè, òàê çâàíi ïëàíàðíi ìåòàìàòåðiàëè,

äàþòü ìîæëèâiñòü êîíòðîëþâàòè åëåêòðîìàãíiòíi ïîëÿ, à äîñëiäæåííÿ ¨õ

âëàñòèâîñòåé ìîæå ïðèâåñòè äî ñòâîðåííÿ íîâîãî ïîêîëiííÿ êîìïîíåíòiâ

ïðèñòðî¨â ôîòîíiêè.

Ó äàíèé ÷àñ àêòóàëüíîþ ¹ ðîçðîáêà ìåòîäiâ äîñëiäæåííÿ íàíîñòðóêòó-

ðîâàíèõ ñåðåäîâèù i óïðàâëiííÿ ¨õ îñíîâíèìè õàðàêòåðèñòèêàìè. Ñó÷àñíi

òåõíîëîãi÷íi ìîæëèâîñòi ñòâîðåííÿ íàíîñòðóêòóð âèâîäÿòü ïðîöåñè âçà¹ìîäi¨

âèïðîìiíþâàííÿ i ðå÷îâèíè íà ìàñøòàáè, ìåíøi äîâæèíè õâèëi ñâiòëà.

Ôîòîííi ñòðóêòóðè, ùî ïî¹äíóþòü ôóíêöiîíàëüíiñòü i êîìïàêòíiñòü, öiêàâi

äëÿ ñòâîðåííÿ íîâèõ ïðèñòðî¨â, â ÿêèõ âiäáóâà¹òüñÿ åôåêòèâíå óïðàâëiííÿ

ïðîöåñîì âçà¹ìîäi¨ ñâiòëà ç ðå÷îâèíîþ.

ßê âiäîìî, ïðè âçà¹ìîäi¨ åëåêòðîìàãíiòíîãî âèïðîìiíþâàííÿ iç ïðîâiäíèì
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ñåðåäîâèùåì ïîëå íåãëèáîêî ïðîíèêà¹ ó íüîãî (òàê çâàíå ÿâèùå ñêií-åôåêòó

[1]). Öå ïðàâèëî äëÿ ìåòàëiâ âèêîíó¹òüñÿ ó äîâîëi øèðîêîìó iíòåðâàëi ÷àñòîò.

Ïðè öüîìó, ó ìåòàë ïðîíèêà¹ ëèøå íåçíà÷íà ÷àñòèíà âèïðîìiíþâàííÿ, ùî

ïàäà¹ íà íüîãî. Ïðîòå, ó áëèæíüîìó iíôðà÷åðâîíîìó òà äiàïàçîíi âèäèìîãî

ñâiòëà âëàñòèâîñòi ìåòàëiâ òàêi, ùî åëåêòðîìàãíiòíå ïîëå ïðîíèêà¹ âñåðåäèíó

ìåòàëó íà çíà÷íî áiëüøó ãëèáèíó, àíiæ äîâæèíà õâèëi, à äiéñíà ÷àñòèíà

äiåëåêòðè÷íî¨ ïðîíèêíîñòi ìåòàëó íàáóâà¹ âiä'¹ìíèõ çíà÷åíü.

Ïðîöåñè ïîøèðåííÿ õâèëü â åëåêòðîííié ïëàçìi ñòàíîâëÿòü iíòåðåñ äëÿ

ðÿäó îáëàñòåé ôiçèêè, òàêèõ ÿê àñòðîôiçèêà, ïîøèðåííÿ ðàäiîõâèëü â

iîíîñôåði, ôiçèêà ãàçîâîãî ðîçðÿäó, òåîðiÿ åëåêòðîííî-âàêóóìíèõ ïðèëàäiâ,

ôiçèêà íàïiâïðîâiäíèêiâ òà òåîðiÿ ìåòàëiâ. Òîìó ïåðøi ðîáîòè ïî äîñëiäæåííþ

õâèëü ó ïëàçìi ç'ÿâèëèñÿ ùå â ñåðåäèíi ÕÕ ñò. [47�49].

Îñîáëèâiñòþ ïëàçìè, ÿêà âiäðiçíÿ¹ ¨¨ âiä ñåðåäîâèù iíøî¨ ïðèðîäè,

ïîëÿãà¹ ó iñíóâàííi ó íié ïîâçäîâæíiõ åëåêòðîìàãíiòíèõ çáóäæåíü íàçâàíèõ

ïëàçìîâèìè õâèëÿìè. Ïëàçìîíè � êâàíòè õâèëü åëåêòðîííî¨ ãóñòèíè, ùî

âèíèêàþòü â òâåðäèõ òiëàõ àáî ïîáëèçó ¨õ ïîâåðõíi âíàñëiäîê êîëåêòèâíèõ

êîëèâàíü åëåêòðîíiâ ïðîâiäíîñòi âiäíîñíî iîíiâ. Òàêi ïëàçìîâi êîëèâàííÿ, ÿêi

ïîâ'ÿçàíi iç êîëèâàííÿìè åëåêòðîíiâ â îá'¹ìi êðèñòàëó íàçèâàþòü îá'¹ìíèìè

ïëàçìîâèìè êîëèâàííÿìè àáî îá'¹ìíèìè ïëàçìîíàìè.

Òåðìií ïëàçìîí áóâ ââåäåíèé â 1952 ðîöi àìåðèêàíñüêèìè ôiçèêàìè

Ä. Ïàéíñîì i Ä. Áîìîì [50, 51] äëÿ äîñëiäæåííÿ äàëåêîñÿæíèõ åëåêòðîí-

åëåêòðîííèõ êîðåëÿöié òà ïðè òåîðåòè÷íîìó îïèñi õàðàêòåðèñòè÷íèõ âòðàò

åíåðãi¨ åëåêòðîíàìè, ùî ïðîõîäÿòü êðiçü ìåòàëè [52]. Ó ðîçâèíóòié íèìè òåîði¨,

öi âòðàòè ïðèïèñóþòü êîëåêòèâíèì êîëèâàííÿì âiëüíèõ åëåêòðîíiâ ó ìåòàëi,

ÿêi áóëè íàçâàíi �ïëàçìîâèìè õâèëÿìè�. Öÿ òåîðiÿ áàçó¹òüñÿ íà ïîäiáíîñòi

åëåêòðîííîãî ãàçó ìåòàëó iç êëàñè÷íîþ ïëàçìîþ i âiäðiçíÿ¹òüñÿ âiä ìîäåëi

êëàñè÷íî¨ ïëàçìè òèì, ùî êîíöåíòðàöiÿ åëåêòðîíiâ ó åëåêòðîííié ïëàçìi

ìåòàëó ¹ âåëèêîþ (ne ≈ 5 ·1022ñì−3), à òåìïåðàòóðà � äóæå íèçüêîþ (T < TF ),

òîìó äî ¨¨ îïèñó ñëiä çàñòîñîâóâàòè êâàíòîâó ñòàòèñòèêó, à íå êëàñè÷íó.

Òîìó åëåêòðîííèé ãàç ìåòàëó ïðè íèçüêèõ òåìïåðàòóðàõ ñëiä ðîçãëÿäàòè ÿê

êâàíòîâó ïëàçìó, à ¨¨ êîëåêòèâíà ïîâåäiíêà ïðîÿâëÿ¹òüñÿ ó åêðàíóâàííi ïîëÿ

çàðÿäiâ òà ó ïëàçìîâèõ êîëèâàííÿõ.

Îñêiëüêè ïëàçìîíè � öå êâàíòîâàíi êëàñè÷íi ïëàçìîâi êîëèâàííÿ,
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áiëüøiñòü ¨õ âëàñòèâîñòåé ìîæíà îäåðæàòè áåçïîñåðåäíüî iç ðiâíÿíü

Ìàêñâåëëà. Îá'¹ìíi ïëàçìîíè îïèñóþòü êîëèâàííÿ åëåêòðîíiâ ïðîâiäíîñòi â

îá'¹ìi êðèñòàëà. ×àñòîòà ïëàçìîíà äîðiâíþ¹ ïëàçìîâié ÷àñòîòi. Ïëàçìîíè

¹ êâàíòàìè ïîâçäîâæíiõ êîëèâàííÿ åëåêòðîíiâ âiäíîñíî ïîçèòèâíèõ iîíiâ ó

îá'¹ìi ïëàçìè. Çàãàëüíå çáóäæåííÿ, ÿêå âêëþ÷à¹ ðóõ çàðÿäó i ïîâ'ÿçàíîãî

ç íèì åëåêòðîìàãíiòíîãî ïîëÿ, íàçèâàþòü àáî ïîâåðõíåâèì ïëàçìîí-

ïîëÿðèòîíîì íà ïëîñêié ãðàíèöi, àáî ëîêàëiçîâàíèì ïîâåðõíåâèì ïëàçìîí-

ïîëÿðèòîíîì äëÿ çàìêíóòî¨ ïîâåðõíi ìàëî¨ ÷àñòêè.

Ðîçðiçíÿþòü îá'¹ìíi ïëàçìîíè, ÿêi îïèñóþòü êîëèâàííÿ åëåêòðîíiâ ïðî-

âiäíîñòi âñåðåäèíi êðèñòàëà, i ïîâåðõíåâi ïëàçìîíè. Ïëàçìîíè ïîøèðþþòüñÿ

óçäîâæ ìåæi ïîäiëó ìåòàë-äiåëåêòðèê. Çà ñâî¹þ ïðèðîäîþ ïîâåðõíåâi

ïëàçìîíè ¹ êâàíòàìè êîëèâàíü åëåêòðîííî¨ ãóñòèíè ìåòàëó, ùî ïîøèðþþòüñÿ

óçäîâæ éîãî ìåæi ç äiåëåêòðèêîì. Âîíè ìîæóòü iñíóâàòè â îáëàñòi

íåïðîçîðîñòi ìåòàëó i ¹ ñèëüíî ëîêàëiçîâàíèìè â ïðîñòîði íà îïòè÷íèõ

÷àñòîòàõ. Òàêi êîëèâàííÿ ìîæóòü âiäáóâàòèñÿ ó äâîâèìiðíèõ ñòðóêòóðàõ,

íàïðèêëàä íà ìåæi ìåòàë/äiåëåêòðèê. Ïîâåðõíåâi æ ïëàçìîíè � öå êâàíòè

êîëèâàíü åëåêòðîííî¨ ãóñòèíè ìåòàëó, ùî ïîøèðþþòüñÿ òiëüêè óçäîâæ éîãî

ìåæi ç äiåëåêòðèêîì.

Ó òâåðäèõ òiëàõ, ñâiòëî ÷àñòîòà ÿêîãî ìåíøà âiä ïëàçìîâî¨ ÷àñòîòè íå áóäå

ïðîíèêàòè â òåâåðäå òiëî, òîäi ÿê ñâiòëî ÷àñòîòà ÿêîãî ïåðåâàæà¹ ïëàçìîâó

ìîæå ïðîíèêàòè âñåðåäèíó íüîãî. Ïðè ïðîíèêíåííi åëåêòðîìàãíiòíî¨ õâèëi

â ìàòåðiàëüíå ñåðåäîâèùå âiäáóâà¹òüñÿ ôîðìóâàííÿ íîâî¨ õâèëi, ùî

ðîçïîâñþäæó¹òüñÿ ïî ðå÷îâèíi. Âiäìiííiñòü íîâî¨ õâèëi âiä âèõiäíî¨ ïîëÿãà¹

â òîìó, ùî ïðè ¨¨ ïîøèðåííi âiäáóâàþòüñÿ ïðîöåñè, ïîâ'ÿçàíi íå òiëüêè

ç êîëèâàííÿìè åëåêòðè÷íîãî i ìàãíiòíîãî ïîëiâ, à é ç ðóõîì çàðÿäæåíèõ

÷àñòèíîê óñåðåäèíi ðå÷îâèíè.

Ïîëÿðèòîíè ¹ ñêëàäåíèìè êâàçi÷àñòèíêàìè, ÿêi âèíèêàþòü âíàñëiäîê

âçà¹ìîäi¨ ôîòîíiâ ç åëåìåíòàðíèìè çáóäæåííÿìè ñåðåäîâèùà � îïòè÷íèìè

ôîíîíàìè, åêñèòîíàìè, ïëàçìîíàìè, ìàãíîíàìè òà iíøèìè, ÿêi íàçèâàþòüñÿ

âiäïîâiäíî ôîíîí ïîëÿðèòîíàìè, åêñèòîííèìè ïîëÿðèòîíàìè (ñâiòëîåêñè-

òîíàìè), i òàê äàëi. Âçà¹ìîäiÿ åëåêòðîìàãíiòíèõ õâèëü iç çáóæäåííÿìè

ñåðåäîâèùà, ÿêi ïðèçâîäÿòü äî ¨õ çâ'ÿçíîãî ñòàíó, ñòà¹ íàéñèëüíiøèì,

êîëè îäíî÷àñíî ¨õ ÷àñòîòè i õâèëüîâi âåêòîðè ñïiâïàäàþòü (ðåçîíàíñ).
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Ó öüîìó âèïàäêó óòâîðþþòüñÿ çâ'ÿçàíi õâèëi, òîáòî ïîëÿðèòîíè, ÿêi

ìàþòü õàðàêòåðíèé çàêîíîì äèñïåðñi¨ ω(k). �õ åíåðãiÿ ñêëàäà¹òüñÿ ÷àñòêîâî

ç åëåêòðîìàãíiòíî¨ i ÷àñòêîâî ç åíåðãi¨ âëàñíèõ êîëåêòèâíèõ çáóäæåíü

ñåðåäîâèùà. Iñíóâàííÿ ïîëÿðèòîíiâ ñòâîðþ¹ ïåðåäóìîâè äëÿ ïîøèðåííÿ â

êðèñòàëi ïîçäîâæíèõ åëåêòðîìàãíiòíèõ õâèëü.

Åêñïåðèìåíòàëüíî ïîâåðõíåâi åëåêòðîìàãíiòíi õâèëi íà ãðàíèöi ç ìåòàëîì

áóëî âèÿâëåíî Ðîáåðòîì Âóäîì â 1901 ðîöi, ÿê àíîìàëi¨ ó ñïåêòðàõ

âiäáèâàííÿ âiä ìåòàëåâèõ äèôðàêöiéíèõ  ðàòîê i âiäîìi ÿê  ðàò÷àñòi àíîìàëi¨

Âóäà [53, 54]. �õ iíòåðïðåòàöiÿ çäiéñíåíà Ó. Ôàíî ó 1941ð., ÿêèé ïîâ'ÿçàâ

àíîìàëi¨ iç çáóäæåííÿì ïîâåðõíåâèõ õâèëü, îäíàê, íå ïðîÿñíèâøè ïðèðîäó

öèõ õâèëü [55]. Âïåðøå óçãîäæåíå ðîçïîâñþäæåííÿ êîëèâàíü îïòè÷íèõ

ôîíîíiâ é åëåêòðîìàãíiòíî¨ õâèëi, òîáòî ñïåêòð ïîëÿðèòîíiâ, áóëî òåîðåòè÷íî

äîñëiäæåíî Ê.Á. Òîëïèãî i Ê. Õóàíãîì [56,57].

Äåòàëüíiøå äîñëiäæåííÿ ïîâåðõíåâèõ ïëàçìîí-ïîëÿðèòîííèõ õâèëü áóëî

âèêîíàíî ïiçíiøå Ð. Ði÷i. Äîñëiäæóþ÷è ñïåêòðè õàðàêòåðèñòè÷íèõ âòðàò

åíåðãi¨ åëåêòðîíiâ âií â ðîáîòi [58] âïåðøå ïîêàçàâ, ùî â òîíêèõ ìåòàëåâèõ

ïëiâêàõ ïëàçìîííi õâèëi ìîæóòü ðîçïîâñþäæóâàòèñÿ áëèçüêî äî ïîâåðõíi

ìåòàëó. Â äàíèé ÷àñ àêòèâíî âèâ÷àþòüñÿ ïëàçìîííi ìåòàìàòåðiàëè �

íàíîñòðóêòóðè, ùî âêëþ÷àþòü â ñåáå ìåòàëåâi òà äiåëåêòðè÷íi øàðè, òà ìàþòü

âëàñòèâîñòi, ÿêi âiäðiçíÿþòüñÿ âiä ìàòåðiàëiâ, ùî çóñòði÷àþòüñÿ â ïðèðîäi.

Òèïîâèì ïðèêëàäîì ¹ ñòðóêòóðè ç íåãàòèâíèìè çíà÷åííÿìè äiåëåêòðè÷íî¨ òà

ìàãíiòíî¨ ïðîíèêíîñòåé.

1.1 Ñõåìà çáóäæåííÿ ïëàçìîííèõ õâèëü

Îñêiëüêè ïëàçìîâi êîëèâàííÿ ìàþòü ïîçäîâæíþ ïîëÿðèçàöiþ [1, 51], òî

äëÿ ¨õ çáóäæåííÿ íå ìîæíà çàñòîñóâàòè ïîïåðå÷íi åëåêòðîìàãíiòíi õâèëi.

Ïðîòå, çáóäæåííÿ îá'¹ìíèõ ïëàçìîíiâ ìîæíà çäiéñíèòè íàïðÿìëåíèì ïîòîêîì

÷àñòèíîê.

Ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè ìîæíà çáóäæóâàòè åëåêòðîíàìè àáî

ôîòîíàìè. Ïðè âèêîðèñòàííi ôîòîíiâ öå íåìîæëèâî çðîáèòè áåçïîñåðåäíüî,

àëå ìîæíà ðåàëiçóâàòè ç äîïîìîãîþ ïðèçìè,  ðàòêè ÷è äåôåêòà íà ïîâåðõíi

ìåòàëó.
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Ìåòîä âèìiðþâàííÿ åíåðãåòè÷íèõ âòðàò, ÿêi âèíèêàþòü âíàñëiäîê

äèôðàêöi¨ íà òîíêèõ ïëiâêàõ ìåòàëó ¹ ïîøèðåíèì ìåòîäîì çáóäæåííÿ

ïîâçäîâæíiõ ïëàçìîâèõ õâèëü. Êîëè åëåêòðîíè ðîçñiþþòüñÿ, ¨õ åíåðãiÿ

ïåðåäà¹òüñÿ â îá'¹ìíó ïëàçìó. Ñêëàäîâà âåêòîðà ðîçñiþâàííÿ, ïàðàëåëüíà

ïîâåðõíi, ïðèçâîäèòü äî óòâîðåííÿ ïîâåðõíåâîãî ïëàçìîí-ïîëÿðèòîíà.

Åêñïåðèìåíòàëüíî iñíóâàííÿ öèõ çáóäæåíü ïðîÿâëÿ¹òüñÿ ó ïîÿâi äîäàòêîâîãî

ïiêó â ñïåêòði åíåðãåòè÷íèõ âòðàò. Çàçíà÷èìî, ùî ÿêùî â åêñïåðèìåíòàõ

ç âèêîðèñòàííÿì íèçüêîåíåðãåòè÷íèõ ïó÷êiâ åëåêòðîíiâ ìîæíà âèÿâèòè

ïîâåðõíåâi ïëàçìîíè, òî àíàëiç ñïåêòðó åíåðãåòè÷íèõ âòðàò øâèäêèõ

åëåêòðîíiâ, ùî ïðîéøëè ÷åðåç òîíêi ïëiâêè ìåòàëó äà¹ çìîãó äîñëiäèòè

çàêîí äèñïåðñi¨ ïëàçìîíiâ. Äëÿ çáóäæåííÿ ïîâåðõíåâèõ ïëàçìîí-ïîëÿðèòîíiâ

ç äîïîìîãîþ åëåêòðîìàãíiòíèõ õâèëü íåîáõiäíi ñïåöiàëüíi ìåòîäè óçãîäæåííÿ,

ÿê òî ìåòîä  ðàòêîâîãî ââåäåííÿ, àáî ïðèçìîâîãî ââåäåííÿ. Ùîá ôîòîí

çáóäèâ ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè âîíè îáèäâà ïîâèííi ìàòè îäíàêîâó

÷àñòîòó òà iìïóëüñ. Îäíàê äëÿ äàíî¨ ÷àñòîòè âiëüíèé ôîòîí ìà¹ ìåíøèé

iìïóëüñ, íiæ ïîâåðõíåâèé ïîëÿðèòîí, òîìó ùî ¨õíi çàêîíè äèñïåðñi¨ � ðiçíi.

Öÿ íåâiäïîâiäíiñòü iìïóëüñiâ ¹ ïðè÷èíîþ òîãî, ùî âiëüíèé ôîòîí â ïðîñòîði

íå ìîæå áåçïîñåðåäíüî óòâîðþâàòè çâ'ÿçàíèé ñòàí ïëàçìîí-ïîëÿðèòîí. Ç òi¹¨

æ ïðè÷èíè ïîâåðõíåâèé ïëàçìîí-ïîëÿðèòîí íà ãëàäêié ìåòàëåâié ïîâåðõíi

íå ìîæå âèïðîìiíþâàòè åíåðãiþ ó âèãëÿäi âiëüíîãî ôîòîíà ó äiåëåêòðèê,

ÿêùî äiåëåêòðèê îäíîðiäíèé. Öÿ íåñóìiñíiñòü àíàëîãi÷íà âiäñóòíîñòi ïåðåäà÷i,

ÿêå âiäáóâà¹òüñÿ ïðè ïîâíîìó âíóòðiøíüîìó âiäáèâàííi. Ïðîòå, çâ'ÿçóâàííÿ

ôîòîíiâ ó ïîâåðõíåâèé ïëàçìîí-ïîëÿðèòîí ìîæíà äîñÿãíóòè âèêîðèñòàâøè

ñåðåäîâèùå çâ'ÿçêó, òàêå ÿê ïðèçìà [63,64] àáî  ðàòêà [1]. Öå äîçâîëÿ¹ óçãîäèòè

õâèëüîâi âåêòîðè ôîòîíà i ïîâåðõíåâîãî ïëàçìîíà.

�ðàòêà ìà¹ ïåðiîäè÷íó ñòðóêòóðó, ÿêà îïèñó¹òüñÿ ñâî¨ì õâèëüîâèì

âåêòîðîì. Öåé âåêòîð ìîæå äîäàâàòèñÿ äî õâèëüîâîãî âåêòîðà ïîâåðõíåâèõ

ïëàçìîí-ïîëÿðèòîíiâ, ùî ñïðèÿ¹ çáëèæåííþ ãðàôiêiâ çàêîíiâ äèñïåðñi¨

ôîòîíà òà ïëàçìîíà. �ðàòêîâå âiäãàëóæåííÿ óçãîäæó¹ õâèëüîâi âåêòîðè,

çáiëüøóþ÷è ïàðàëåëüíó ñêëàäîâó õâèëüîâîãî âåêòîðà íà âåëè÷èíó, ÿêà

âiäïîâiäà¹ ïåðiîäó  ðàòêè. Öåé ìåòîä ìà¹ âèðiøàëüíå çíà÷åííÿ äëÿ

òåîðåòè÷íîãî ðîçóìiííÿ âïëèâó øîðñòêîñòi ïîâåðõíi. Áiëüø òîãî, ïðîñòi

içîëüîâàíi ïîâåðõíåâi äåôåêòè, òàêi ÿê êàíàâêè, ùiëèíè àáî ãîôðîâàíi
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ïîâåðõíi íà ïëîùèíi, çàáåçïå÷óþòü âèïðîìiíþâàííÿ ó âiëüíèé ïðîñòið i

òîìó ïëàçìîíè òà ïîëÿðèòîíè ìîæóòü çäiéñíþâàòè îáìií åíåðãi¹þ, à îòæå,

âçà¹ìîäiÿòè. Çîêðåìà, äëÿ ìåòàëåâèõ ïëiâîê iç ïåðôîðîâàíîþ ïîâåðõíåþ,

ùî ìiñòèòü ïåðiîäè÷íî ðîçòàøîâàíi îòâîðè ñóáõâèëüîâîãî ðîçìiðó áóëè

âñòàíîâëåíi àíîìàëüíî çíà÷íi êîåôiöi¹íòè ïðîõîäæåííÿ ñâiòëà [59�62]. Ïðè

ðiçíèõ óïîðÿäêóâàííÿõ îòâîðiâ ìîæíà äîáèòèñÿ ÿê çíà÷íîãî ïiäñèëåííÿ

ïðîõîäæåííÿ ñâiòëà, òàê i éîãî ïîñëàáëåííÿ. Òàêi âëàñòèâîñòi ñïðèÿþòü

ñòâîðåííþ ðiçíîìàíiòíèõ ïðèñòðî¨â êåðóâàííÿ ñâiòëîì, ÿêi ìîæóòü áóòè

÷àñòèíîþ iíòåãðàëüíèõ ñõåì òà ñïðèÿòè ñòâîðåííþ îïòè÷íèõ åëåìåíòiâ iç

íàïåðåä çàäàíèìè îïòè÷íèìè âëàñòèâîñòÿìè.

Íàéïðîñòiøîþ ìîäåëëþ ïîâåðõíåâî¨ ñòðóêòóðè, ó ÿêié ìîæóòü âèíèêàòè

ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè, ¹ ïëîñêà ìåæà ðîçäiëó ìiæ íåïîãëèíàþ÷èì

äiåëåêòðèêîì iç äîäàòíîþ äiéñíîþ ÷àñòèíîþ äiåëåêòðè÷íî¨ ïðîíèêíîñòi

i ïðîâiäíèì ñåðåäîâèùåì ìåòàëó, ùî ìà¹ âiä'¹ìíó äiéñíó ÷àñòèíó

äiåëåêòðè÷íî¨ ïðîíèêíîñòi. Îòæå, ïîâåðõíåâà õâèëÿ ìîæå iñíóâàòè íà

ìåæi ðîçäiëó äâîõ ñåðåäîâèù iç ïðîòèëåæíèìè çíàêàìè äiéñíèõ ÷àñòèí

¨õ äiåëåêòðè÷íèõ ïðîíèêíîñòåé, òîáòî íà ìåæi ìåòàëó i äiåëåêòðèêà.

Óçãîäæåííÿ ôàç äëÿ ïîâåðõíåâèõ ïëàçìîí-ïîëÿðèòîíiâ ìîæíà äîñÿãíóòè äëÿ

òðèøàðîâî¨ ñòðóêòóðè, ùî ìiñòèòü òîíêó ìåòàëåâó ïëiâêó ìiæ äâîìà äâîìà

äiåëåêòðè÷íèìè øàðàìè iç ðiçíèìè äiåëåêòðè÷íèìè ïðîíèêíîñòÿìè. Ó òàêié

ñòðóêòóði, ïðîìiíü, ùî âiäáèâñÿ âiä ìåæi ïîäiëó ìiæ äiåëåêòðèêîì, ÿêèé

âiäiãðà¹ ðîëü ïðèçìè i øàðîì ìåòàëó ìàòèìå ñêëàäîâó iìïóëüñó ïàðàëåëüíó äî

ìåæi ïîäiëó äîñòàòíþ äëÿ çáóäæåííÿ ïëàçìîí-ïîëÿðèòîííèõ õâèëü íà ìåæi

ïîäiëó ìåòàë-äiåëåêòðèê iç ìåíøèì çíà÷åííÿì äiåëåêòðè÷íî¨ ïðîíèêíîñòi. Ó

öié ñõåì ïîðóøó¹òüñÿ ïîâíå âíóòðiøí¹ âiäáèâàííÿ, ùî i ñïðè÷èíÿ¹ òóíåëüíå

ïðîõîäæåííÿ ïîëiâ íà ãðàíèöi ìåòàë-äiåëåêòðèê iç ìåíøîþ äiåëåêòðè÷íîþ

ïðîíèêíiñòþ.

Ñó÷àñíi òåõíîëîãi¨ äàþòü çìîãó ñòâîðåííÿ òàêèõ íàíîñåðåäîâèù ó ÿêèõ

âçà¹ìîäiÿ âèïðîìiíþâàííÿ âiäáóâà¹òüñÿ ó îá'¹ìàõ ëiíiéíi ðîçìiðè ÿêèõ ìåíøi

àíiæ äîâæèíà õâèëi ñâiòëà, ùî ïàäà¹ íà íèõ. Íàíîðîçìiðíi ïðèñòðî¨ ôîòîíiêè,

ùî ïî¹äíóþòü ôóíêöiîíàëüíiñòü òà êîìïàêòíiñòü ñòâîðþþòü ïåðåäóìîâè

äëÿ ñòâîðåííÿ òàêèõ ïðèñòðî¨â, ÿêi çìîæóòü åôåêòèâíî êåðóâàòè ïðîöåñîì

âçà¹ìîäi¨ ñâiòëà iç ðå÷îâèíîþ. I, ÿêùî ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè
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ïîøèðþþòüñÿ âçäîâæ ïëîñêî¨ ìåæi ïîäiëó ïðîâiäíèê- äiåëåêòðèê, òî â

íàíîñòðóêòóðàõ óòâîðåíèõ iç ìåòàëó ìîæóòü iñíóâàòè ëîêàëiçîâàíi ïîâåðõíåâi

ïëàçìîí-ïîëÿðèòîíè. Âîíè ¹ åëåêòðîìàãíiòíîþ õâèëåþ, ùî ïîâ'ÿçàíà iç

êîëåêòèâíèìè çáóäæåííÿìè åëåêòðîííî¨ ïëàçìè íàíî÷àñòèíêè. Âàæëèâî,

ùî ïðîáëåìà ëîêàëiçîâàíèõ ïëàçìîí-ïîëÿðèòîíiâ ïîâ'ÿçàíà iç çàäà÷åþ

ðîçñiþâàííÿ åëåêòðîìàãíiòíèõ õâèëü ÷àñòèíêàìè ìåòàëó ðîçìiðè ÿêèõ

ìåíøi âiä äîâæèíè õâèëi ïàäàþ÷îãî âèïðîìiíþâàííÿ. Êðiì íàíîñòðóêòóð

óòâîðåíèõ iç ìåòàëiâ ïîâåðõíåâi ïëàçìîí-ïîëÿðèòîíè ìîæíà çáóäæóâàòè i â

äiåëåêòðè÷íèõ íàíîâêëþ÷åííÿõ ïîìiùåíèõ ó ñåðåäîâèùå ìåòàëó.

Iíøèì ïðèêëàäîì íàíîñèñòåì, ó ÿêèõ ìîæëèâi ïëàçìîí-ïîëÿðèòîííi

çáóäæåííÿ ¹ òàê çâàíi ôîòîííi êðèñòàëè. Öå äiåëåêòðè÷íi ìàòåðiàëè

äëÿ ÿêèõ õàðàêòåðíi ïåðiîäè÷íà ìîäóëÿöiÿ ïîêàçíèêà çàëîìëåííÿ, ÿêà

ðåàëiçó¹òüñÿ äîäàâàííÿì ó îñíîâíå ñåðåäîâèùå ÷àñòîê iç iíøèì çíà÷åííÿì

äiåëåêòðè÷íî¨ ïðîíèêíîñòi. Ðîçìiðè ÷àñòîê, ùî äîäàþòü ñåðåäîâèùå ïîâèííi

áóòè ñïiâðîçìiðíèìè iç äîâæèíîþ õâèëi, ÿêà ïîøèðþ¹òüñÿ ó ñåðåäîâèùi.

Ùå îäíèì òèïîì ìàòåðiàëiâ, äëÿ ÿêèõ ìîæíà êåðóâàòè ôîòîííèì âiäãóêîì

¹ ìåòàìàòåðiàëè. Ó îñòàííiõ ðîçìiðè òà ïåðiîäè÷íiñòü ðîçìiùåííÿ öåíòðiâ

ðîçñiþâàííÿ çíà÷íî ìåíi âiä äîâæèíè õâèëi, ÿêà â íèõ ïîøèðþ¹òüñÿ.

Çàâäÿêè òîì, ùî ðîçìið íàíî÷àñòèíîê ¹ ñóáõâèëüîâèì åëåêòðè÷íà i ìàãíiòíà

ñêëàäîâi õâèëi, ÿêà ïîøèðþ¹òüñÿ ñåðåäîâèùi íå çâ'ÿçàíi ìiæ ñîáîþ, à òîìó

äiåëåêòðè÷íó òà ìàãíiòíó ïðîíèêíîñòi ìîæíà çìiíþâàòè íåçàëåæíî, øëÿõîì

ïiäáîðó ôîðìè ðîçñiþþ÷èõ íàíîâêëþ÷åíü.

1.2 Ìîäåëi îïèñó ïëàçìîííèõ õâèëü òà ïðîâiäíîãî

ñåðåäîâèùà

Âçà¹ìîäiþ åëåêòðîìàãíiòíèõ ïîëiâ iç ñåðåäîâèùåì ìîæíà îïèñàòè áàçóþ÷èñü

íà çàêîíàõ êëàñè÷íî¨ åëåêòðîäèíàìiêè, çîêðåìà íà ðiâíÿííÿõ Ìàêñâåëëà. Íà-

âiòü âèâ÷àþ÷è âçà¹ìîäiþ åëåêòðîìàãíiòíîãî âèïðîìiíþâàííÿ iç ìåòàëàìè àæ

äî íàíîìåòðîâèõ ìàñøòàáiâ, ìîæíà âèêîðèñòàâøè êâàçiêëàñè÷íå íàáëèæåííÿ,

îñêiëüêè åíåðãåòè÷íèé ñïåêòð åëåêòðîíiâ ó ìåòàëàõ ¹ êâàçiíåïåðåðâíèì. Òîìó

ïðè ðîçãëÿäi áàãàòüîõ çàäà÷ åëåêòðîäèíàìiêè ìåòàëiâ ìîæíà îáìåæèòèñÿ

êëàñè÷íèìè óÿâëåííÿìè i, â òàêèé ñïîñiá, âèâ÷èòè ïîâåäiíêó åëåêòðîíiâ íà
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ïîâåðõíi â çàëåæíîñòi âiä ÷àñòîòè. Ðîçâ'ÿçîê ðiâíÿíü Ìàêñâåëëà äëÿ âèïàäêó

íåìàãíiòíèõ ñåðåäîâèù äà¹ óìîâè ðîçïîâñþäæåííÿ ïîïåðå÷íèõ òà ïîçäîâæíiõ

õâèëü, ÿêi âiäðiçíÿþòüñÿ ñâî¨ìè çàêîíàìè äèñïåðñi¨

Äëÿ îïèñó òàêèõ ïðîöåñiâ âèêîðèñòîâóþòü ñèñòåìó ìàêðîñêîïi÷íèõ

ðiâíÿíü Ìàêñâåëëà:

∇×H = J +
∂D

∂t
,

∇×E = −∂B

∂t
,

∇ ·D = ρ,

∇ ·B = 0,

B = µµ0H ,

D = ϵϵ0E,

(1.1)

ç âiäïîâiäíèìè êðà¹âèìè óìîâàìè.

Ó âèïàäêó, êîëè âëàñòèâîñòi ïðîñòîðîâî îäíîðiäíîãî ñåðåäîâèùà çàëåæàòü

âiä êîîðäèíàò òà ÷àñó, òîáòî

D = D(r, t),B = B(r, t),

r = (x, y, z).

ïðè çàñòîñóâàííi ïåðåòâîðåííÿ Ôóð'¹ îñòàíí¹ ñïiââiäíîøåííÿ íàáóâà¹ âèãëÿäó

[1, 89]

D(k, ω) = ϵ0ϵ(k, ω)E(k, ω). (1.2)

Çàñòîñóâàâøè îïåðàöiþ ðîòîðà äî äðóãîãî ðiâíÿííÿ ñèñòåìè (1.1) òà

âðàõóâàâøè, ùî ∇·E(k, ω) = i(k ·E(k, ω)) i ñïiââiäíîøåííÿ (1.2), îòðèìó¹ìî

k(k ·E(k, ω)) − k2E(k, ω) = −ϵ(k, ω)
ω2

c2
E(k, ω), k = |k|. (1.3)

Îñòàíí¹ ðiâíÿííÿ çà óìîâè k ⊥ E(k, ω) äà¹ çàêîí äèñïåðñi¨ ïîïåðå÷íèõ

åëåêòðîìàãíiòíèõ õâèëü

ω2 =
c2

ϵ(k, ω)
k2,

à çà óìîâè k||E(k, ω) ïðèõîäèìî äî äèñïåðñiéíîãî ðiâíÿííÿ äëÿ ïîâçäîâæíiõ
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õâèëü

ϵ(k, ω) = 0.

Åëåêòðîìàãíiòíå ïîëå ïîâåðõíåâîãî ïëàçìîí-ïîëÿðèòîíà â ïëîñêî-

øàðóâàòîìó ñåðåäîâèùi, ùî ìiñòèòü øàðè ìåòàëó òà äiåëåêòðèêà ìîæíà

çíàéòè iç ðîçâ'ÿçêiâ ðiâíÿíü Ìàêñâåëëà ïðè âèêîðèñòàííi óìîâ íåïåðåðâíîñòi

òàíãåíöiàëüíèõ ñêëàäîâèõ ïîëÿ íà ìåæàõ ïîäiëó i âèìîãè òîãî, ùîáè ïîëå

ùåçàëî íà íåñêií÷åííî âåëèêié âiäñòàíi âiä çîâíiøíiõ ãðàíèöü ñòðóêòóðè.

Âïåðøå îïèñ ïîâåðõíåâèõ õâèëü áóëî çäiéñíåíî ïðè ðîçâ'ÿçêó çàäà÷i ïðî

ïîøèðåííÿ ðàäiîõâèëü âçäîâæ ïðîâiäíî¨ ïîâåðõíi [65].

1.2.1 Ìîäåëü Äðóäå äiåëåêòðè÷íî¨ ïðîíèêíîñòi ìåòàëó

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ îòðèìàíèõ ðiâíÿíü Ìàêñâåëà ó Ôóð'¹

ïðåäñòàâëåííi, çîêðåìà, ïîñòà¹ íåîáõiäíiñòü ó ìîäåëþâàííi äiåëåêòðè÷íî¨

ïðîíèêíîñòi ìåòàëåâîãî ïðîøàðêó ϵ(r, ω). Òóò ðîçãëÿíóòî íàéïðîñòiøó

ìîäåëü äiåëåêòðè÷íî¨ ïðîíèêíîñòi, ùî áàçó¹òüñÿ òåîði¨ ìåòàëiâ Äðóäå.

Ó âèïàäêó, êîëè ðîçãëÿäàþòü ôóíêöi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi òà

ïðîâiäíîñòi ìåòàëó ïðè íàÿâíîñòi ëèøå ÷àñòîòíî¨ äèñïåðñi¨

ϵ ≡ ϵ(ω) òà σ ≡ σ(ω) (1.4)

îïòè÷íi âëàñòèâîñòi ìåòàëó îïèñóþòü ïëàçìîâîþ ìîäåëëþ àáî æ ìîäåëëþ

Äðóäå [1]. Ó öié ìîäåëi åëåêòðîíè â ìåòàëi ðîçãëÿäàþòüñÿ ÿê âiëüíèé

åëåêòðîííèé ãàç â ÿêîìó ó îäèíöi îá'¹ìó ïåðåáóâà¹ ne åëåêòðîíiâ. Ó íié

iãíîðó¹òüñÿ åëåêòðîí-åëåêòðîííîþ âçà¹ìîäi¹þ, à åëåêòðîí-iîííó âçà¹ìîäiþ

iç  ðàòêîþ ïîâ'ÿçóþòü iç äi¹þ äèñèïàòèâíî¨ ñèëè ãàëüìóâàííÿ, ÿêà

õàðàêòåðèçó¹òüñÿ ÷àñòîòîþ γ = τ−1. Âåëè÷èíó τ [1, 80] íàçèâàþòü ÷àñîì

ðåëàêñàöi¨ àáî, ÿêèé ¹ ñåðåäíiì ÷àñîì ðóõó åëåêòðîíà ïî ïðÿìié áåç çiòêíåíü.

I, îñêiëüêè, ìàñà iîíiâ - äóæå âåëèêà ïîðiâíÿíî iç åëåêòðîíàìè òî ¨õ ââàæàþòü

íåðóõîìèìè.

Ìîäåëü Äðóäå îòðèìàíà iç ðîçãëÿäó äèñïåðñíî¨ ìîäåëi Ëîðåíöà - ìîäåëi

ãàðìîíi÷íîãî îñöèëÿòîðà [80] â ÿêîìó ïîâåðòàþ÷à ñèëà òà ðåçîíàíñíà ÷àñòîòà
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äîðiâíþþòü 0. Ðiâíÿííÿ ðóõó åëåêòðîíà ìà¹ òàêèé âèãëÿä:

m
d2x

dt2
+ mγ

dx

dt
= −eE(r, t) (1.5)

òóò m - ìàñà åëåêòðîíà.

Òàêîæ, îñêiëüêè ãóñòèíà ñòðóìiâ âèçíà÷à¹òüñÿ ÿê

J = −Ne
dx

dt
= −Nev, (1.6)

ùî äà¹ òàêå äèôèðåíöiàëüíå ðiâíÿííÿ äëÿ J

dJ

dt
+ γJ =

(
Ne2

m

)
, (1.7)

N � êiëüêiñòü âiëüíèõ íîñi¨â çàðÿäó iç çàðÿäîì e. Ðîçâ'ÿçîê öüîãî ðiâíÿííÿ,

ÿêùî J(r, t) = J0e
−iωt ¹ òàêèì

(−iω − γ)J0 =

(
Ne2

m

)
E0, (1.8)

ùî åêâiâàëåíòíî

(−iω − γ)J(r, t) =

(
Ne2

m

)
E(r, t). (1.9)

Äëÿ ñòàòè÷íèõ ïîëiâ ω = 0

J(r, t) = σ0E,

σ0 =
Ne2

mγ
.

(1.10)

Âåëè÷èíó σ0 íàçèâàþòüñòàòè÷íîþ ïðîâiäíiñòþ. Âiäïîâiäíà äèíàìi÷íà

ïðîâiäíiñòü ìàòèìå âèãëÿä:

σ(ω) =
σ0

1 − iω
γ

. (1.11)

Îäíi¹þ ç óìîâ çàñòîñóâàííÿ ìîäåëi Äðóäå ¹ òå, ùî çìiùåííÿ îñöèëÿòîðà

ïîâèííå áóòè ìåíøèì âiä äîâæèíè õâèëi x ≪ λ. ßêùî, êðiì òîãî, ðîçãëÿíóòè

ãàðìîíi÷íó çàëåæíiñòü ïîëiâ âiä ÷àñó, à ñàìå E(r, t) = E0e
−iωt òà x(t) =

x0e
iωt, òóò E0 - åëåêòðè÷íå ïîëå â ïîëîæåííi ðiâíîâàãè åëåêòðîíà, à x0 -
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êîìïëåêñíîçíà÷íà àìïëiòóäà, òî [80]

m
d2x

dt2
+ mγ

dx

dt
= −eE(r, t), (1.12)

äå, mγ dx
dt - ñèëà îïîðó ðóõîâi, −eE0e

iωt - ñèëà, ùî äi¹ ç áîêó åëåêòðè÷íîãî

ïîëÿ. Ðîçâ'ÿçîê äëÿ çìiùåííÿ x ìà¹ âèãëÿä [1, 89]:

x(t) =
e

m(ω2 + iγω)
E(t). (1.13)

à ïîëÿðèçàöiÿ P = −neex ïîâ'ÿçàíà iç çìiùåííÿì åëåêòðîíiâ âèðàæà¹òüñÿ

çàëåæíiñòþ

P = − nee
2

m(ω + iγω)
, (1.14)

Îñòàíí¹ ðàçîì iç (1.14) äà¹

D = ϵ0

(
1 −

ω2
p

ω2 + iγω

)
E,

ωp =

√
nee2

ϵ0m
.

(1.15)

ωp - ïëàçìîâà ÷àñòîòà âiëüíîãî åëåêòðîííîãî ãàçó [80]. Çâiäñè ìà¹ìî âèðàç äëÿ

ϵ(ω)

ϵ(ω) = 1 −
ω2
p

ω2 + iγω
. (1.16)

Çàóâàæèìî, ùî çàëåæíiñòü ìiæ äèíàìi÷íîþ ïðîâiäíiñòþ σ(ω) òà ϵ(ω) ó öié

ìîäåëi çàäà¹òüñÿ ñïiââiäíîøåííÿì [80,89]

ϵ(ω) = 1 + i
σ(ω)

ϵ0ω
. (1.17)

Ïðè ÷àñòîòàõ ω < ωp ìåòàë çáåðiãà¹ ñâî¨ ìåòàëåâi âëàñòèâîñòi. À äëÿ ÷àñòîò

òàêèõ, ùî ωτ ≫ 1, öå äîçâîëÿ¹ çíåõòóâàòè äîäàíêîì iγω, ùî äà¹ [1, 80]

ϵ(ω) = 1 −
ω2
p

ω2
. (1.18)

ßê óæå çàçíà÷àëîñü ó îãëÿäi, îñíîâíi âèñëiäè äëÿ ìîäåëi Äðóäå ìîæíà

33



îòðèìàòè iç ðiâíÿííÿ Áîëüöìàíà [104]:

df(v, r, t)

dt
=

(
∂f

∂t

)
c

, (1.19)

äå f(v, r, t) � ôóíêöiÿ ðîçïîäiëó Ìàêñâåëëà-Áîëüöìàíà, äëÿ ÿêî¨

f(v, r, t)drdv � êiëüêiñòü åëåêòðîíiâ ó îäèíèöi îá'¹ìó dr, øâèäêiñòü

ÿêèõ â ìåæàõ âiä v äî v + dv ó ÷àñ t, à
(
∂f
∂t

)
c
drdv � êiëüêiñòü åëåêòðîíiâ

ó îäèíèöi îá'¹ìó drdv (ó ôàçîâîìó ïðîñòîði), ÿêi ñïðÿìîâàíi â öåé îá'¹ì

çiòêíåííÿìè çà ÷àñ dt. Ðiâíÿííÿ âêàçó¹, ùî øâèäêiñòü çìiíè ðîçïîäiëó

f(v, r, t) çðiâíîâàæó¹òüñÿ øâèäêiñòþ ¨¨ çìiíè çà ðàõóíîê çiòêíåíü. Ó

íàéïðîñòiøié ôîðìi âèðàç äëÿ çiòêíåíü ìà¹ òàêó ôîðìó [105]:(
∂f

∂t

)
c

=
f − f0

τ
, (1.20)

òóò f0 � ôóíêöiÿ ðîçïîäiëó â ñòàíi ñïîêîþ, à f � ôóíêöiÿ ðîçïîäiëó

íåðiâíîâàæíîãî ñòàíó, ÿêèé âèíèê âíàñëiäîê çîâíiøíüîãî çáóðåííÿ. Ïðè

ðîçãëÿäi ìîäåëi Äðóäå Ëîðåíö ó ñâî¨é òåîði¨ âèêîðèñòàâ äëÿ f0 âèðàç äëÿ

ðîçïîäiëó Áîëüöìàíà-Ìàêñâåëëà [105]

f0(v) = n0
m

2πβ
e−

ϵ
β , (1.21)

â ÿêîìó n0 = N/V � êîíöåíòðàöiÿ ÷àñòèíîê â îäèíöi îá'¹ìó, β = kBT , kB �

ïîñòiéíà Áîëüöìàíà, ϵ = 1/2mv2. Äîäàòêîâî ââåäåíî óìîâó íîðìóâàííÿ∫
V

f0(v)dv = n0. (1.22)

1.2.2 Êâàçiêëàñè÷íi ïiäõîäè äî ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â øàðóâàòèõ ñòðóêòóðàõ

Âèêîðèñòàííÿ êëàñè÷íî¨ ñòàòèñòè÷íî¨ ìåõàíiêè i ðîçïîäiëó Áîëüöìàíà-

Ìàêñâåëëà âèêëèêàëî ïåâíi ïðîáëåìè ó òåîði¨ ïîáóäîâàíié Ëîðåíöîì (äèâ.

[105]). Òîìó Çîììåðôåëüä âèêîðèñòàâ íîâèé íà òîé ÷àñ ïðèíöèï çàáîðîíè

Ïàóëi [106] òà ñòàòèñòèêó Ôåðìi-Äiðàêà [107,108] é ðîçãëÿíóâ åëåêòðîííèé ãàç

Äðóäå ç êâàíòîâî¨ òî÷êè çîðó.
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Ïðèïóñòèìî, ùî åëåêòðîí ïîìiùåíèé ó êóá iç ñòîðîíîþ l, à ïîòåíöiàë

âñåðåäèíi êóáà - ïîñòiéíèé. Çàãàëüíîâiäîìî [98], ùî òàêó ñèñòåìó ìîæíà

îïèñàòè ñòàöiîíàðíèì ðiâíÿííÿì Øðåäií åðà

− ℏ
2m

∇2Ψ(r) = EΨ(r), (1.23)

ÿêå ìà¹ ðîçâ'ÿçîê

Ψ(r) =
1√
V
eikr, Ek =

ℏ2k2

2m
. (1.24)

Ïðèïóñòèâøè, ùî íà ñèñòåìó íàêëàäåíi ïåðiîäè÷íi êðàéîâi óìîâè Ψ(r + l) =

Ψ(r). Òîäi îòðèìó¹ìî, ùî

kν =
2π

l
nν, nν = 0,±1,±2, ..., ν = x, y, z,

εk =
ℏ2

2m

(
2π

l

)2

(n2
x + n2

y + n2
z).

(1.25)

Çàóâàæèìî äîäàòêîâî, ùî ôóíêöi¨ |k⟩ óòâîðþþòü ïîâíèé îðòîíîðìîâàíèé

áàçèñ, à, îòæå

⟨k|k′⟩ =

∫
V

drΨ∗
k(r)Ψk′(r) = δkk′,∑

k

Ψ∗
k(r)Ψk′(r) = δ(r′ − r).

(1.26)

Äàëi ñêîðèñòà¹ìîñü ïðèíöèïîì çàáîðîíè Ïàóëi [106], ÿêèé ñòâåðäæó¹, ùî â

áàãàòî÷àñòèíêîâié ñèñòåìi íåâçà¹ìîäiþ÷èõ ôåðìiîíiâ äâi îäíàêîâi ÷àñòèíêè

íå ìîæóòü ïåðåáóâàòè ó îäíîìó êâàíòîâîìó ñòàíi. Ó ìîäåëi Çîììåðôåëüäà

êâàíòîâèé ñòàí ïîçíà÷àþòü

{k, σ} = (kx, ky, kz, σ),

òóò σ îïèñó¹ ñïií ÷àñòèíè. Ïðè òåìïåðàòóði T = 0 òiëüêè N íàéíèæ÷èõ

åíåðãåòè÷íèõ ðiâíiâ áóäóòü çàéíÿòi N åëåêòðîíàìè. Ââiâøè âåëè÷èíó kF (ÿêó

íàçèâàþòü õâèëüîâèì âåêòîðîì Ôåðìi), ÿêà âêàçó¹ íà êiëüêiñòü k íàéâèùèõ

çàïîâíåíèõ åíåðãåòè÷íèõ ðiâíiâ. Òîäi êiëüêiñòü ÷àñòèíîê N âèçíà÷à¹òüñÿ
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ÿê [98]

N =
∑

k<kF ,σ

1 =
2V

(2π)3

∫
k<kF

d3k. (1.27)

Ïiñëÿ iíòåãðóâàííÿ îòðèìó¹ìî òàêå ñïiââiäíîøåííÿ [105]:

k3F = 3π2n0. (1.28)

Âðåøòi îòðèìà¹ìî âèðàçè äëÿ åíåðãi¨ εF , øâèäêîñòi vF òà òåìïåðàòóðè TF

Ôåðìi

εF =
ℏ3k2F
2m

=
1

2
mv2F , TF =

εF
kB

. (1.29)

Ôóíêöiÿ ðîçïîäiëó Ôåðìi-Äiðàêà ¹ òàêîþ

n̄i =
1

e(εi−µ)/β + 1
, β = kBT, (1.30)

äå εi � åíåðãiÿ ÷àñòèíêè â êâàíòîâîìó ñòàíi i, à µ � õiìi÷íèé ïîòåíöiàë [80].

Ïðè íóëüîâié òåðìïåðàòóði T = 0

f0(ε) =

1 if ϵ < ϵF ,

0 if ϵ > ϵF ,
(1.31)

à ïðè ñêií÷åíié òåìïåðàòóði (T ̸= 0)

f0(ε) =
1

e(ε−µ)/β + 1
. (1.32)

Çíà÷åííÿ õiìi÷íîãî ïîòåíöiàëó ÿê ôóíêöi¨ òåìïåðàòóðè T çàäà¹òüñÿ óìîâîþ∑
k,σ

f0(εkσ) = N. (1.33)

Äàëi, âèõîäÿ÷è ç ïðèïóùåííÿ, ùî íàÿâíå åëåêòðè÷íå ïîëå E = Ee1 òà

ãðàäi¹íò òåìïåðàòóðè ∇T = ∂T
∂xe1 ðîçãëÿíåìî ðîçâ'ÿçîê ðiâíÿííÿ Áîëüöìàíà

ó ôîðìi [80,105]

f = f0 − τ

(
− eE

m

∂f0
∂vx

+ vx
∂f0
∂x

)
(1.34)

Îñêiëüêè ó ðiâíÿííi íàÿâíèé âíåñîê âiä ∇T , òî T òà µ çàëåæàòü âiä
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êîîðäèíàòè x, ïðîòå åíåðãiÿ ε � íi. Òîìó ìè ìîæåìî çàïèñàòè, ùî

∂f0
∂x

=
∂f0
∂α

∂α

∂x
,

α =
ε− µ

β
.

(1.35)

àáî
∂f0
∂x

= β
∂f0
∂ε

∂α

∂x
= −∂f0

∂ε

(
ε

β

∂β

∂x
+ β

∂

∂x

(
µ

β

))
. (1.36)

Âðàõóâàâøè, ùî ε = 1
2mv2 ìè òàêîæ îòðèìó¹ìî, ùî:

∂f0
∂vx

=
∂f0
∂ε

∂ε

∂vx
= mvx

∂f0
∂ε

. (1.37)

Òåïåð ïiäñòàâèâøè (1.32), (1.36), (1.37) ó (1.34) òà âèêîðèñòàâøè îòðèìàíèé

âèðàç äëÿ f(ε) ó ðiâíÿííi äëÿ ãóñòèíè ñòðóìiâ jx [80]:

jx =

∫ ∞

0

dε(−evx)g(ε)f(ε) =

= e

∫ ∞

0

dεvxg(ε)τvx

(
− ∂f0

∂ε

)(
eE +

ε

β

∂β

∂x
+ β

∂

∂x

(
µ

β

))
=

=

(
e2E + e

ε

β

∂β

∂x

)∫ ∞

0

dεv2xg(ε)τ

(
− ∂f0

∂ε

)
+

+
e

β

∂β

∂x

∫ ∞

0

dεv2xg(ε)τ

(
− ∂f0

∂ε

)
.

(1.38)

Òóò g(ε) � ãóñòèíà åëåêòðîííèõ ñòàíiâ [80,105]

g(ε) =
3

2

n0

µ
3/2
0

√
ε
, (1.39)

µ0 � õiìi÷íèé ïîòåíöiàë ïðè T = 0. Ïîêëàâøè v2x = 2
3
ε
m ìà¹ìî

jx =

(
e2E + eβ

∂

∂x

(
µ

β

))
K1 +

e

β

∂β

∂x
K2, (1.40)

äå Kn çàäàíî âèðàçîì

Kn =
n0

mµ
3/2
0

∫ ∞

0

dε

(
− ∂f0

∂ε

)
εn+1/2τ. (1.41)
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Öþ ôóíêöiþ ìîæíà ïîäàòè òàê [105]:

Kn =
n0

mµ
3/2
0

(
µn+1/2τ(µ) +

π2

6
β2 d

2

dε2
(
εn+1/2τε

)
|ε=µ

)
. (1.42)

Ïðè T = 0

Kn =
n0

m
µn−1
0 τ(µ0). (1.43)

ßêùî âiäñóòíi ãðàäi¹íò òåìïåðàòóðè, òîáòî ∂T
∂x = 0 òî

jx = e2EK1 (1.44)

i äëÿ T = 0 ìà¹ìî

jx =
n0e

2τ(µ0)

m
E. (1.45)

Ïîçíà÷èâøè

σ0 =
n0e

2τ(µ0)

m
(1.46)

îòðèìó¹ìî âèðàç àíàëîãi÷íèé äî âèðàçó äëÿ ñòàòè÷íî¨ ïðîâiäíîñòi â ìîäåëi

Äðóäå, ç âðàõóâàííÿì ÷àñó çàòóõàííÿ τ íà ïîâåðõíi Ôåðìi.

Íàïðèêiíåöü çàóâàæèìî, ùî âèðàç äëÿ äèíàìi÷íî¨ ïðîâiäíîñòi òàêîæ áóäå

ñïiâïàäàòè iç âèðàçîì îäåðæàíèì ó ìîäåëi Äðóäå. Éîãî ìîæíà îòðèìàòè

ïîêëàâøè E = E0e
−iωt òà J = J0e

−iωt (äèâ. íàïðèêëàä [109,110])

Êâàçiêëàñè÷íå íàáëèæåííÿ Òîìàñà-Ôåðìi

Íàáëèæåííÿ Òîìàñà-Ôåðìi [111] ìîæíà îäåðæàòè, ÿêùî ðîçãëÿíóòè

ðåàêöiþ ñèñòåìè åëåêòðîíiâ íà ñòàòè÷íèé çàðÿä q. Çãiäíî àïðîêñèìàöi¨

Òîìàñà-Ôåðìi, ÿêùî ïðîñòîðîâî íåîäíîðiäíå çáóðåííÿ îáóðåííÿ çìiíþ¹òüñÿ

ïîâiëüíî íà âiäñòàíÿõ ñïiâìiðíèõ iç ìiæàòîìíèìè, åíåðãiþ Ôåðìi òàêîæ ìîæíà

ðîçãëÿäàòè ÿê ôóíêöiþ, ùî ïîâiëüíî çìiíþþ¹òüñÿ ó ïðîñòîði. Òîìó ìîæíà

çàïèñàòè

∇2ϕ(r) = −4πqδ(r) + 4πeδρ(r). (1.47)

äå ϕ(r) - ïîâíèé ïîòåíöiàë ó ïëàçìi, δρ(r) - çìiíà êîíöåíòðàöi¨ åëåêòðîíiâ,

ñïðè÷èíåíå âíåñåííÿì òî÷êîâîãî çàðÿäó q. Â ìîäåëi Òîìàñà - Ôåðìi ïðè

ïðîñòîðîâî íåîäíîðiäíîìó çáóðåííi, ùî ïîâiëüíî çìiíþ¹òüñÿ íà âiäñòàíÿõ

ïîðÿäêó ìiæàòîìíèõ, åíåðãiþ Ôåðìi òàêîæ ìîæíà ðîçãëÿäàòè ÿê ôóíêöiþ
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ïðîñòîðîâèõ êîîðäèíàò, ùî ïîâiëüíî çìiíþ¹òüñÿ. Òàêèì ÷èíîì, ìîæíà

çàïèñàòè
ℏ2k20
2m

= εF + eϕ(r),

äå εF - åíåðãiÿ Ôåðìi ïðè âiäñóòíîñòi ïîòåíöiàëó ϕ(r). ßêùî öå ðiâíÿííÿ

âèêîðèñòàòè äëÿ îäåðæàííÿ ó ëiíiéíîìó íàáëèæåííi äëÿ δρ(r) òà ïiäñòàâèòè

çíàéäåíèé âèðàç ó ðiâíÿííÿ (1.47), òî éîãî ðîçâ'ÿçêîì áóäå [111]

ϕ(r) =
q

r
e−kTF r,

äå

kTF =

√
6πne2

εF

äå kTF - òàê çâàíèé õâèëüîâèé âåêòîð Ôåðìi. Îòæå ïîëÿðèçàöiÿ, âèêëèêàíà

çàðÿäîì, ñïðè÷èíÿ¹ åêðàíóâàííÿ ïîëÿ öüîãî çàðÿäó íà âiäñòàíi áëèçüêî λTF =

k−1
TF . Äëÿ êîíöåíòðàöié åëåêòðîíiâ, õàðàêòåðíèõ äëÿ ìåòàëiâ, âåëè÷èíà λTF

- ñïiâìiðíà iç âiäñòàííþ ìiæ ÷àñòèíêàìè, òîìó åêðàíóâàííÿ âèÿâëÿ¹òüñÿ

äîñòàòíüî åôåêòèâíèì.

Ìåòîä Òîìàñà-Ôåðìi äà¹ çàäîâiëüíi ðåçóëüòàòè ó âèïàäêó âåëèêèõ äîâæèí

õâèëü, êîëè âèêîíó¹òüñÿ óìîâà ïðî ïîâiëüíi çìiíè ïîòåíöiàëó òà çà óìîâè

e2/r0 << εF , òîáòî ó âèïàäêó, êîëè iñòîòíèìè ¹ çìiíè ïîòåíöiàëüíî¨ åíåðãi¨,

ÿêà ìà¹ ïîðÿäîê e2/r0, äå r0 - âiäñòàíü ìiæ ÷àñòèíêàìè.

Ïðè ðîçãëÿäi åêðàíîâàíîãî êóëîíiâñüêîãî ïîòåíöiàëó ìîäåëü Òîìàñà-Ôåðìi

ïðèâîäèòü äî âèðàçó äëÿ äiåëåêòðè÷íî¨ ïðîíèêíîñòi [111]

ϵTF =
q2 + k2TF

q2
.

1.3 ×èñëîâi ìåòîäè äîñëiäæåííÿ ïëàçìîííèõ õâèëü

1.3.1 Ìåòîä ôóð'¹-ìîä

Ïîøèðåíèì ìåòîäîì ÷èñåëüíîãî ìîäåëþâàííÿ ïîøèðåííÿ åëåêòðîìàãíiòíèõ

õâèëü ó ñåðåäîâèùi ¹ ìåòîä ôóð'¹-ìîä (àíãëiéñüêîþ rigorous coupled-wave

analysis, RCWA) [71�75]. Çàñòîñóâàííÿ ïåðåòâîðåííÿ Ôóð'¹ ïðè ðîçâ'ÿçóâàíi
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äèôåðåíöiàëüíèõ ðiâíÿíü ïîâ'ÿçàíå ç òèì, ùî âîíî çìiíþ¹ iíòåãðàëüíi çãîðòêè

ó çâè÷àéíi äîáóòêè. Çîêðåìà, iíòåãðàëüíà ôîðìà âçà¹ìîçâ'ÿçêó ìiæ iíäóêöi¹þ

òà íàïðóæåíiñòþ åëåêòðîìàãíiòíîãî ïîëÿ [89,90]

D(r, t) =

∫
ϵ(r, t− t

′
)E(r, t

′
)dt

′
,

B(r, t) =

∫
µ(r, t− t

′
)H(r, t

′
)dt

′
,

(1.48)

ïðè ¨õ ïðåäñòàâëåííi ç äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð'¹ ïî ÷àñó

E(r, t) =
1√
2π

∫
E(r, ω)eiωtdω,

D(r, t) =
1√
2π

∫
D(r, ω)eiωtdω,

B(r, t) =
1√
2π

∫
B(r, ω)eiωtdω,

H(r, t) =
1√
2π

∫
H(r, ω)eiωtdω,

(1.49)

íàáóâà¹ âèãëÿäó

D(r, ω) = ϵ(r, ω)E(r, ω),

B(r, ω) = µ(r, ω)H(r, ω),
(1.50)

äå ϵ(r, ω) i µ(r, ω) � ôóð'¹-îáðàçè äiåëåêòðè÷íî¨ òà ìàãíiòíî¨ ïðîíèêíîñòåé

ϵ(r, ω) =
1√
2π

∫
ϵ(r, t)e−iωtdt,

µ(r, ω) =
1√
2π

∫
µ(r, t)e−iωtdt.

(1.51)

Îêðiì ÷àñòîòíî¨ äèñïåðñi¨, ó ïîäiáíèé ñïîñiá, ìîæíà ðîçãëÿíóòè âèïàäîê òàê

çâàíî¨ ïðîñòîðîâî¨ äèñïåðñi¨, êîëè êðiì çàëåæíîñòi âiä ÷àñòîòè ôóð'¹-îáðàçè

äiåëåêòðè÷íî¨ òà ìàãíiòíî¨ ïðîíèêíîñòi ¹ ôóíêöi¹þ i õâèëüîâîãî âåêòîðà

ϵ(k, ω) i µ(k, ω).

Ìåòîä Ôóð'¹-ìîä ¹ åôåêòèâíèì ÷èñåëüíèì ìåòîäîì ðîçâ'ÿçàííÿ ðiâíÿíü

Ìàêñâåëëà. Ïî÷àòêîâî öåé ìåòîä áóâ ðîçðîáëåíèé äëÿ ìîäåëþâàííÿ äèôðàêöi¨

ïëîñêî¨ åëåêòðîìàãíiòíî¨ õâèëi íà ïåðiîäè÷íèõ äèôðàêöiéíèõ ðåøiòêàõ [61,
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62]. Ïiçíiøå áóëî çàïðîïîíîâàíî ðÿä ìîäèôiêàöié ìåòîäó, ÿêi ðîçøèðþþòü

ñôåðó éîãî âèêîðèñòàííÿ, çîêðåìà äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ äèôðàêöi¨ íà

íåïåðiîäè÷íèõ ñòðóêòóðàõ, âêëþ÷íî iç ìîäåëþâàííÿì äèôðàêöi¨ õâèëåâîäíèõ

ìîä ïîâ'ÿçàíî¨ iç íåîäíîðiäíîñòÿõ õâèëåâîäó [61,62].

Ó ìåòîäi Ôóð'¹-ìîä êîìïîíåíòè åëåêòðîìàãíiòíîãî ïîëÿ i òåíçîðè

äiåëåêòðè÷íî¨ i ìàãíiòíî¨ ïðîíèêíîñòåé ñòðóêòóðè çàïèñóþòü ó âèãëÿäi

�îáðiçàíèõ� ðÿäiâ Ôóð'¹. Ó öüîìó âèïàäêó ðîçâ'ÿçîê çàäà÷i äèôðàêöi¨

çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ çàäà÷i íà âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè

â êîæíîìó ç øàðiâ ñòðóêòóðè. Ïðè öüîìó íåîáõiäíî ðîçâ'ÿçàòè ñèñòåìó

ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü, ÿêi îïèñóþòü ãðàíè÷íi óìîâè, ïîâ'ÿçàíi iç

íåïåðåðâíiñòþ òàíãåíöiàëüíèõ ñêëàäîâèõ åëåêòðîìàãíiòíîãî ïîëÿ íà ìåæàõ

øàðiâ ñòðóêòóðè. Ç ìåòîþ ïîêðàùåííÿ çáiæíîñòi òà ñòiéêîñòi ìåòîäó

âèêîðèñòîâó¹òüñÿ ðiçíi ìåòîäèêè, çîêðåìà, ïîêðàùåíèé àëãîðèòì äëÿ ìàòðèöi

ïðîõîäæåííÿ ïðè ìîäåëþâàííi áàãàòîøàðîâèõ ñòðóêòóð, àáî ôàêòîðèçàöiÿ

ðÿäiâ Ôóð'¹. Âîíè äàþòü çìîãó iñòîòíî ïðèñêîðèòè çáiæíiñòü äëÿ TM-

ïîëÿðèçîâàíîãî ïàäàþ÷îãî âèïðîìiíþâàííÿ ïðè ìîäåëþâàííi ñòðóêòóð, ùî

ìiñòÿòü ïåðôîðîâàíi øàðè ìåòàëó. Ìåòîä ôóð'¹-ìîä øèðîêî çàñòîñîâóþòü äëÿ

âèðiøåííÿ çàâäàíü äèôðàêöi¨ ïëîñêèõ õâèëü íà äâîìiðíèõ òà òðèâèìiðíèõ

áàãàòîøàðîâèõ ïåðiîäè÷íèõ ñòðóêòóðàõ, à òàêîæ äëÿ âèïàäêiâ íåïåðiîäè÷íèõ

ñòðóêòóð [76].

1.3.2 Ìåòîä òðàíñôåð-ìàòðèöi

Äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ ïðî ïîøèðåííÿ õâèëü â ïëîñêîøàðóâàòèõ

ñòðóêòóðàõ, àáî ó ñåðåäîâèùi, ïîêàçíèê çàëîìëåííÿ ÿêîãî ¹ íåïåðåðâíîþ

ôóíêöi¹þ âiä êîîðäèíàòè, çðó÷íî âèêîðèñòîâóâàòè ìåòîäèêó òðàíñôåð-

ìàòðèöi [77]. Ìåòîä òðàíñôåð-ìàòðèöü äà¹ çìîãó çà òàíãåíöiàëüíèìè

ïðîåêöiÿìè åëåêòðè÷íî¨ íàïðóæåíîñòi i ìàãíiòíî¨ iíäóêöi¨ ïîëÿ íà ïîâåðõíi

áóäü-ÿêîãî øàðó îäåðæàòè ¨õ çíà÷åííÿ äëÿ áóäü-ÿêî¨ ïëîùèíè ïàðàëåëüíî¨ äî

ìåæi ïîäiëó âñåðåäèíi öüîãî øàðó, à òàêîæ i íà éîãî äðóãié ìåæi. Îñêiëüêè

õâèëåâiä iç íåïåðåðâíîþ çàëåæíiñòþ ïîêàçíèêà çàëîìëåííÿ âiä êîîðäèíàòè

ìîæíà ïîäàòè ÿê âåëèêó êiëüêiñòü òîíêèõ øàðiâ, â ÿêèõ ïîêàçíèê çàëîìëåííÿ

ìîæíà ïðèéíÿòè çà êîíñòàíòó, òî ìåòîä òðàíñôåð-ìàòðèöü ìîæíà çàñòîñóâàòè
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äëÿ âèâ÷åííÿ õàðàêòåðèñòèê ðåæèìiâ ïîøèðåííÿ ó õâèëåâîäàõ ïîêàçíèê

çàëîìëåííÿ ÿêîãî çàëåæèòü âiä êîîðäèíàò.

Ðiâíÿííÿ, ÿêi îïèñóþòü ïîøèðåííÿ ÒÅ ÷è ÒÌ õâèëü ó õâèëåâîäi

âäîâæ îñi OX çàçâè÷àé íàçèâàþòü îäíîâèìiðíèìè ñêàëÿðíèìè ðiâíÿííÿìè

Ãåëüìãîëüöà ðåæèìó ÒÅ òà ÒÌ âiäïîâiäíî. Âîíî òàêîæ âiäîìå ÿê îäíîâèìiðíå

ñêàëÿðíå õâèëüîâå ðiâíÿííÿ, ÿêå ìîæíà çàñòîñîâóâàòè äî ðiçíèõ içîòðîïíèõ

òà íåìàãíiòíèõ äiåëåêòðè÷íèõ ïëàíàðíèõ ïëiâêîâèõ ñòðóêòóð [90].

d2Ψx

dx2
+ (k0n

2
i − β2)Ψx = 0, (1.52)

äå Ψx = Ex - äëÿ ÒÅ, àáî Ψx = Hx - äëÿ ÒÌ õâèëü, k0 - õâèëüîâå ÷èñëî, ùî

îïèñó¹ ïîøèðåííÿ õâèëü âàêóóìi, à β - õâèëüîâå ÷èñëî i- ãî øàðó ñåðåäîâèùà,

ó ÿêîìó âäîâæ îñi 0x ïîøèðþ¹òüñÿ õâèëÿ. Òðàíñôåð-ìàòðèöÿ, ÿêà ïîâ'ÿçó¹

ÒÅ õâèëþ ó j-ìó øàði i ¨¨ çíà÷åííÿì ó j − 1-ìó øàði(
Ψj(xj)

Ψ
′

j(xj)

)
= M̂j

(
Ψj(xj−1)

Ψ
′

j(xj−1)

)
, (1.53)

ìà¹ âèãëÿä

M̂j =

(
cos(kjhj)

1
kj

sin(kjhj)

−kj sin(kjhj) cos(kjhj)

)
(j = 1, 2, .., l). (1.54)

Ïiäñòàâèâøè âèðàç äëÿ õàðàêòåðèñòèêè ïîëÿ ó j-ìó øàði ó âèðàç äëÿ j + 1-

ãî øàðó ïîñëiäîâíî äëÿ âñiõ øàðiâ ñèñòåìè ïðèõîäèìî äî òàêîãî ìàòðè÷íîãî

ðiâíÿííÿ (
Ψl(xl)

Ψ
′

l(xl)

)
=

j=l∏
j=1

M̂j

(
Ψ1(x0)

Ψ
′

1(x0)

)
, (1.55)

ÿêå äà¹ çìîãó îäåðæàòè çíà÷åííÿ ôóíêöi¨ Ψ òà ¨¨ ïîõiäíî¨ íà îäíîìó

êðà¨ ñêií÷åíîãî ïðîìiæêó çà âiäîìèìè ¨õ çíà÷åííÿìè íà ïðîòèëåæíîìó. Öå

ðiâíÿííÿ çðó÷íå äëÿ ÷èñåëüíî¨ ðåàëiçàöi¨, îñêiëüêè âiäøóêàííÿ éîãî ðîçâ'ÿçêó

çâîäèòüñÿ äî ïåðåìíîæóâàííÿ ìàòðèöü [78]. Iñíó¹ i iíøà âåðñiÿ öüîãî ìåòîäó,

ùî íîñèòü íàçâó ìåòîä àíàëiòè÷íî¨ òðàíñôåð-ìàòðèöi, ÿêà îñîáëèâî ñòiéêà äî

÷èñëîâèõ îá÷èñëåíü, êîëè êiëüêiñòü øàðiâ íà ÿêi ðîçáèâàþòü ñåðåäîâèùå iç
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çìiííèì ïîêàçíèêîì çàëîìëåííÿ � äóæå âåëèêà [79].
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ÐÎÇÄIË 2

Ìàòåìàòè÷íå ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â

ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê

2.1 Ðåçóëüòàòè åêñïåðèìåíòàëüíèõ äîñëiäæåíü

Äëÿ ðîçóìiííÿ ìåõàíiçìiâ çáóäæåííÿ òà ïîøèðåííÿ ÏÏÕ íå òiëüêè ç

òåîðåòè÷íî¨ òî÷êè çîðó, àëå é ç ïðàêòè÷íîãî ïîãëÿäó (åêñïåðèìåíòó),

à òàêîæ äëÿ ïiäòâåðäæåííÿ ÿê ïðàâèëüíîñòi çàïðîïîíîâàíî¨ ìîäåëi,

òàê i çàöiêàâëåíîñòi íàóêîâî¨ ñïiëüíîòè â òàêîìó äîñëiäæåííi ó ðîáîòi

ðîçãëÿíóòî äæåðåëà, ÿêi ìiñòÿòü ðåçóëüòàòè ïðàêòè÷íîãî (íàòóðíîãî)

âèâ÷åííÿ ïîøèðåííÿ ÏÏÕ.

Ç-ïîìiæ ÷èñëåííèõ (íàïð. [25, 27, 87]) åêñïåðèìåíòàëüíèõ äîñëiäæåíü

ðîçãëÿíóòèõ ïðè íàïèñàííi öi¹¨ ðîáîòè äëÿ ââåäåííÿ â êîíòåêñò íåîáõiäíîñòi

ïîáóäîâè ìàòåìàòè÷íî¨ ìîäåëi ïîøèðåííÿ ÏÏÕ â ãåòåðîãåííèõ ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê, äå ó ðîëi ìåòàëó âèñòóïà¹ ñàìå ÀÒÌÏ, à

íå äîâiëüíî¨ òîâùèíè çðàçêè, ó öüîìó ïóíêòi çãàäàíî ðåçóëüòàòè òðüîõ

äîñëiäæåíü, ïðîâåäåíèõ ñàìå äëÿ òîíêèõ ìåòàëåâèõ ïðîøàðêiâ.

Ïðèíöèïîâà ñõåìà ïðîâåäåííÿ åêñïåðèìåíòàëüíèõ äîñëiäæåíü ïîøèðåííÿ

ÏÏÕ â ñòðóêòóðàõ äiåëåêòðèê/ÀÒÌÏ/äiåëåêòðèê ðîçãëÿíóòèõ ó öié ðîáîòi

¹ òàêîþ: íà òîâñòó (ó ñïiââiäíîøåííi iç ðîçìiðàìè ðåøòè ÷àñòèí ñòðóêòóðè)

äiåëåêòðè÷íó ïiäêëàäêó íàíîñÿòü òîíêó ìåòàëåâó ïëiâêó - çàçâè÷àé ìåòàë iç

âåëèêîþ êiëüêiñòþ âiëüíèõ íîñi¨â çàðÿäó Al, Au, Ag. Ïiñëÿ ÷îãî íà ìåòàë
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íàíîñÿòü òîíêèé øàð äiåëåêòðèêà. Çáóäæåííÿ ÏÏÕ íà ãðàíèöi ñåðåäîâèù

äiåëåêòðèê/ìåòàë âiäáóâà¹òüñÿ øëÿõîì âïëèâó íà ïîâåðõíþ ìåòàëó âóçüêîãî

ïó÷êà ìîíîõðîìàòè÷íîãî ñâiòëà - ëàçåðà.

Îïèñàíà ãåòåðîñòðóêòóðà äîñëiäæåíà ó ðîáîòi [87], à ñàìå íà äiåëåêòðè÷íó

ïiäêëàäêó äiîêñèäó ñèëiöiþ SiO2 íàíåñåíî çîëîòó Au ïëiâêó òîâùèíîþ 50nm.

Äàëi öþ êîíñòðóêöiþ ïîêðèëè øàðîì ïîëiìåðó òîâùèíîþ 1150nm. Äëÿ

çáóäæåííÿ ÏÏÕ íà ìåæi ñåðåäîâèù äiåëåêòðèê/ìåòàë îòðèìàíó ñòðóêòóðó

ïiäñâiòèëè ëàçåðîì ç äîâæèíîþ õâèëi 632.5nm òà ÷àñòîòîþ ïóëüñàöi¨ 250fs.

Ó íàâåäåíîìó åêñïåðèìåíòi îòðèìàíî ðåçóëüòàòè äëÿ ãëèáèíè ïðîíèêíåííÿ

ÏÏÕ lSPP â çîëîòó ïëiâêó.

Iíøèé åêñïåðèìåíò [25] áóâ ïðîâåäåíèé íàä ñòðóêòóðàìè â ÿêèõ

íàðîùóâàëè íàíîñòði÷êè ÀÒÌÏ Ag(111) ç êîíòðîëüîâàíèì ðiâíåì ìîíîøàðiâ

(ÌØ) íà äiåëåêòðè÷íié ïiäêëàäöi Si(111). Íà êîæíó çi íàíîñòði÷îê íàíåñåíî

òîíêèé (1.5nm) øàð äâîîêèñó êðåìiíþ (silica). Åëiïñîìåòðiÿ [26] ïðîâîäèëàñÿ

ç äîïîìîãîþ ñèñòåìè SOPRA GES-5E äëÿ êóòiâ ïàäiííÿ â ìåæàõ 60 − 75◦.

Òóò ïîêàçàíî, ùî äëÿ ïëiâîê òîâùèíîþ â 10 − 20 ìîíîøàðiâ îòðèìàíi

õàðàêòåðèñòèêè ÏÏÕ [1]: îïòè÷íå çàòóõàííÿ, ôàêòîð åôåêòèâíîñòi (quality

factor), åíåðãiÿ ïëàçìîíà çíà÷íîþ ìiðîþ âàðiþþòüñÿ iç çìiíîþ êiëüêiñòþ

ìîíîøàðiâ. Îòðèìàíi ó ñòàòòi åêñïåðèìåíòàëüíi äàíi äëÿ ñïåêòðó ÏÏÕ

âèêîðèñòàíî äëÿ ïîðiâíÿííÿ ç ðåçóëüòàòàìè ñèìóëÿöi¨ ïðîâåäåíié ó öié ðîáîòè.

Ó iíøîìó äîñëiäæåííi [27] ïðîâåäåíî åêñïåðèìåíò äëÿ òàêèõ öiêàâèõ

ãiáðèäíèõ ñòðóêòóð ÿê ãðàôåí íà êiëüêàøàðîâîìó áëàãîðîäíîìó ìåòàëi (íàïð.

Au). Ó íié òåæ ïîêàçàíî, ùî ïîâåäiíêà ÏÏÕ çíà÷íîþ ìiðîþ çàëåæèòü âiä

êiëüêîñòi øàðiâ ìåòàëó, òà ïîâ'ÿçóþòü öå iç âïëèâîì ðiçíîìàíiòíèõ êâàíòîâî-

ðîçìiðíèõ åôåêòiâ ÿê-îò çàòóõàííÿ Ëàíäàó [28], òîùî.

2.2 Ïîñòàíîâêà çàäà÷i ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ â ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê

Ñòðóêòóðà äëÿ ÿêî¨ áóäó¹òüñÿ ìàòåìàòè÷íà ìîäåëü ñêëàäà¹òüñÿ ç äâîõ

íåïðîâiäíèõ ñåðåäîâèù - äiåëåêòðèêiâ ìiæ ÿêèìè �çàòèñíóòî� àòîìàðíî òîíêó
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(ðîçìiðîì âiä êiëüêîõ äî êiëüêîõ äåñÿòêiâ íàíîìåòðiâ) ìåòàëåâó ïëiâêó

(ÀÒÌÏ). Íàäàëi ìè âèêîðèñòîâóâàòèìåìî òàêi ìåæi ñåðåäîâèù:

Ω =


Ω1 ÿêùî z < −l/2,

Ω2 ÿêùî − l/2 ≤ z ≤ l/2,

Ω3 ÿêùî z > l/2,

(2.1)

äå l - òîâùèíà ÀÒÌÏ.

Ñèñòåìó êîîðäèíàò âèáðàíî òàê, ùî ìåòàë ëåæèòü â ïëîùèíi XOY òàêèì

÷èíîì, ùî ñàìà ïëîùèíà ãåîìåòðè÷íî ðîçäiëÿ¹ éîãî íà äâi ðiâíi ÷àñòèíè.

Ïîøèðåííÿ ÏÏÕ òàêîæ áóäå âiäáóâàòèñÿ â ïëîùèíi XOY â íàïðÿìêó

äîäàòíiõ çíà÷åíî x.

Ðèñ. 2.1: Ñõåìàòè÷íå ïðåäñòàâëåííÿ ñòðóêòóðè äiåëåêòðèê/ìåòàë/äiåëåêòðèê.

Áóäåìî ââàæàòè, ùî äiåëåêòðè÷íi ôóíêöi¨ íåïðîâiäíèõ ñåðåäîâèù Ω1 òà

Ω3 ¹ ôóíêöiÿìè ëèøå ÷àñîâî¨ çìiííî¨ t:

ϵ1 = ϵ1(t), ϵ3 = ϵ3(t), (2.2)

à äiåëåêòðè÷íà ôóíêöiÿ ÀÒÌÏ (ñåðåäîâèùå Ω2) çàëåæèòü ÿê âiä ÷àñîâî¨

çìiííî¨ òàê i âiä ïðîñòîðîâèõ êîîðäèíàò, òîìó ¨¨ ìîæíà çàïèñàòè ó òàêèé ñïîñiá

ϵ2 = ϵ2(r, t), r = (x, y, z). (2.3)

Ïðîâiäíiñòü ó äiåëåêòðèêiâ âiäñóòíÿ, à, îòæå

σ1 = 0, σ3 = 0. (2.4)
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Äëÿ ÀÒÌÏ ïðîâiäíiñòü òàêîæ çàëåæèòü âiä êîîðäèíàò ÿê i ôóíêöiÿ ϵ2

σ2 = σ2(r, t). (2.5)

ßê ïîêàçó¹ åêñïåðèìåíò [1], ïîøèðåííÿ ÏÏÕ ëîêàëiçîâàíå ó ìiæôàçíié

îáëàñòi êîíòàêòó íàêëàäêè-äiåëåêòðèêà Ω1 òà ÀÒÌÏ Ω2.

Äëÿ ìàòåìàòè÷íîãî îïèñó òàêîãî ïðîöåñó âèêîðèñòà¹ìî [1, 89, 90] ñèñòåìó

ìàêðîñïîïi÷íèõ ðiâíÿíü Ìàêñâåëëà:

∇×H = J +
∂D

∂t
,

∇×E = −∂B

∂t
,

∇ ·D = ρ, ∇ ·B = 0,

B = µ0µH .

(2.6)

ç êðà¹âèìè óìîâàìè íà ìåæàõ êîíòàêòó äâîõ ñåðåäîâèù [89,132]:

n× (E2 −E1) = 0,

n · (D2 −D1) = ρ,

n× (H2 −H1) = J ,

n · (B2 −B1) = 0,

(2.7)

äå n � îäèíè÷íèé âåêòîð íîðìàëi, íàïðÿìëåíèé â ïëîùèíó z > 0. Ïåðøå

ðiâíÿííÿ - ñòâåðäæó¹, ùî ðîòîð âåêòîðà ìàãíiòíî¨ íàïðóæåíîñòi ïîëÿ H

âèçíà÷à¹òüñÿ ÿê âåêòîðîì ãóñòèíè åëåêòðè÷íîãî ñòðóìó J òàê i çìiíîþ

âåêòîðà åëåêòðè÷íî¨ íàïðóæåíîñòi ïîëÿ. Äðóãå ðiâíÿííÿ - ñòâåðäæó¹, ùî

ðîòîð âåêòîðà åëåêòðè÷íî¨ íàïðóæåíîñòi ïîëÿ E ñòâîðþ¹òüñÿ çìiíîþ âåêòîðà

ìàãíiòíî¨ iíäóêöi¨B. Òðåò¹ ðiâíÿííÿ âèðàæà¹ òîé ôàêò, ùî äæåðåëîì âåêòîðà

åëåêòðè÷íî¨ iíäóêöi¨ D ¹ âiëüíi åëåêòðè÷íi çàðÿäè, ãóñòèíà ÿêèõ ρ. ×åòâåðòå

ñòâåðäæó¹, ùî ìàãíiòíå ïîëå ¹ ñîëåíî¨äàëüíèì i, ÿê íàñëiäîê, ìàãíiòíèé ïîòiê

÷åðåç çàìêíóòó ïîâåðõíþ çàâæäè äîðiâíþ¹ íóëþ [89, 90]. Òóò · - ñêàëÿðíèé
äîáóòîê, × - âåêòîðíèé äîáóòîê. Äîäàòêîâî íàäàëi ââàæàòèìåìî, ùî çîâíiøíi

çàðÿäè ρ â îáëàñòi êîíòàêòó äiåëåêòðèêiâ òà ìåòàëó âiäñóòíi, òîáòî ∇ ·D = 0

òà ðîçãëÿäàòèìåìî íåìàãíiòíi ñåðåäîâèùà µ = 1.
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Ó âèïàäêó íåñòàöiîíàðíîãî ïðîöåñó òà íåîäíîðiäíîãî ñåðåäîâèùà

ïîøèðåííÿ ÏÏÕ, îêðiì ÷àñîâî¨ äèñïåðñi¨, ïðîöåñ õàðàêòåðèçó¹òüñÿ òàêîæ

íàÿâíiñòþ ïðîñòîðîâî¨ äèñïåðñi¨. À öå, â ñâîþ ÷åðãó, îçíà÷à¹, ùî âçà¹ìîçâ'ÿçêè

ìiæ âåêòîðàìè E òà D, E òà J ¹ íåëîêàëüíèì i ìàþòü íàñòóïíó ôîðìó [89]:

D(r, t) =

∫
V

∫
τ

dr′dt′ϵi(r, r
′, t− t′)E(r′, t′), (2.8)

J(r, t) =

∫
V

∫
τ

dr′dt′σi(r, r
′, t− t′)E(r′, t′),

i = 1, 2, 3,

(2.9)

äå σ(r, r′, t−t′) - ïðîâiäíiñòü ÀÒÌÏ, V - îá'¹ì îáëàñòi â ÿêié âèçíà÷åíî ôóíêöi¨

ϵ(r, r′, t− t′) òà σ(r, r′, t− t′).

Îñêiëüêè â îïèñàíié ìîäåëi âñi õàðàêòåðèñòèêè ñåðåäîâèù ¹ îäíîðiäíèìè

ïî ÷àñîâié çìiííié t, òî ñèñòåìó ðiâíÿíü Ìàêñâåëà çðó÷íî çàïèñàòè ÷åðåç

Ôóð'¹-çîáðàæåííÿ âåêòîðiâ H , E, D, B.

Ââåäåìî ÷àñîâå Ôóð'¹ ïåðåòâîðåííÿ ó òàêèé ñïîñiá

f(t) =
1

2π

+∞∫
−∞

dωf̃(ω)eiωt, f̃(ω) =

+∞∫
−∞

dtf(t)e−iωt, (2.10)

Ñïî÷àòêó çäiéñíèìî Ôóð'¹-ïðåðåòâîðåííÿ äëÿ ôóíêöié äiåëåêòðè÷íî¨

ïðîíèêíîñòi òà ïðîâiäíîñòi, òîáòî çàïèøåìî

ϵ(r, r′, t− t′) =
1

2π

+∞∫
−∞

ϵ(r, r′, ω)eiω(t−t′)

σ(r, r′, t− t′) =
1

2π

+∞∫
−∞

σ(r, r′, ω)eiω(t−t′)

(2.11)

Îá÷èñëèìî çíà÷åííÿ âèðàçiâ ∂B(r,t)
∂t òà ∂D(r,t)

∂t . Äëÿ ïåðøîãî âèðàçó ìà¹ìî
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(ç âëàñòèâîñòåé ïåðåòâîðåííÿ Ôóð'¹):

∂B(r, t)

∂t
=

1

2π

∂

∂t

+∞∫
−∞

dωB(r, ω)eiωt =
iω

2π

+∞∫
−∞

dωB(r, ω)eiωt (2.12)

Çíàõîäæåííÿ çíà÷åííÿ ∂D(r,t)
∂t ¹ äåùî ñêëàäíiøèì â çâ'ÿçêó iç íàÿâíiñòþ

ϵ(r, r′, t− t′). Âðàõîâóþ÷è (2.11), äëÿ D(r, t) ìà¹ìî, ùî

D(r, t) =
1

2π

∫
V

∫
τ

+∞∫
−∞

dr′dt′dωϵ(r, r′, ω)eiω(t−t′)E(r′, t′). (2.13)

Ââiâøè E(r′, ω) ÿê

E(r′, ω) =

∫
τ

dt′E(r′, t′)e−iωt′, (2.14)

îñòàòî÷íî îòðèìó¹ìî âèðàç äëÿ D(r, t):

D(r, t) =
1

2π

∫
V

+∞∫
−∞

dr′dωϵ(r, r′, ω)E(r′, ω)eiωt. (2.15)

Çàóâàæèìî, ùî àíàëîãi÷íî ìîæíà ïîäàòè âèðàç äëÿ J(r, t), à ñàìå

J(r, t) =
1

2π

∫
V

+∞∫
−∞

dr′dωσ(r, r′, ω)E(r′, ω)eiωt. (2.16)

Âèêîðèñòàâøè (2.15), ìà¹ìî, ùî:

∂D(r, t)

∂t
=

iω

2π

∫
V

+∞∫
−∞

dr′dωϵ(r, r′, ω)E(r′, ω)eiωt. (2.17)

Çàïèøåìî Ôóð'¹-ïðåäñòàâëåííÿ ïåðøîãî ðiâíÿííÿ Ìàêcâåëà ó äëÿ óñiõ
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îáëàñòåé Ω. Äëÿ öüîãî ïiäñòàâèìî (2.15) òà (2.16) ó âèðàç äëÿ ∇×H

∇×H = J +
∂D

∂t
=

1

2π
∇×

+∞∫
−∞

dωH(r, ω)eiωt =
1

2π

+∞∫
−∞

dω∇×H(r, ω)eiωt =

=
iω

2π

∫
V

+∞∫
−∞

dr′dωϵ(r, r′, ω)E(r′, ω)eiωt +
1

2π

∫
V

+∞∫
−∞

dr′dωσ(r, r′, ω)E(r′, ω)eiωt.

(2.18)

àáî

∇×H(r, ω) = iω

∫
V

dr′ϵ(r, r′, ω)E(r′, ω) +

∫
V

dr′σ(r, r′, ω)E(r′, ω). (2.19)

Äàëi ïðèïóñòèìî, ùî äëÿ ÀÒÌÏ (îáëàñòü Ω2) ìîæíà çíåõòóâàòè âïëèâîì

êðà¹âèõ åôåêòiâ ó ïëîùèíi XOY . Öå ïðèïóùåííÿ ¹ êîðåêòíèì, ÿêùî ïëîùà

ïîâåðõíi ¹ ìàêðîñêîïi÷íî âåëèêîþ, òîáòî S → ∞ [92]. Âçÿâøè öå äî óâàãè, ìè

áóäåìî ââàæàòè, ùî r = (r||, z). Âðàõîâóþ÷è öå, ìîæíà çàïèñàòè âèðàçè äëÿ

ôóíêöi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi òà ïðîâiäíîñòi ñåðåäîâèù òàê:

ϵ1(r|| − r′
||, z, z

′, t− t′) = ϵ0ϵ1(t− t′)δ(r|| − r′
||)δ(z − z′),

ϵ2(r|| − r′
||, z, z

′, t− t′) = ϵ0ϵ2(r|| − r′
||, z, t− t′)δ(z − z′),

ϵ3(r|| − r′
||, z, z

′, t− t′) = ϵ0ϵ3(t− t′)δ(r|| − r′
||)δ(z − z′),

σ2(r|| − r′
||, z, z

′, t− t′) = σ0σ2(r|| − r′
||, z, t− t′)δ(z − z′),

(2.20)

òóò δ(z) � äåëüòà ôóíêöiÿ Äiðàêà [91]. Íàäàëi ó âèêëàäêàõ îïóñêàòèìåìî äiåëå-

êòðè÷íó ïðîíèêíiñòü âàêóóìó ϵ0 òà ñòàòè÷íó ïðîâiäíiñòü σ0, âèêîðèñòîâóþ÷è

¨õ ïðè ïîòðåái.

ßê ïðîìiæíèé ðåçóëüòàò çàïèøåìî òàêi âèðàçè äëÿ ∇×H â îáëàñòÿõ Ω1,

Ω2, Ω3:

Ω1:

∇×H(r, ω) = iωϵ1(ω)E(r, ω); (2.21)

Ω3:

∇×H(r, ω) = iωϵ3(ω)E(r, ω); (2.22)
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Ω2:

∇×H(r, ω) = iω

∫
Ω2

dr′
||ϵ(r|| − r′

||, z, ω)E(r′
||, z, ω)+

+

∫
Ω2

dr′
||σ(r|| − r′

||, z, ω)E(r′
||, z, ω).

(2.23)

Ñïðîñòèìî îòðèìàíå äëÿ îáëàñòi Ω2 ðiâíÿííÿ (2.22), çàñòîñóâàâøè äî

ϵ(r|| − r′
||, z, ω) ïåðåòâîðåííÿ Ôóð'¹ ïî çìiííié r|| − r′

||:

ϵ(r|| − r′
||, z, ω) =

1

(2π)2

+∞∫
−∞

dqϵ2(q, z, ω)ei(q,r||−r′||), (2.24)

äå
q = (qx, qy), dq = (dqx, dqy),

(q, r|| − r′
||) = qx(x− x′) + qy(y − y′).

Ìà¹ìî: ∫
Ω2

dr′
||ϵ(r|| − r′

||, z, ω)E(r′
||, z, ω) =

=
1

(2π)2

∫
Ω2

+∞∫
−∞

dr′
||dqϵ2(q, z, ω)E(r|| − r′

||, z, ω)ei(q,r||−r′||) =

=
1

(2π)2

+∞∫
−∞

dqϵ2(q, z, ω)E(q, z, ω)ei(q,r||),

òóò

E(q, z, ω) =

∫
Ω2

dr′
||E(r′

||, z, ω)e−i(q,r′||).

Àíàëîãi÷íî ïåðåòâîðèìî (2.16)

∫
Ω2

dr′
||σ(r|| − r′

||, z, ω)E(r′
||, z, ω) =

1

(2π)2

+∞∫
−∞

dqσ2(q, z, ω)E(q, z, ω)ei(q,r||).
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Îñòàòî÷íî ìà¹ìî âèðàç äëÿ ∇×H :

∇×H(r, ω) =
iω

(2π)2

+∞∫
−∞

dqϵ2(q, z, ω)e(q,r
′
||)E(q, z, ω)+

+
1

(2π)2

+∞∫
−∞

dqσ2(q, z, ω)e(q,r
′
||)E(q, z, ω).

Çàïèøåìî òåïåð ñèñòåìó ðiâíÿíü (2.21)-(2.23) ó (q, z, ω) ïðåäñòàâëåííi;

Ó Ω1:

∇×H(r, z, ω) = iωϵ1(ω)E(q, z, ω); (2.25)

ó Ω3:

∇×H(r, z, ω) = iωϵ3(ω)E(q, z, ω); (2.26)

ó Ω2:

∇×H(r, ω) =
iω

(2π)2

+∞∫
−∞

dqϵ2(q, z, ω)e(q,r
′
||)E(q, z, ω)+

+
1

(2π)2

+∞∫
−∞

dqσ2(q, z, ω)e(q,r
′
||)E(q, z, ω).

(2.27)

Óñi ïîäàëüøi âèêëàäêè íàäàëi ñòîñóâàòèìóòüñÿ åëåêòðîìàãíiòíèõ õâèëü

ïîëÿðèçîâàíèõ â ïëîùèíi ïàäiííÿ, äëÿ ÿêèõ âåêòîð íàïðóæåíîñòi åëåêòðè÷íî-

ãî ïîëÿ E ïàðàëåëüíèé ïëîùèíi ïàäiííÿ - TM (Transverse Magnetic)-õâèëü [1].

Âåêòîðè E òà H â öüîìó âèïàäêó ¹ òàêèìè:

H = (0, Hy, 0), E = (Ex, 0, Ez). (2.28)

Ïðîàíàëiçó¹ìî ðiâíÿííÿ ∇ ·B(r, t) = 0 òà B = µ0H äëÿ TM-õâèëü.

∇ ·B(r, t) = µ0

(
0,

∂Hy

∂y
, 0
)

= 0 ⇒ µ0
∂Hy

∂y
= 0.
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Öå îçíà÷à¹, ùî Hy íå çàëåæèòü âiä êîîðäèíàòè y, i òîìó:

Hy = Hy(x, z, t). (2.29)

Äëÿ çíàõîäæåííÿ îñîáëèâîñòåé E ó âèïàäêó TM-õâèëü äëÿ ïî÷àòêó

çàïèøåìî çíà÷åííÿ äëÿ âèðàçó ∇×E.

∇×E =

∣∣∣∣∣∣∣∣∣
e1 e2 e3
∂

∂x

∂

∂y

∂

∂z

Ex 0 Ez

∣∣∣∣∣∣∣∣∣ = e1
∂Ez

∂y
− e2

(∂Ez

∂x
− ∂Ex

∂z

)
− e3

∂Ex

∂y
. (2.30)

Îòðèìàíå ñïiââiäíîøåííÿ (2.30) ðàçîì iç ðiâíÿííÿì ∇×E = −∂B/∂t äàþòü

íàñòóïíi ñïiââiäíîøåííÿ:

e1
∂Ez

∂y
− e2

(∂Ez

∂x
− ∂Ex

∂z

)
− e3

∂Ex

∂y
= −e2µ0

∂Hy

∂t
,

∂Ez

∂y
= 0,

∂Ez

∂x
− ∂Ex

∂z
= µ0

∂Hy

∂t
,

∂Ex

∂y
= 0.

(2.31)

Îñòàíí¹ âêàçó¹ íà òå, ùî êîìïîíåíòè åëåêòðè÷íîãî ïîëÿ, ÿê i ó âèïàäêó ç Hy,

íå çàëåæàòü âiä êîîðäèíàòè y, òîáòî

Ex = Ex(x, z, t), Ez = Ez(x, z, t). (2.32)

Ðîçâ'ÿçîê ñèñòåìè (2.25)-(2.27) øóêàòèìåìî äëÿ åëåêòðè÷íèõ ïîëiâ, ÿêi ¹

îäíîðiäíèìè â íàïðÿìêó îñi OX ó îáëàñòÿõ Ω1 òà Ω3:

E(r, ω) = E(x, z, ω) = E(z, ω)eikxx, (2.33)

kx - õâèëüîâèé âåêòîð ó íàïðÿìêó ïîøèðåííÿ ÏÏÕ.

Âðàõîâóþ÷è òàêó ïîâåäiíêó åëåêòðè÷íîãî ïîëÿ E(r, ω), çíàéäåìî

àíàëîãi÷íó çàëåæíiñòü äëÿ ìàãíiòíîãî ïîëÿ H(r, ω).
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Äëÿ ïî÷àòêó îá÷èñëèìî çíà÷åííÿ ∇×H

∇×H =

∣∣∣∣∣∣∣∣∣
e1 e2 e3
∂

∂x

∂

∂y

∂

∂z

0 Hy 0

∣∣∣∣∣∣∣∣∣ = −e1
∂Hy

∂z
+ e3

∂Hy

∂x
. (2.34)

Îñêiëüêè ó îáëàñòÿõ Ω1 òà Ω3 ¹ ñïðàâåäëèâèì ñïiââiäíîøåííÿ (2.21) òà (2.22),

òî îñòàíí¹ (2.34) ìîæíà ïîäàòè ó âèãëÿäi

∇×H = −e1
∂Hy

∂z
+ e3

∂Hy

∂x
= iωϵi(ω)eikxx(e1Ex − e3Ez), i = 1, 3,

ùî äà¹
∂Hy(r)

∂z
= −iωϵi(ω)eikxxEx(z, ω),

∂Hy(r)

∂x
= −iωϵi(ω)eikxxEz(z, ω),

i = 1, 3.

(2.35)

Ó çâ'ÿçêó çi ñõîæiñòþ ðiâíÿíü â îáëàñòÿõ Ω1 òà Ω3, ïðèðîäíiì ¹

ïðèïóùåííÿ, ùî Hy(x, z, ω) ìà¹ àíàëîãi÷íó iç Ex,z(x, z, ω) ôîðìó

Hy(x, z, ω) = Hy(z, ω)eikxx. (2.36)

Íàñòóïíèì êðîêîì çíàéäåìî ñòðóêòóðó E(q, z, ω) â îáëàñòi Ω2 (ÀÒÌÏ).

E(q, z, ω) =

∫
Ω2

dr′
||E(r′

||, z, ω)e−i(q,r′||) =

∫ ∫
dxdyE(z, ω)eikxxe−i(qxx+qyy) =

=

∫
dxei(kx−qx)x

∫
dyE(z, ω)e−qyy = (2π)2E(z, ω)δ(kx − qx)δ(qy).

(2.37)

Çàóâàæèìî, ùî àíàëîãi÷íà òîòîæíiñòü ñïðàâåäëèâà i äëÿ H(q, z, ω) òàê ÿê

âèðàçè äëÿ ïîëiâ E òà H ìàþòü ïîäiáíó ñòðóêòóðó. Òîìó

H(q, z, ω) = (2π)2H(z, ω)δ(kx − qx)δ(qy). (2.38)
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(2.37) òà (2.38) ðàçîì iç (2.27) äàþòü:

∇×H(q, z, ω) = iω

∫ ∫
dqxdqyϵ2(q, z, ω)E(z, ω)ei(qxx+qyy)δ(kx − qx)δ(qy)+

+

∫ ∫
dqxdqyσ2(q, z, ω)E(z, ω)ei(qxx+qyy)δ(kx − qx)δ(qy) =

= iωϵ2(kx, z, ω)E(kx, z, ω) + σ2(kx, z, ω)E(kx, z, ω),

(2.39)

äå

E(kx, z, ω) = E(z, ω)ekxx. (2.40)

Ó ðåçóëüòàòi ñèñòåìà ðiâíÿíü (2.25)-(2.27) ó (q, z, ω) ïðåäñòàâëåíi äëÿ

îáëàñòåé Ω1 òà Ω3 ¹ òàêîþ

∇×H(kx, z, ω) = iωϵi(ω)E(kx, z, ω), i = 1, 3; (2.41)

Ó Ω2

∇×H(kx, z, ω) = iωϵ2(kx, z, ω)E(kx, z, ω) + σ2(kx, z, ω)E(kx, z, ω). (2.42)

òóò E(kx, z, ω) = E(z, ω)ekxx, à H(kx, z, ω) = H(z, ω)ekxx

Äàëi çàñòîñó¹ìî îïåðàòîð ðîòîðà (∇×) äî îòðèìàíèõ ðiâíÿíü òà

âèêîðèñòà¹ìî âiäîìó ç âåêòîðíîãî àíàëiçó òîòîæíiñòü [91]

∇×∇×A = ∇(∇ ·A) −∇2A. (2.43)

Ìà¹ìî

−∇2H(kx, z, ω) = iωϵi(ω)∇×E(kx, z, ω), i = 1, 3;

−∇2H(kx, z, ω) = iωϵ2(kx, z, ω)∇×E(kx, z, ω) + σ2(kx, z, ω)∇×E(kx, z, ω).

(2.44)

Òóò âèêîðèñòàíî òå, ùî

∇ ·B = µ0∇ ·H = 0 ⇒ ∇ ·H = 0. (2.45)
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Âèðàçèìî ∇×E ÷åðåç H . Äëÿ öüîãî ñêîðèñòà¹ìîñü ñïiââiäíîøåííÿì

∇×E(r||, z, ω) = −iωB(r||, z, ω) = −iωµ0H(r||, z, ω) (2.46)

äî ÿêîãî çàñòîñó¹ìî ïåðåòâîðåííÿ Ôóð'¹ ïî r||

∇×
+∞∫

−∞

dqE(q, z, ω)ei(q,r||) = −iωµ0

+∞∫
−∞

dqH(q, z, ω)ei(q,r||) (2.47)

òà ñêîðèñòà¹ìîñü âèðàçàìè (2.37) òà (2.38):

∇×
+∞∫

−∞

+∞∫
−∞

dqxdqyE(z, ω)δ(kx − qx)δ(qy)e
iqxxeiqyy =

= −iωµ0

+∞∫
−∞

+∞∫
−∞

dqxdqyH(z, ω)δ(kx − qx)δ(qy)e
iqxxeiqyy,

∇×E(kx, z, ω) = −iωµ0H(kx, z, ω). (2.48)

Ìà¹ìî

−∇2H(kx, z, ω) = ω2µ0ϵi(ω)H(kx, z, ω), i = 1, 3;

−∇2H(kx, z, ω) = ω2µ0ϵ2(kx, z, ω)H(kx, z, ω) + ωµ0σ2(kx, z, ω)H(kx, z, ω).

(2.49)

Òîìó â îáëàcòÿõ Ω1 òà Ω3 (äiåëåêòðèêè) äëÿ ∇×H(kx, z, ω) îòðèìó¹ìî

−∇2H(kx, z, ω) = −
(

d2

dx2
+

d2

dy2
+

d2

dz2

)
H(z, ω)e−ikxx =

= −
(

d2

dz2
− k2x

)
H(z, ω).

(2.50)

Îñòàòî÷íî â óñiõ îáëàñòÿõ ìà¹ìî ñèñòåìó ðiâíÿíü

d2H(z, ω)

dz2
+
(
k20ϵi(ω) − k2x

)
H(z, ω) = 0, i = 1, 3, (2.51)
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d2H(z, ω)

dz2
+
(
k20γ(kx, z, ω) − k2x

)
H(z, ω) = 0,

γ(kx, z, ω) = ϵ2(kx, z, ω) − σ0
iϵ0ω

σ2(kx, z, ω),
(2.52)

òóò k20 = ω2/c2.

Çàóâàæèìî, ùî ó ðàçi âiäñóòíîñòi âèìóøóþ÷îãî ïîëÿ J = 0 i òîìó

γ(kx, z, ω) ≡ ϵ2(kx, z, ω), (2.53)

à â öüîìó âèïàäêó ðiâíÿííÿ â îáëàñòi ÀÒÌÏ ¹ òàêèì

d2H(z, ω)

dz2
+
(
k20ϵ2(kx, z, ω) − k2x

)
H(z, ω) = 0. (2.54)

Êðàéîâi óìîâàìè â îáëàñòÿõ äîòèêó ñåðåäîâèù (2.7) (óìîâè çøèâàííÿ)

ïîäàìî òàê

n× (E2(l/2, ω) −E1(l/2, ω)) = 0,

n× (H2(l/2, ω) −H1(l/2, ω)) = J(kx, l/2, ω),

n · (B2(l/2, ω) −B1(l/2, ω)) = 0,

n× (E3(−l/2, ω) −E2(−l/2, ω)) = 0,

n× (H3(−l/2, ω) −H2(−l/2, ω)) = J(kx,−l/2, ω),

n · (B3(−l/2, ω) −B2(−l/2, ω)) = 0.

(2.55)

òóò íå íàâåäåíî óìîâè â ÿêèõ ôiãóðó¹ ãóñòèíà ρ(r, ω), îñêiëüêè âèðàç äëÿ

íå¨ ¹ íåâiäîìèì, òîìó íàäàëi âiäïîâiäíà óìîâà íå áóäå âèêîðèñòîâóâàòèñÿ.

Ó ïîäàëüøîìó ïðè ðîçãëÿäi óìîâ (2.55) áóäåìî âèêîðèñòîâóâàòè óìîâè

çàòóõàííÿ ïîëiâ íà íåñêií÷åíîñòi, à ñàìå:

{H(z, ω),E(z, ω)}z→±∞ → 0 (2.56)

Ñèñòåìà (2.51), (2.54)

d2H(z, ω)

dz2
+
(
k20ϵi(ω) − k2x

)
H(z, ω) = 0, i = 1, 3,

d2H(z, ω)

dz2
+
(
k20ϵ2(kx, z, ω) − k2x

)
H(z, ω) = 0,

(2.57)
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ðàçîì ç óìîâè çøèâàííÿ (2.55) äàþòü ìàòåìàòè÷íó ìîäåëü ïîøèðåííÿ ÏÏÕ â

ñòðóêòóði ÄÌÄ:

d2H(z, ω)

dz2
+
(
k20ϵi(ω) − k2x

)
H(z, ω) = 0, i = 1, 3,

d2H(z, ω)

dz2
+
(
k20ϵ2(kx, z, ω) − k2x

)
H(z, ω) = 0,

n× (E2(l/2, ω) −E1(l/2, ω)) = 0,

n× (H2(l/2, ω) −H1(l/2, ω)) = J(kx, l/2, ω),

n · (B2(l/2, ω) −B1(l/2, ω)) = 0,

n× (E3(−l/2, ω) −E2(−l/2, ω)) = 0,

n× (H3(−l/2, ω) −H2(−l/2, ω)) = J(kx,−l/2, ω),

n · (B3(−l/2, ω) −B2(−l/2, ω)) = 0.

(2.58)

2.3 Âèñíîâêè

Ó öüîìó ðîçäiëi âèêëàäåíî òåîðåòè÷íi çàñàäè ïîáóäîâè ìàòåìàòè÷íèõ

ìîäåëåé ïîøèðåííÿ ÏÏÕ â ñòðóêòóðàõ ÄÌÄ. Ðîçãëÿíóòî ñèñòåìó ðiâíÿíü

Ìàêñâåëà ìàêðîñêîïi÷íî¨ åëåêòðîäèíàìiêè ç íåëîêàëüíèìè çâ'ÿçêàìè ìiæ

âåêòîðàìè D i E òà J i E, òîáòî ç âðàõóâàííÿì ÷àñîâî¨ òà ïðîñòîðîâî¨

äèñïåðñi¨ òà äîñëiäæåíî îòðèìàíi ñïiâiäíîøåííÿ çàñòîñîâóþ÷è äî íèõ

ïåðåòâîðåííÿ Ôóð'¹ ïî ÷àñó òà ïëàñêîìó âåêòîðó r|| â êîæíié îáëàñòi

ñòðóêòóðè. Çîêðåìà äëÿ ìåòàëåâîãî ïðîøàðêó çíàéäåíî õâèëüîâå ðiâíÿííÿ ó

ðàçi, êîëè äiåëåêòðè÷íà ôóíêöiÿ ϵ çàëåæèòü âiä êîîðäèíàòè z òà äëÿ âèïàäêiâ

âiäñóòíîñòi òà íàÿâíîñòi âèìóøóþ÷îãî ïîëÿ. Ïîáóäîâàíî òà ñôîðìóëüîâàíî

êðà¹âó çàäà÷ó ìîäåëþâàííÿ ïîøèðåííÿ ÏÏÕ â ñòðóêòóðàõ ÄÌÄ.
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ÐÎÇÄIË 3

Êâàíòîâi ìîäåëi ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â

øàðóâàòèõ ñòðóêòóðàõ

Ìàêðîñêîïi÷íèé ðîçãëÿä åëåêòðîííî¨ ïiäñèñòåìè ìåòàëó ìà¹ òó ïåðåâàãó, ùî

ïðè äîñòàòíüî íèçüêèõ òåìïåðàòóðàõ i ìàëèõ ÷àñòîòàõ òà õâèëüîâèõ âåêòîðàõ

âií äà¹ çìîãó îäåðæàòè òî÷íèé ðåçóëüòàò. Çàçâè÷àé éîãî íå ìîæíà ââàæàòè

ïîâíèì, îñêiëüêè âií íå ìîæå áóòè âèêîðèñòàíèé äëÿ îïèñó ìiêðîñêîïi÷íèõ

ÿâèù, êîëè ñóòò¹âó ðîëü âiäiãðàþòü êîðîòêi õâèëi i âèñîêi ÷àñòîòè çáóäæåíü.

Êâàíòîâó ñèñòåìó ìîæíà ðîçãëÿäàòè ÿê ìîäåëü ïîâåäiíêè åëåêòðîíiâ

ïðîâiäíîñòi ó ìåòàëàõ. Òîäi ó öié ìîäåëi âïëèâ ïåðiîäè÷íî ðîçòàøîâàíèõ

iîíiâ ó ìåòàëàõ íàáëèæåíî îïèñóþòü ÿê îäíîðiäíèé ïîçèòèâíî çàðÿäæåíèé

ôîí. Òàêîæ ó öüîìó âèïàäêó âàæëèâèìè äëÿ îäíîðiäíî¨ åëåêòðîííî¨ ñèñòåìè

¹ êîëåêòèâíi çáóäæåííÿ åëåêòðîíiâ â öiëîìó, àáî ïëàçìîâi êîëèâàííÿ. Ç

îãëÿäó íà öå, âïîðÿäêîâàíi êîëèâàííÿ â ïëàçìi i åêðàíóâàííÿ � íåðîçðèâíî

ïîâ'ÿçàíi ÿâèùà. Êîëè åëåêòðîíè íàìàãàþ÷èñü åêðàíóâàòè ðîçïîäië çàðÿäó,

âîíè ïðîëiòàþòü ðiâíîâàæíå ïîëîæåííÿ, à ïîòiì ïîâåðòàþòüñÿ íàçàä, çíîâó

ïðîëiòàþòü òî÷êó ðiâíîâàãè i ò.ä. Òàêèì ÷èíîì, âèíèêàþòü êîëèâàííÿ ïîáëèçó

ñòàíó ðiâíîâàãè. Ïîâåðòàþ÷îþ ñèëîþ, ùî ñïðè÷èíÿ¹ öi êîëèâàííÿ, ¹ ñåðåäí¹

ñàìîóçãîäæåíå ïîëå âñiõ åëåêòðîíiâ.
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3.1 Êâàíòîâi ìåòîäè îïèñó äiåëåêòðè÷íî¨ ôóíêöi¨

ìåòàëåâîãî ïðîøàðêó â øàðóâàòèõ ñòðóêòóðàõ

Ëiíäãàðä [70] ðîçðàõóâàâ ôóíêöiþ äiåëåêòðè÷íî¨ ïðîíèêíîñòi â íàáëèæåíi

õàîòè÷íèõ ôàç (RPA), çàñòîñóâàâøè ìåòîä ñàìîóçãîäæåíîãî ïîëÿ òà

âèêîðèñòàâøè äëÿ äiåëåêòðè÷íî¨ ñïðèéíÿòëèâîñòi χ(q, ω) [1, 90] ¨¨ çíà÷åííÿ

äëÿ íåâçà¹ìîäiþ÷îãî åëåêòðîííîãî ãàçó.

Ïîñëiäîâíèé êâàíòîâèé òà ìiêðîñêîïi÷íèé ïiäõiä äî âèâåäåííÿ âèðàçó

äëÿ ϵRPA(q, ω) ðåàëiçóâàëè Åðåíðàéõ i Êîåí [112]. Äëÿ âèâåäåííÿ àâòîðè

çàñòîñóâàëè ìåòîä ðiâíÿíü ðóõó äëÿ ìàòðèöi ãóñòèíè. Íàáëèæåííÿ RPA,

ó öüîìó ïiäõîäi, ïîëÿãà¹ ó ëiíåàðèçàöi¨ ðiâíÿííÿ ðóõó äëÿ χ(q, ω). Öå

íàáëèæåííÿ âèíèêëî ïðè âèâ÷åííi ïðîöåñiâ åêðàíóâàííÿ i êîëåêòèâíî¨

ïîâåäiíêè åëåêòðîííî¨ ïëàçìè i çàñíîâàíå íà ôiçè÷íîìó ïðèïóùåííi, ùî çà

ïåâíèõ óìîâ ñóìîþ åêñïîíåíò, ÿêi õàîòè÷íî çìiíþþòüñÿ ìîæíà çíåõòóâàòè

ïîðiâíÿíî ç êiëüêiñòþ åëåêòðîíiâ N â ñèñòåìi. Çâiäñè ïîõîäèòü i íàçâà

öüîãî íàáëèæåííÿ. Çà öèì íàáëèæåííÿì äëÿ ϵ(q, ω) íà åëåêòðîí äi¹ íå

òiëüêè çîâíiøí¹ ïîëå, à é ïîëå, ñòâîðåíå óñiìà iíøèìè åëåêòðîíàìè. Öå

íàáëèæåííÿ ïðèçâîäèòü äî âèðàçó äëÿ äiéñíî¨ ϵR òà óÿâíî¨ ϵI ÷àñòèíè ôóíêöi¨

äiåëåêòðè÷íî¨ ïðîíèêíîñòi ϵ(q, ω) Ëiíäãàðäà [70]

ϵR(q, ω) =1 +
q2TF
q2

{
1

2
+

pF
4q

[(
(ω + q2/2m)2

(qv0F )2
− 1

)
ln

∣∣∣∣ω − qv0F + q2/2m

ω + qv0F + q2/2m

∣∣∣∣]}−(
(ω − q2/2m)2

(qv0F )2
− 1

)
ln

∣∣∣∣ω − qv0F − q2/2m

ω + qv0F − q2/2m

∣∣∣∣ ,
ϵI(q, ω) =

π

2

q2TF
q2

pF
q

{
1 − (ω − q2/2m)2

(qv0F )2

}
, − q2

2m
≤ ω − qv0F ≤ q2

2m
,

ϵI(q, ω) =
π

2

q2TF
q2

ω

qv0F
, 0 ≤ ω ≤ qv0F − q2

2m
,

ϵI(q, ω) = 0, ω ≥ qv0F +
q2

2m
,

äå vF = ℏkF/m, kF =
√

2mεF/ℏ.
Ó ðîáîòi [92] âèêîíàíî ñàìîóçãîäæåíèé ðîçðàõóíîê ðåàêöi¨ äâîâèìiðíîãî
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åëåêòðîííîãî ãàçó, ÿêèé äàâ òàêèé ñàìèé âèðàç äëÿ ïîëÿðèçîâíîñòi, ÿê i

ó òðèâèìiðíîìó âèïàäêó. Çàãàëüíèé âèðàç äëÿ ïîëÿðèçîâíîñòi ñèñòåìè äëÿ

åëåêòðîíiâ, ùî çíàõîäÿòüñÿ ó ïëîùèíi z = 0, ìà¹ âèãëÿä [81]

χ(q, ω) =
e2

q2l2
lim
α→0

∑ f0εk − f0εk+q

εk+q − εk − ℏω − iℏα
.

äå f0 - ôóíêöiÿ ðîçïîäiëó Ôåðìi - Äiðàêà, l2 - ïëîùà ñèñòåìè. Ïiäñóìîâóâàííÿ

ñëiä ïðîâîäèòè ïî âñiõ îäíîåëåêòðîííèõ ñòàíàõ ç õâèëüîâèì âåêòîðîì k i

åíåðãi¹þ εk. Âèðàç äëÿ ïîëÿðèçîâíîñòi içîòðîïíîãî äâîâèìiðíîãî åëåêòðîííîãî

ãàçó iç êâàäðàòè÷íèì çàêîíîì äèñïåðñi¨ εk = ℏ2k2/2m i õâèëüîâèì âåêòîðîì

Ôåðìi kF ïðè òåìïåðàòóði àáñîëþòíîãî íóëÿ çàïèñàíèé ó âèãëÿäi ñóìè äâîõ

äîäàíêiâ χ = χR + iχI , êîæåí ç ÿêèõ ìà¹ òàêèé âèãëÿä [81]

χR =G

 q

kF
− C−

[(
q

2kF
− mω

ℏkF q

)2

− 1

] 1
2

− C+

[(
q

2kF
+

mω

ℏkF q

)2

− 1

] 1
2

 ,

χI =G

D−

[
1 −

(
q

2kF
− mω

ℏkF q

)2
] 1

2

−D+

[
1 −

(
q

2kF
+

mω

ℏkF q

)2
] 1

2

 ,

äå

G =
2me2ns

ℏ2kF q3
,

C± =sgn

(
q

2kF
± mω

ℏkF q

)
; D± = 0,

∣∣∣∣ q

2kF
± mω

ℏkF q

∣∣∣∣ > 1,

C± =0; D± = 1,

∣∣∣∣ q

2kF
± mω

ℏkF q

∣∣∣∣ < 1,

kF =

√
2mεF
ℏ

.

äå ns - ïîâåðõíåâà êîíöåíòðàöiÿ íîñi¨â.

Äëÿ ñòàòè÷íèõ ïîëiâ âèðàç äëÿ äiåëåêòðè÷íî¨ ñïðèéíÿòëèâîñòi íàáóâà¹
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âèãëÿäó

χ(q, 0)|q≤2kF = ϵ

(
1 +

qs
q

)
,

χ(q, 0)|q>2kF = ϵ

[
1 +

qs
q

{
1 −

(
1 − 4k2F

q2

)1/2
}]

,

äå χ - ñòàòè÷íà äiåëåêòðè÷íà ïðîíèêíiñòü ñåðåäîâèùà.

Óìîâè iñíóâàííÿ ïëàçìîâèõ çáóäæåíü âèçíà÷àþòü iç ðiâíÿííÿ [81]

χ(q, ω) = 0.

Ó âèïàäêó âåëèêèõ äîâæèí õâèëü öå ðiâíÿííÿ ïðèâîäèòü äî òàêîãî ðiâíÿííÿ

q2 − ϵω2

c2
=

(
mϵω2

2πnse2

)
,

ùî äëÿ çàêîíó äèñïåðñi¨ äà¹

ω ∼ 2nse
2q

mϵ
+

3

4
q2v2F .

Ïëàçìîíè â äâîâèìiðíèõ (2D) åëåêòðîííèõ ñèñòåìàõ âiäðiçíÿþòüñÿ âiä

îá'¹ìíèõ i ïîâåðõíåâèõ ïëàçìîíiâ. Óíiêàëüíîþ îñîáëèâiñòþ 2D ïëàçìîíiâ ¹

¨õ ñïåêòð ïðè ω → 0 i q → 0 [81]:

ω2D(q) =

√
2πnse2q

mϵeff(q)
.

Òóò q = (qx, qy, 0) - õâèëüîâèé âåêòîð â ïëîùèíi åëåêòðîííîãî øàðó, m -

åôåêòèâíà ìàñà åëåêòðîíiâ, ϵeff(q) - åôåêòèâíà äiåëåêòðè÷íà ïðîíèêíiñòü

íàâêîëèøíüîãî ñåðåäîâèùà.
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3.2 Êâàíòîâi ìîäåëi äiåëåêòðè÷íî¨ ôóíêöi¨ ìåòàëåâîãî

ïðîøàðêó ç âðàõóâàííÿì ïðîñòîðîâî¨ äèñïåðñi¨

ßê óæå çãàäóâàëîñÿ, ùî âàæëèâèì ìîìåíòîì â íàøié ðîáîòi ¹ òå, ùî óñi íàøi

âèêëàäêè â ïîïåðåäíüîìó ðîçäiëi ïðîâîäèëèñü ç âðàõóâàííÿì ïðîñòîðîâî¨

äèñïåðñi¨ (2.8)

D(r, t) =

∫
V

∫
τ

dr′dt′ϵµν(r, r
′, t− t′)E(r′, t′). (3.1)

(2.8) âêàçó¹, ùî âåêòîð iíäóêöi¨ D âèçíà÷à¹ âåêòîð íàïðóæåíîñòi ïîëÿ E

íå â òîé æå ñàìèé ìîìåíò ÷àñó t, à iç ïåâíîþ çàòðèìêîþ t′ (÷àñîâà àáî

÷àñòîòíà äèñïåðñiÿ), òà íå â òié æå ñàìié òî÷öi ïðîñòîðó r, à çi çìiùåííÿì r′,

òîáòî ïðè íàÿâíîñòi ïðîñòîðîâî¨ äèñïåðñi¨. Ó áiëüøîñòi âèïàäêiâ íàâiòü äëÿ

ïðîâiäíèõ ñåðåäîâèù âïëèâ ïðîñòîðîâî¨ äèñïåðñi¨ ¹ çíèêîìèì òà ìîæå áóòè

çíåõòóâàíèì íà âiäìiíó âiä ÷àñòîòíî¨ äèñïåðñi¨ [95], ÿêó ñëiä âðàõîâóâàòè ó

ïåðåâàæíié áiëüøîñòi çàäà÷, ùî âèíèêàþòü ïðè äîñëiäæåííi ÏÏÕ. Ïðîòå, ÿê

óæå çàçíà÷àëîñü ó îãëÿäi ëiòåðàòóðè, ñó÷àñíèé ñòàí ïðîäóêóâàííÿ ïëàçìîííèõ

ãåòåðîãåííèõ ñòðóêòóð ìåòàë/äiåëåêòðèê ÷è äiåëåêòðèê/ìåòàë/äiåëåêòðèê

[25, 27] äîçâîëÿ¹ âèãîòîâëÿòè ÀÒÌÏ òîâùèíîþ 5 < l < 100nm. Äëÿ

òàêèõ ñòðóêòóð, îêðiì êâàíòîâîðîçìiðíèõ åôåêòiâ [100] çíà÷íèé âïëèâ íà

çàðÿäæåíi ÷àñòèíêè â îáëàñòi êîíòàêòó äiåëåêòðèê(âàêóóì)/ìåòàë, à, îòæå,

é íà ÏÏÕ [113�118] ìà¹ íàÿâíiñòü åêñïîíåíòíîãî �õâîñòà� åëåêòðîííî¨

ãóñòèíè, ÿêèé �ïðîíèêà¹� â äiåëåêòðèê (òàê çâàíèé åôåêò êâàíòîâîãî

�ïðîíèêíåííÿ� (quantum spill-out)) ó çâ'ÿçêó ç òóíåëþâàííÿì êðiçü áàð'¹ð

[117]. Òàêà õàðàêòåðíà ïîâåäiíêà âêàçó¹ íà òå, ùî äëÿ êîðåêòíîãî çíàõîäæåííÿ

õàðàêòåðèñòèê òà ïàðàìåòðiâ òàêîãî ðîäó ñèñòåì âàæëèâèì ¹ ïðàâèëüíå

âðàõóâàííÿ âïëèâó ïðîñòîðîâî¨ äèñïåðñi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi ÀÒÌÏ.

Äëÿ ïî÷àòêó ðîçãëÿíåìî ìîäåëü îïèñàíó ó [121]. Ó öié ðîáîòi äîñëiäíèêè

ðîçãëÿíóëè åêðàíóâàííÿ ïîòåíöiàëüíîãî ðîçñiþâàííÿ äëÿ íîñi¨â çàðÿäó ó

ÀÒÌÏ ç ïîòåíöiàëîì Ïåøëÿ-Òåëëåðà [122]. Ðîçãëÿä öüîãî ïîòåíöiàëó äà¹

çìîãó âðàõóâàòè ìiæ÷àñòèíêîâó âçà¹ìîäiþ òà, ÿê íàñëiäîê, åêðàíóâàííÿ

åëåêòðè÷íîãî ïîëÿ ñïðè÷èíåíå öi¹þ âçà¹ìîäi¹þ [123] òà îòðèìàòè àíàëiòè÷íèé
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ðîçâ'ÿçîê ðiâíÿííÿ Øðåäií åðà äëÿ çàðÿäæåíî¨ ÷àñòèíêè â ïîòåíöiàëüíié ÿìi

[122].

Çàçíà÷à¹òüñÿ, ùî ñòàòè÷íó äiåëåêòðè÷íó ôóíêöiþ ïðîâiäíî¨ äèñïåðñíî¨

ñèñòåìè ìîæíà ìîæíà âèðàçèòè ÷åðåç ìàòðè÷íèé åëåìåíò ïîòåíöiàëó

åëåêòðîí-åëåêòðîííî¨ âçà¹ìîäi¨ Mee [124] òà ïîëÿðèçàöiéíèé îïåðàòîð Π(0, q):

ϵ(q) = 1 + MeeΠ(0, q), (3.2)

Mee =

∫
drdr′Ψ∗(r)Ψ∗(r′)U(r, r′)Ψ(r)Ψ(r′), (3.3)

Π(0, q) =

∫
g(ε)

(
− ∂f0

∂ε

)
dε. (3.4)

òóò U(r, r′) � ïîòåíöiàë åëåêòðîí-åëåêòðîííî¨ âçà¹ìîäi¨, f0, ÿê i ðàíiøå,

ôóíêöiÿ ðîçïîäiëó Ôåðìi-Äiðàêà, ε � åíåðãiÿ íîñiÿ çàðÿäó.

Ãàìiëüòîíiàí H òàêî¨ áàãàòî÷àñòèíêîâî¨ ñèñòåìè ìà¹ âèãëÿä [98,122]:

H =
N∑
i=1

H(ri) = −
N∑
i=1

(
ℏ2

2m
∆i + U(ri)

)
, (3.5)

â ÿêîìó U(ri) � îäíî÷àñòèíêîâèé ïîòåíöiàë, à ∆i � îïåðàòîð Ëàïëàñà [91] i-î¨

÷àñòèíêè.

∆i =
∂2

∂x2i
+

∂2

∂y2i
+

∂2

∂z2i

Íàäàëi, äîïóñòèâøè îáìåæåíiñòü ðóõó íîñi¨â çàðÿäó â ñèñòåìi òiëüêè ïî

îñi OZ, ââàæàòèìåìî, ùî U(ri) ≡ U(z) òà çìîäåëþ¹ìî U(z) ìîäèôiêîâàíèì

ïîòåíöiàëîì Ïåøëÿ-Òåëëåðà.

U(z) = − ℏ2

2m
α2 λ(λ− 1)

cosh2(αz)
. (3.6)

Òóò λ > 1, α � ïàðàìåòðè ïîòåíöiàëó, ïîâ'ÿçàíi ç ãëèáèíîþ òà øèðèíîþ

ÿìè âiäïîâiäíî. Ñïåêòð åíåðãi¨ òà õâèëüîâà ôóíêöiÿ íîñi¨â çàðÿäó äëÿ öüîãî

ïîòåíöiàëó ¹ äîáðå âiäîìèìè [122,123], òîìó òóò ìè ïðîñòî ñêîðèñòà¹ìîñÿ óæå

ãîòîâèìè ôîðìóëàìè:

ελ,ν =
ℏ2

2m
α2
(
λ(λ + 1) − (λ− ν)2

)
, (3.7)
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Ψ =
1√
S
ei(kxx+kyy)

(
α(λ− ν)Γ(2λ− ν + 1)

Γ(ν + 1)

)
Pλ(z), (3.8)

òóò ν íîìåð êâàíòîâîãî ñòàíó äëÿ ÿêîãî ñïðàâåäëèâî ν < λ, S - ïëîùà ñèñòåìè

â ïëîùèíi XOY , Γ � ãàìà-ôóíêöiÿ [91], à Pλ(z) � ôóíêöiÿ Ëåæàíäðà [91].

Òàêîæ äîäàòêîâî íàâåäåìî òóò îòðèìàíèé ó [125] âèðàç äëÿ ãóñòèíè ñòàíiâ

åëåêòðîíiâ g(ε):

g(ε) =
Sm

πℏ2

[λ]∑
ν=0

Θ(ε− ελ,ν), (3.9)

òóò Θ(·) � ôóíêöiÿ Õåâiñàéäà [91].
Âèêîðèñòàííÿ íàâåäåíèõ âèðàçiâ äëÿ (3.7),(3.8),(3.9) äà¹ çìîãó ðîçðàõóâàòè

âèðàçè äëÿ Mee â êâàíòîâié ãðàíèöi ν = 0 òà Π(0, q) [121]:

Mee =
1

S

π3e2

2χq

(
q

α

)2

cosec

(
πq

2α

)2

, (3.10)

Π(0, q) =
Sm

πℏ2

[λ]∑
ν=0

f0(ελ,ν). (3.11)

Äâà îñòàííi âèðàçè ðàçîì iç (3.2) äàþòü îñòàòî÷íèé âèðàç äëÿ ôóíêöi¨

äiåëåêòðè÷íî¨ ïðîíèêíîñòi

ϵ(0, q) = 1 +
mπ2e2

2ℏ2χq
f0(ε0,1)

(
q

α

)2

cosec

(
πq

2α

)2

. (3.12)

Âiäìiòèìî òàêîæ ùå îäèí âàæëèâèé ìîìåíò, ÿêèé ïîëÿãà¹ ó òîìó, ùî ó

âèïàäêó, êîëè õâèëüîâèé âåêòîð q ¹ çíà÷íî ìåíøèé âiä ïðàìåòðó α, êîòðèé

âiäïîâiäà¹ çà øèðèíó ïîòåíöiàëüíî¨ ÿìè (q ≪ α) ñïðàâåäëèâèì ¹ òâåðäæåííÿ,

ùî

cosec

(
πq

2α

)2

≈
(
πq

2α

)2

çàñòîñóâàííÿ ÿêîãî, â ñâîþ ÷åðãó, äà¹

ϵ(0, q) = 1 +
2me2

2ℏ2χq
f0(ε0,1). (3.13)

Ùå îäíà âàðòà óâàãè ìîäåëü ðîçãëÿíóòà Ñêéîëñòðóïîì [134] i îïèñ ó öié

ìîäåëi òiñíî ïîâ'ÿçàíèé iç âèùåçãàäàíèì åôåêòîì êâàíòîâîãî �ïðîíèêíåííÿ�.
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Öåé åôåêò ìà¹ çíà÷íèé âïëèâ íà îïòè÷íi âëàñòèâîñòi íàíîðîçìiðíèõ

ìåòàëåâèõ ñòðóêòóð äî ÿêèõ ìîæíà âiäíåñòè é ÀÒÌÏ, òà äîçâîëÿ¹ çãëàäèòè

ðiçêi ñòðèáêè äiåëåêòðè÷íî¨ ôóíêöi¨ â îêîëi ïîâåðõîíü ïîäiëó ñåðåäîâèù [113].

Ó íié �ïðîíèêíåííÿ� ãóñòèíè åëåêòðîíiâ â îáëàñòü äiåëåêòðèêà ðîçðàõîâàíèé

ç âèêîðèñòàííÿì ìåòîäó ôóíêöiîíàëó ãóñòèíè (DFT) â ìîäåëi �æåëå� [117,118,

137]

Òåíçîð äiåëåêòðè÷íî¨ ïðîíèêíîñòi ϵ(z, z′, ω) ñêëàäà¹òüñÿ ç ëîêàëüíî¨ L òà

íåëîêàëüíèõ NL êîìïîíåíò, õî÷à é ñàìèìè àâòîðàìè çàçíà÷à¹òüñÿ, ùî òàêèé

îïèñ ¹ äîâîëi �ãðóáèì�.

ϵ(z, z′, ω) = ϵL(z, z′, ω) − ϵNL(z, z′, ω) (3.14)

L-êîìïîíåíòà ¹ içîòðîïíîþ òà îïèñó¹òüñÿ êëàñè÷íîþ ìîäåëëþ Äðóäå.

ϵL(z, z′, ω) =

(
1 − e2n(z)

mϵ0(ω2 + iγω)

)
δ(z − z′)I, (3.15)

òóò I � îäèíè÷íà ìàòðèöÿ, à n(z) � ïðîñòîðîâî çàëåæíà ôóíêöiÿ åëåêòðîííî¨

ãóñòèíè ðîçðàõîâàíà âèêîðèñòîâóþ÷è DFT [117]:

n(z) =
1

π2

∫ kF

0

dk(k2F − k2)|Ψk(z)|2 (3.16)

â ÿêié Ψk(z) � õâèëüîâà ôóíêöiÿ, ùî îïèñó¹ ïîâåäiíêó åëåêòðîíà ó ìåòàëåâié

ïëiâöi, à âiäïîâiäíà ïðîñòîðîâî çàëåæíà ïëàçìîííà ÷àñòîòà ¹ òàêîþ:

ωp(z) =
e2n(z)

mϵ0
. (3.17)

Ùîäî NL-êîìïîíåíòè, òî âîíà âiäïîâiäà¹ çà àíiçîòðîïiþ â ñèñòåìi òà

îòðèìó¹òüñÿ i òåíçîðà ïðîâiäíîñòi ìåòàëåâîãî ïðîøàðêó îòðèìàíî¨ Êåëåðîì

[119] íà îñíîâi ìåòîäó õàîòè÷íèõ ôàç òà ìà¹ òàêó ôîðìó:

ϵNL(z, z′, ω) =
1

2π2ϵ0ℏω2

∑
n,m

∫
fm,n(q)

jn,m(q, z)jm,n(q, z′)

ω + iγ + ωm − ωn
dq. (3.18)

Ó öüîìó ðiâíÿííi fm,n(q) âèðàæà¹ ðiçíèöþ ðiâíiâ Ôåðìi ìiæ äâîìà ñòàíàìè
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ç åíåðãiÿìè εm = ℏωm òà εn = ℏωn âiäïîâiäíî, à jn,m � ìàòðè÷íèé åëåìåíò

ïîâåðõíåâîãî ñòðóìó, ÿêèé çàëåæèòü âiä âèãëÿäó õâèëüîâî¨ ôóíêi¨ Ψn, ùî

âiäïîâiäà¹ ñòàíó ç åíåðãi¹þ εn = ℏωn.

jn,m = − eℏ
2mi

(
2iqAn,m(z) + e3Bn,m(z)

)
(3.19)

òóò
An,m = Ψn(z)Ψ∗

m(z),

Bn,m = Ψ∗
m(z)

∂Ψn(z)

∂z
− Ψn(z)

∂Ψ∗
m(z)

∂z
.

(3.20)

ßê çàçíà÷à¹òüñÿ â ñàìié ðîáîòi àíiçîòðîïíó ÷àñòèíó ïðîíèêíîñòi

óñåðåäíåíî, ùî äà¹ â ðåçóëüòàòi ñòóïií÷àñòó ôóíêöiþ âiäãóêó i åôåêò

�ïðîíèêíåííÿ� âõîäèòü òiëüêè â L-êîìïîíåíòó, à åôåêò ìiæçîííîãî ïåðåõîäó

â îáëàñòi äiåëåêòðèêiâ áóäå îïèñàíî ÷åðåç äåùî �øòó÷íó� ìîäèôiêàöiþ öi¹¨ æ

êîìïîíåíòè. Ç öi¹þ ìåòîþ ââåäåíî ôóíêöiþ âiäãóêó åëåêòðîíiâ ìåòàëó, ÿêi ¹

öiëêîì ëîêàëiçîâàíi â ìåæàõ ìåòàëó-�æåëå�:

ϵbound = ϵmetal(ω) − ϵbulk(ω). (3.21)

Îá'¹ìíà ôóíêöiÿ âiäãóêó ϵbulk(ω), ÿêà âêëþ÷à¹ â ñåáå îá'¹ìíó ïëàçìîâó ÷àñòîòó

ωp =
√

ne2/mϵ0, ôàêòè÷íî ¹ êëàñè÷íîþ ìîäåëëþ Äðóäå

ϵbulk(ω) = 1 −
ω2
p

ω2 + iγω
, (3.22)

à ϵmetal(ω) � åêñïåðèìåíòàëüíî îòðèìàíà ôóíêöiÿ âiäãóêó ìåòàëó (äëÿ çíà÷åíü

äëÿ áàãàòüîõ áëàãîðîäíèõ ìåòàëiâ äèâ. íàïðèêëàä [120]). Âðåøòi ðåçóëüòóþ÷èé

âèðàç äëÿ L-êîìïîíåíòè ìîæíà ïîäàòè ó òàêié ôîðìi [134]:

ϵL(z, ω) = 1−
ω2
p(z)

ω2 + iγω
+ (ϵs(z)− 1)Θ(|z| − l/2) + ϵbound(ω)Θ(l/2− |z|), (3.23)

äå äîäàíîê (ϵs(z) − 1)Θ(|z| − l/2) âiäïîâiäà¹ çà âïëèâ ñòiíîê-äiåëåêòðèêiâ.

Âèðàç (3.18), ÿêèé âiäïîâiäà¹ çà àíiçîòðîïiþ â ìåòàëi òåæ äi¹ â îáëàñòi
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Θ(|z| − l/2) òà ìà¹ òàêèé îñòàòî÷íèé âèãëÿä:

ϵNL =
e2

πdϵ0ℏ2(ω + iγ)2

∑
m,n

gmn
ε2mn(εF − εn)Θ(εF − εn)

ε2mn − ℏ2(ω + iγ)2
,

εmn = εm − εn,

gmn =
2m

ℏ2
|⟨Ψm|z|Ψn⟩|2εmn.

(3.24)

Íàîñòàíîê çàóâàæèìî, ùî îòðèìàíà ìîäåëü äà¹ çìîãó îòðèìàòè äiåëå-

êòðè÷íèé òåíçîð çàïèñàíèé ó äiàãîíàëüíîìó âèãëÿäi â ÿêîìó êîìïîíåíòè

îïèñóþòüñÿ íàâåäåíèìè òóò ëîêàëüíîþ òà íåëîêàëüíîþ êîìïîíåíòàìè

ϵ(z, ω) =


ϵL 0 0

0 ϵL 0

0 0 ϵP

 , (3.25)

ϵP = ϵL + ϵNLΘ(|z| − l/2).

Îñòàííüîþ ðîçãëÿíåìî ìîäåëü äiåëåêòðè÷íîãî òåíçîðà ó íèçüêîðîçìiðíèõ

ñèñòåìàõ [94]. Ó íié â ðàìêàõ ôîðìàëiçìó ìàòðèöi ãóñòèíè ðîçãëÿíóòî

âïëèâ âèìóøóþ÷îãî ãàðìîíi÷íîãî âåêòîðíîãî åëåêòðîìàãíiòíîãî ïîòåíöiàëà

A(r, t) = A(r)e−iωt íà åëåêòðîííó ñèñòåìó ðîçðàõîâó¹òüñÿ âèêîðèñòîâóþ÷è

êâàíòîâó òåîðiþ çáóðåíü [97,98] äëÿ ãàìiëüòîíiàíà ñèñòåìè

Ĥ = Ĥ0 + δĤ,

Ĥ0 =
p̂2

2m
+ V (r),

δĤ = − e

2mc
(p̂ · A + A · p̂)

(3.26)

ìàòðèöi ãóñòèíè
ρ̂ = ρ̂0 + δρ̂,

δρ̂ = ρ̂e−iωt
(3.27)

òà ìàòðèöi ïîâåðõíåâèõ ñòðóìiâ

ĵ = ĵ0 + δĵ,

δĵ = − e2

mc
A(r′, t)δ(r′ − r).

(3.28)
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Ó öèõ âèðàçàõ p̂ � îïåðàòîð iìïóëüñó, à ρ̂0 òà ĵ0 ãóñòèíà çàðÿäiâ òà îïåðàòîð

ñòðóìiâ çà óìîâè âiäñóòíîñòi âèìóøóþ÷îãî (çáóðþþ÷îãî) ïîëÿ, à ïîòåíöiàë

V (r) ìîäåëþ¹ âïëèâ äiåëåêòðè÷íèõ ïîâåðõîíü.

Âiäîìî [126], ùî òåíçîð äiåëåêòðè÷íî¨ ïðîâiäíîñòi ìîæíà ïîäàòè òàê:

ϵ(r, r′) = δ(r′ − r)δµν +
4πi

ω
σµν(r, r

′) (3.29)

äå σµν(r, r′) � òåíçîð ïðîâiäíîñòi ìåòàëåâîãî ïðîøàðêó [94,127,128]:

σµν(r, r
′) =

ie2

mω

∑
α

fα|Ψα(r′)|2δ(r′ − r)δµν+

+
ie2

4m2ω

∑
αβ

fα − fβ
εα − εβ

εα − εβ − iℏγ
εα − εβ − ℏω − iℏγ

×

×(Ψ∗
β(r)p̂µΨα(r) − Ψα(r)p̂µΨ∗

β(r))(Ψ∗
α(r′)p̂′νΨβ(r′) − Ψβ(r′)p̂′νΨ

∗
α(r′))

(3.30)

òóò Ψα ¹ õâèëüîâîþ ôóíêöi¹þ åëåêòðîíà â åëåêòðîííîìó ãàçi, ÿêèé îáìåæåíèé

â ïîòåíöiàëüíîþ ÿìîþ V (r) ç êâàíòîâèì ÷èñëîì α. Ðàçîì äâà îñòàííi ðiâíÿííÿ

i çàñòîñóâàííÿ îïåðàòîðà iìïóëüñó äàþòü çàãàëüíèé âèðàç äëÿ êîìïîíåíò

µ, ν = {x, y, z} äiåëåêòðè÷íîãî òåíçîðà:

ϵµν(r, r
′) = ϵ(1)µν (r, r′) + ϵ(2)µν (r, r′),

ϵ(1)µν (r, r′) =

(
1 −

V ω2
p

Nω2

∑
α

fα|Ψα(r′)|2
)
δ(r′ − r)δµν

ϵ(2)µν (r, r′) =
ℏ2V ω2

p

4mNω2

∑
αβ

fα − fβ
εα − εβ

εα − εβ − iℏγ
εα − εβ − ℏω − iℏγ

×

×(Ψ∗
β(r)∇µΨα(r) − Ψα(r)∇µΨ∗

β(r))×

×(Ψ∗
α(r′)∇′

νΨβ(r′) − Ψβ(r′)∇′
νΨ

∗
α(r′))

(3.31)

Îñêiëüêè íàäàëi íàñ â ðîáîòi öiêàâèòèìå òiëüêè êîìïîíåíòà zz, òî òóò

íàâåäåìî âèðàçè, ÿêi îòðèìàíi ñàìå äëÿ íå¨. Íàïðèêëàä ó âèïàäêó, êîëè êîëè

ïîòåíöiàë V (r) âiäïîâiäà¹ ïîòåíöiàëó íåñêií÷åííî ãëèáîêî¨ ïîòåíöiàëüíî¨ ÿìè,

69



i [98]

Ψkx,ky,kn =


√

2
V e

ikxeiky sin knz if 0 < z < l,

0 if z ≤ 0, z ≥ l,

kn =
πn

l
,

(3.32)

òî îòðèìó¹ìî, ùî

ϵ(1)zz (z, z′) =

(
1 −

V ω2
p

Nω2

nF∑
n=1

(k2F − k2n)sin2knz
′
)
δ(z′ − z)

ϵ(2)zz (r, r′) =
2V ω2

p

πnl2ω2

nF∑
n=1

∞∑
m=1,n̸=m

k2F − k2n
k2m − k2n

(
1 +

k2ω(k2ω + ik2γ)

(k2n − k2m)2 − (k2ω + ik2γ)2

)
×

×(kn sin kmz cos knz − km sin knz cos kmz)×

×(kn sin kmz
′ cos knz

′ − km sin knz
′ cos kmz

′)

(3.33)

äå nF � ìàêñèìàëüíà êiëüêiñòü ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ

nF =

[
lkF
π

]
, k2ω =

2mω

ℏ
k2γ =

2mγ

ℏ
.

Äîäàòêîâî çàóâàæèìî, ùî â öüîìó âèïàäêó ϵ
(1)
zz = ϵ

(1)
xx = ϵ

(1)
yy .

Òàêîæ âàæëèâî íàñàìêiíåöü âiäìiòèòè, ùî çà óìîâè îäíîðiäíî¨ ìåòàëåâî¨

ïëiâêè, òîáòî, êîëè ñïðàâäæó¹òüñÿ ñïiâiäíîøåííÿ

|k2n − k2m| ≪ k2ω, k
2
γ.

ðîçãëÿíóòà ìîäåëü ñïiâïàäà¹ iç êëàñè÷íîþ ìîäåëëþ Äðóäå.

3.3 Äîñëiäæåííÿ âïëèâó óìîâè åëåêòðîíåéòðàëüíîñòi

òà êóëîíiâñüêèõ êîðåëÿöié íà ñïåêòð

ïëàçìîí-ïîëÿðèòîííèõ õâèëü

Áiëüøiñòü ïîïåðåäíüî ðîçãëÿíóòèõ ìîäåëåé òðàêòóþòü ïîâåðõíi ïîäiëó

ñåðåäîâèù, ÿê òàêi, íà ÿêèõ âïëèâè ôiçè÷íèõ õàðàêòåðèñòèê ñåðåäîâèù

çìiíþþòüñÿ ñòðèáêîïîäiáíî. Òîáòî, âïëèâ íà ïîâåäiíêó ÏÏÕ îêðåìî âçÿòîãî
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ñåðåäîâèùà, îáìåæó¹òüñÿ éîãî ãåîìåòðè÷íîþ ìåæåþ. Íàñïðàâäi, òàêèé

ïiäõiä íå ¹ öiëêîì êîðåêòíèì, îñîáëèâî, êîëè ìè íàìàãà¹ìîñü òî÷íiøå

îïèñàòè ïîâåäiíêó ÏÏÕ íà ïîâåðõíi ÀÒÌÏ, äëÿ ÿêèõ âïëèâ ðîçìiðíèõ òà

êâàíòîâî ðîçìiðíèõ åôåêòiâ, ÿê óæå çàçíà÷àëîñü, ¹ çíà÷íîþ ìiðîþ ñóòò¹âèì.

Íàäàëi ó öüîìó ïiäïóíêòè ìè ðîçãëÿíåìî ÿêèì ÷èíîì â îêîëi ãðàíèöü

ïîäiëó îáëàñòåé ìîæíà âðàõóâàòè êðàéîâi åôåêòè, îïèñóþ÷è ¨õ ÷åðåç óìîâó

åëåêòðîíåéòðàëüíîñòi é êóëîíiâñüêi ìiæåëåêòðîííi êîðåëÿöi¨ òà âèðàõîâóþ÷è

âïëèâ öèõ ÿâèù íà ñïåêòð ÏÏÕ.

3.3.1 Óìîâà åëåêòðîíåéòðàëüíîñòi

Ðîçãëÿäó óìîâè åëåêòðîíåéòðàëüíîñòi â (íàä)òîíêèõ ìåòàëåâèõ ïëiâêàõ

ïðèñâÿ÷åíî ÷èìàëî ðîáiò, ÿê äåùî äàâíiøèõ [140] òàê é áiëüø ñó÷àñíèõ [100,

141, 142] ó ÿêèõ ïëiâêà ðîçãëÿäà¹òüñÿ ÿê ñèñòåìà íåâçà¹ìîäiþ÷èõ åëåêòðîíiâ.

Ó ðîáîòi [100] äîâîäåíî òà íàî÷íî ïîêàçàíî, ùî çàãàëüíîïðèéíÿòèé ïiäõiä äî

âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi äëÿ ìåòàëåâèõ ïëiâîê, ó îñíîâi ÿêîãî

ëåæèòü ïðèïóùåííÿ, ùî øèðèíà ïîòåíöiàëüíî¨ ÿìè ¹ ðiâíîþ ãåîìåòðè÷íié

øèðèíi ïëiâêè, ¹ íåêîðåêòíèì i âåäå äî ðåçóëüòàòiâ, ÿêi íå óçãîäæóþòüñÿ ç

âiäîìèìè. Õî÷à, äëÿ ïîâíîòè êàðòèíè, âàðòî çàçíà÷èòè, ùî äî öi¹¨ ðîáîòè

òàêîæ áóëè îïóáëiêîâàíi ïðàöi [143,144] â ÿêèõ áóëî âðàõîâàíî é öåé ìîìåíò,

àëå ó íèõ áóëî âçÿòî íåêîðåêòíi çíà÷åííÿ äëÿ âiäñòàíåé ìiæ ñòiíêàìè ìåòàëó

òà ìåæåþ ïîòåíöiàëüíî¨ ÿìè. Ïðîòå, íåçâàæàþ÷è íà öåé ôàêò, ðåçóëüòàòè

îòðèìàíi äëÿ õiìi÷íîãî ïîòåíöiàëó µ â öèõ ðîáîòàõ äîâîëi äîáðå óçãîäæóòüñÿ

iç âæå âiäîìèìè â ëiòåðàòóði ðåçóëüòàòàìè.

ßê áóëî ñêàçàíî ðàíiøå, êîðåêòíå âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi

äà¹ êîðåêòíi çíà÷åííÿ äëÿ õiìi÷íîãî ïîòåíöiàëó µ òà éîãî ïîâåäiíêó

â çàëåæíîñòi âiä òîâùèíè òà ìàòåðiàëó ÀÒÌÏ. Äëÿ öi¹¨ ðîáîòè òà

ìîäåëåé, ïîáóäîâàíèõ ó íié, öå ¹ âàæëèâèì, îñêiëüêè õiìi÷íèé ïîòåíöiàë

ìà¹ áåçïîñåðåäíié âïëèâ íà çíà÷åííÿ õâèëüîâîãî âåêòîðà Ôåðìi kF . À

ñàìå ÷åðåç íüîãî ìè âèçíà÷à¹ìî êiëüêiñòü ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ

ó ñóìi äëÿ ìîäåëi äiåëåêòðè÷íî¨ ïðîíèêíîñòi ÀÒÌÏ (3.33) ðîçãëÿíóòî¨

â ïîïåðåäíüîìó ðîçäiëi, òà ÿêó íàäàëi ìè áóäåìî âèêîðèñòîâóâàòè ïðè

ïðîâåäåííi ìàòåìàòè÷íîãî ìîäåëþâàííÿ.
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Ðèñ. 3.1: Ïîòåíöiàëüíà ÿìà.

Òóò ìè áóäåìî ìîäåëþâàòè ñèñòåìó íåâçà¹ìîäiþ÷èõ åëåêòðîíiâ ó

àñèìåòðè÷íié ïðÿìîêóòíié ïîòåíöiàëüíié ÿìi ñêií÷åííî¨ ãëèáèíè (ðèñ. 3.1).

Äîäàòêîâî ìè òiëüêè âðàõîâóâàòèìåìî òóò ïðîñòîðîâó äèñïåðñiþ âçäîâæ îñi Z

íåõòóþ÷è íåþ â ïëîùèíiXOY , à òîìó ìà¹ìî, ùî r||−r′
|| = 0. Òàêå ïðèïóùåííÿ

¹ äîïóñòèìèì â óìîâàõ ðîçãëÿäóâàíî¨ ãåîìåòði¨ çàäà÷i â ÿêié ïëîùèíó XOY

ìîæíà ââàæàòè íåñêií÷åííî âåëèêîþ â ïîðiâíÿííi ç òîâùèíîþ ïëiâêè.

Ó öüîìó âèïàäêó ÿê ôóíêöiþ äiåëåêòðè÷íî¨ ïðîíèêíîñòi ϵ2(r||−r′
||, z, z

′, ω)

ìè âèêîðèñòà¹ìî ϵ
(1)
zz êîìïîíåíòó äiåëåêòðè÷íîãî òåíçîðà (3.33)

ϵ2(0, z, z
′, ω) = ϵ2(z, ω)δ(z − z′) =

(
1 −

ω2
p

πneω2

nmax∑
n=1

(k2F − α2
n)|ϕn(z)|2

)
δ(z − z′).

(3.34)

Ñòiíêè ÿìè ìîäåëþ¹ìî òóò àñèìåòðè÷íèì ïîòåíöiàëîì

U(z) =


U1 ÿêùî z ≤ 0,

0 ÿêùî 0 < z < lw,

U2 ÿêùî z ≥ lw.

(3.35)

Òóò lw � øèðèíà ïîòåíöiàëüíî¨ ÿìè, òóò Ui � ðîáîòà âèõîäó åëåêòðîíà äëÿ

äiåëåêòðèêiâ ìiæ ÿêèìè çàòèñíóòî ÀÒÌÏ [80]. Ôóíêöiÿ

Ψn(r) =

√
2

S
ei(k·r||)ϕn(z). (3.36)

¹ õâèëüîâîþ ôóíêöi¹þ åëåêòðîíà ó ÀÒÌÏ îòî÷åíî¨ ïîòåíöiàëüíèìè ñòiíêàìè,
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à ϕn(z) � ðîçâ'ÿçîê ñòàöiîíàðíîãî ðiâíÿííÿ Øðåäiíãåðà.

− ℏ2

2m

d2

dz2
ϕn(z) + U(z)ϕn(z) = Wϕn(z), (3.37)

ç îäíîðiäíèìè êðàéîâèìè óìîâàìè Äiðiõëå íà êðàÿõ ÿìè

Ψn(r)
∣∣
z=0

= Ψn(r)
∣∣
z=lw

= 0, (3.38)

òóò W � ïîâíà åíåãðiÿ, ÿêà ìåíøà ãëèáèíè ïîòåíöiàëüíî¨ ÿìè.

Ðîçâ'ÿçóþ÷è (3.37) ç ïîòåíöiàëîì (3.35) òà âðàõîâóþ÷è óìîâè (3.38)

îòðèìó¹ìî, ùî (äèâ. íàïð. [101]):

ϕn(z) = C(α)


α
s1
e
√

s21−α2z ÿêùî z ≤ 0,

sin(αz + arcsin α
s1

) ÿêùî 0 < z < lw,

sin(αlw + arcsin α
s1

)e−
√

s22−α2(z−lw) ÿêùî z ≥ lw;

si =

√
2m

ℏ2
Ui, i = 1, 2.

(3.39)

Òóò C(α) � íîðìàëiçóþ÷à ñòàëà, ÿêó îòðèìó¹ìî ç óìîâè íîðìóâàííÿ

∞∫
−∞

|ϕn(z)|2 = 1, (3.40)

i çàäà¹òüñÿ âèðàçîì:

C(α) =

√√√√ 2

lw + (α/s1)2√
s21−α2

+ (α/s2)2√
s22−α2

− 1
α sin(αlw) cos(αlw + 2 arcsin α

s1
)
. (3.41)

Äàëi çàñòîñóâàâøè óìîâè ãëàäêîñòi ôóíêöi¨ ϕn(z) íà ìåæàõ ÿìè z = 0 òà

z = lw
ϕn(−0) = ϕn(+0), ϕn(−l) = ϕn(+l),

dϕn(−0)

dz
=

dϕn(+0)

dz
,
dϕn(−l)

dz
=

dϕn(+l)

dz

(3.42)

i óìîâè íîðìóâàííÿ (3.40). îòðèìó¹ìî òðàíñöåíäåíòíå àëãåáðà¨÷íå ðiâíÿííÿ
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äëÿ çíàõîäæåííÿ çâ'ÿçàíèõ êâàíòîâèõ ñòàíiâ αn:

αnlw = πn− arcsin
αn

s1
+ arcsin

αn

s2
. (3.43)

Ìàêñèìàëüíå ÷èñëî çâ'ÿçàíèõ ñòàíiâ nmax çíàõîäèòåìî ðîçãëÿíóâøè òî÷êè

äîòèêó ñiìåéñòâà êðèâèõ, ÿêi âèçíà÷àþòüñÿ ïðàâîþ ÷àñòèíîþ ðiâíÿííÿ òà

ïðÿìî¨ y = lwα. ßê ðåçóëüòàò îäåðæó¹ìî âèðàç, ÿêèé âèçíà÷à¹ nmax:

nmax =

[
1

π

(
lwmin(s1, s2) + arcsin

min(s1, s2)

s1
+ arcsin

min(s1, s2)

s2

)]
, (3.44)

äå êâàäðàòíi äóæêè ïîçíà÷àþòü âçÿòòÿ öiëî¨ ÷àñòèíè. Îñêiëüêè, ÿê óæå

çàçíà÷àëîñü, øèðèíà ïîòåíöiàëüíî¨ ÿìè ¹ áiëüøîþ çà òîâùèíó ÀÒÌÏ, òî äëÿ

âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi ïîêëàäåìî [100,102]

lw = l + d1 + d2, (3.45)

äå di, i = 1, 2 ïîçíà÷àþòü ãëèáèíó ïðîíèêíåííÿ åëåêòðîíiâ â äiåëåêòðè÷íi

ñåðåäîâèùà (äèâ. ðèñ. 3.1)

Âèðàçè äëÿ di áóëî îòðèìàíî ó [102]:

di =
3π

8kF
+

π2

8k2F lw
− 3

4kF

(√
s2i
k2F

− 1 +

(
2 − s2i

k2F

)
arcsin

kF
si

)
, i = 1, 2. (3.46)

Ó îñòàííüîìó ðiâíÿííi õâèëüîâèé âåêòîð Ôåðìi kF =
√

2mµ/ℏ ¹ íåâiäîìèì òà

ïîâèíåí áóòè âèçíà÷åíèé iç óìîâè åëåêòðîíåéòðàëüíîñòi.

Óìîâà åëåêòîíåéòðàëüíîñòi äëÿ íàøî¨ ñèñòåìè ìà¹ òàêèé âèãëÿä [100]:

ρ0Sl = ene. (3.47)

Ç öüîãî âèðàçó, ÿêùî âçÿòè âèðàç äëÿ êîíöåíòðàöi¨ åëåêòðîíiâ ne ó

íåâçà¹ìîäiþ÷îìó åëåêòðîííîìó ãàçi ïðè íèçüêèõ òåìïåðàòóðàõ

ne =
∑
q,α

Θ(k2F − q2 − α2) =
S

2π

nmax∑
n=1

(k2F − α2
n)
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c
10 15 20 25 30 35 40 45

L

0.625

0.63

0.635

k

Ðèñ. 3.2: Õâèëüîâèé âåêòîð Ôåðìi. ×åðâîíi øòðèõîâi ëiíi¨ - (a) kF = kF,bulk;
Ñèíi ñóöiëüíi ëiíi¨ - (b) lw = l + d1 + d2

.

òà ïðèïóñòèâøè, ùî êîíöåíòðàöiÿ ïîçèòèâíîãî çàðÿäó ¹ òàêîþ [100]

ρ0 =
3e

4πr3s

òî îñòàòî÷íî îòðèìó¹ìî, ùî äëÿ âèêîíàííÿ óìîâè åëåêòîíåéòðàëüíîñòi (3.47),

ñëiä ââàæàòè:
2

3r3s
=

1

l

nmax∑
n=1

(k2F − α2
n), (3.48)

Ðîçðàõóíîê õâèëüîâîãî âåêòîðà Ôåðìi çà ôîðìóëîþ (3.48) òà ïîðiâíÿííÿ

ç êëàñè÷íèì ïiäõîäîì äëÿ ðiçíèõ òîâùèí ÀÒÌÏ ïîêàçó¹, ùî iç çáiëüøåííÿì

òîâùèíè ÀÒÌÏ çíà÷åííÿ õâèëüîâîãî âåêòîðà Ôåðìi çíèçó íàáëèæà¹òüñÿ äî

éîãî îá'¹ìíîãî çíà÷åííÿ, ïðè öüîìó ñïîñòåðiãà¹òüñÿ õàðàêòåðíà îñöèëÿöiéíà

êàðòèíà, ÿêà ïîðîäæåíà äèñêðåòèçàöi¹þ äèñêðåòèçàöi¹þ ðiâíiâ ðîçìiðíîãî

êâàíòóâàííÿ ó ïîòåíöiàëüíié ÿìi (ðèñ. 3.2).

Äëÿ çíàõîäæåííÿ ÷àñòîòíîãî ñïåêòðó ÏÏÕ, ÿê óæå çàçíà÷àëîñÿ, ïîòðiáíî

ðîçãëÿíóòè ðiâíÿííÿ Ìàêñâåëà (2.54) äëÿ ÀÒÌÏ çi çìîäåëüîâàíîþ ôóêíöi¹þ

äiåëåêòðè÷íî¨ ïðîíèêíîñòi. Ùîá îòðèìàòè àíàëiòè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ

(2.54) ç äiåëåêòðè÷íîþ ôóíêöi¹þ (3.34) ïðåäñòàâèìî (3.34) òàêèì ÷èíîì:

ϵ2(z, z
′, ω) = (ϵ2(l, ω) + α∆ϵ2(z, ω))δ(z − z′), (3.49)

äå

ϵ2(l, ω) =
1

l

∫ l

0

ϵ2(z, ω)dz = 1 −
ω2
p

2πneω2

nmax∑
n=1

(k2F − k2n)|ϕn(z)|2, (3.50)
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c 0 1 2 3 4
z [nm]

0.86

0.88

0.9

0.92

0.94

ε(z, ǫ)

Ðèñ. 3.3: Äiåëåêòðè÷íà ïðîíèêíiñòü ìåòàëåâî¨ ïëiâêè l = 5nm ïðè ÷àñòîòi
ω
ωp

= 4.

à

|ϕn(z)|2 =
1

l

∫ l

0

|ϕn(z)|2dz =

= |A|2
(

1

2

(χ2
1

k2
+ 1
)

+
χ1

2k2l

(
1 − cos(2kl)

)
+

1

4l

(1

k
− χ2

1

k3

)
sin(2kl)

)
.

(3.51)

Çàóâàæèìî òóò, ùî óñåðåäíåííÿ (3.50) ¹ äîïóñòèìèì, îñêiëüêè äiåëåêòðè÷íà

ôóíêöiÿ (3.34) çíà÷íî âiäõèëÿ¹òüñÿ âiä êîíñòàíòíîãî çíà÷åííÿ òiëüêè íà êðàÿõ

ÿìè (ðèñ. 3.3).

Ïiäñòàâèìî (3.50) ó (2.54) i îòðèìó¹ìî

∂2Hy(z)

∂z2
+
(
k20(ϵ2(l, ω) + α∆ϵ2(z, ω)) − k2x

)
Hy(z) = 0. (3.52)

Ðîçâ'ÿçîê ðiâíÿííÿ (3.52) äëÿ Hy(z, ω) ìîæíà øóêàòè ó âèãëÿäi ðÿäó ïî

ñòåïåíÿõ η, ïðèéíÿâøè éîãî çà ìàëèé ïàðàìåòð, òîìó

Hy(z, ω) =
∞∑

m=0

ηmHm(z, ω). (3.53)
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Ïiäñòàâèâøè (3.53) ó (3.52) îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

η0 :
∂2H0(z)

∂z2
+
(
k20ϵ(l, ω) − k2x

)
H0(z) = 0,

η1 :
∂2H1(z)

∂z2
+
(
k20ϵ(l, ω) − k2x

)
H1(z) = −k20η∆ϵ(z, ω)H0(z),

...

ηi :
∂2Hi(z)

∂z2
+
(
k20ϵ(l, ω) − k2x

)
Hi(z) = −k20η∆ϵ(z, ω)Hi−1(z).

(3.54)

Äëÿ ìîäåëþâàííÿ âïëèâó óìîâè åëåêòðîíåéòðàëüíîñòi ÀÒÌÏ íà ñïåêòð

ÏÏÕ ìè ðîçãëÿíåìî íóëüîâå íàáëèæåííÿ Hy(z, ω) ≈ H0(z, ω).

Ó öüîìó âèïàäêó äèñïåðñiéíå ðiâíÿííÿ äëÿ çíàõîäæåííÿ ñïåêòðó ìà¹

âèãëÿä

e−4k1l/2 =
k1/ϵ1 + k2/ϵ2
k1/ϵ1 + k2/ϵ2

k3/ϵ1 + k3/ϵ2
k3/ϵ3 + k2/ϵ2

, (3.55)

k2i = k2x − k20ϵi, i = 1, 2, 3, (3.56)

ùî ñïiâïàäà¹ iç ðåçóëüòàòàìè îòðèìàíèìè â [1,133]. Òóò ϵ1 = ϵ(ω), ϵ2 = ϵ(l, ω),

ϵ3 = ϵ(ω).

Äëÿ îòðèìàíî¨ ìîäåëi (3.55) ïðîâåäåíî ðÿä êîìï'þòåðíèõ ñèìóëÿöié äëÿ

ñòðóêòóð ç ïàðàìåòðàìè øàðiâ, ÿêi âiäïîâiäàþòü òàêèì ðåàëüíèì ïëàçìîííèì

ñòðóêòóðàì: V acuum/Ag/Al2O3, SiO2/Ag/Al2O3, V acuum/Ag/Si. Äàíi äëÿ

ñèìóëÿöi¨ ïîäàíî ó òàá. 3.1. Óñi ïàðàìåòðè äëÿ Ag ðîçìiùåíîãî íà Si ïiäêëàäöi

âçÿòî ç [138,139] òà [25].

Ñòðóêòóðà ϵ1 ϵ2 U1(eV ) U2(eV )
V acuum/Ag/Al2O3 1 9 9.855 8.505
SiO2/Ag/Al2O3 4 9 8.755 8.505
V acuum/Ag/Si 1 13 9.855 5.805

Òàáë. 3.1: Ïàðàìåòðè ñòðóêòóð, âèêîðèñòàíi â êîìï'þòåðíèõ ñèìóëÿöiÿõ.
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Ðèñ. 3.4: Çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó ÏÏÕ âiä òîâùèíè ÀÒÌÏ äëÿ
V acuum/Ag/Al2O3. ×åðâîíi ëiíi¨ - ìîäåëü Äðóäå (ϵD(ω)), cèíi ëiíi¨ - ϵ2(lw, ω).

Íà ðèñ. 3.4 ïîêàçàíî ðåçóëüòàòè ñèìóëÿöi¨ äëÿ �äîâîëi âåëèêèõ� òîâùèõ

ÀÒÌÏ â êîíòåêñòi öi¹¨ ìîäåëi � 1000 ÷ 1020 áîðiâñüêèõ ðàäióñiâ òà ïîðiâíÿíî

îòðèìàíi ðåçóëüòàòè ç àíàëîãi÷íèìè äàíèìè îäåðæàíèìè äëÿ ìîäåëi Äðóäå â

ÿêié çíåõòóâàíî çàòóõàííÿì [1] äëÿ V acuum/Ag/Al2O3.

ϵ(ω, lw) = ϵD(ω) = 1 −
ω2
p

ω
(3.57)

Áà÷èìî, ùî íàâiòü äëÿ òàêèõ òîâùèí ñïîñòåðiãà¹òüñÿ çíà÷íà ðiçíèöÿ ìiæ

çíà÷åííÿìè ðîçðàõîâàíèìè äëÿ ÷àñòîòíîãî ñïåêòðó, ïðîòå ñîñòåðiãà¹òüñÿ

ïëàâíå íàáëèæåííÿ çíèçó äî çíà÷åíü ðîçðàõîâàíèõ äëÿ ìîäåëi Äðóäå.

Íà ðèñ. 3.7, 3.5 òà 3.6 ïîêàçàíî ðåçóëüòàòè êîìï'þòåðíî¨ ñèìóëÿöi¨

ïîøèðåííÿ ÏÏÕ â ñòðóêòóðàõ V acuum/Ag/Al2O3, SiO2/Ag/Al2O3 and

V acuum/Ag/Si äëÿ ÀÒÌÏ òîâùèíîþ ∼ 10 ÷ 50 áîðiâñüêèõ ðàäióñiâ.
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Ðèñ. 3.5: Çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó ÏÏÕ âiä òîâùèíè ÀÒÌÏ äëÿ
SiO2/Ag/Al2O3. ×åðâîíi ëiíi¨ - (a) kF = kF,bulk; ñèíi ëiíi¨ - (b) lw = l + d1 + d2

Ó òàá. 3.2 íàâåäåíî ðåçóëüòàòè ïîðiâíÿííÿ ñèìóëüâàíèõ äàíèõ ç

åêñïåðèìåíòîì [25] äëÿ ñòðóêòóðè V acuum/Ag/Si òîâùèíà ÿêî¨ ñêëàäà¹
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Ðèñ. 3.6: Çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó ÏÏÕ âiä òîâùèíè ÀÒÌÏ äëÿ
V acuum/Ag/Si. ×åðâîíi ëiíi¨ - (a) kF = kF,bulk; ñèíi ëiíi¨ - (b) lw = l + d1 + d2
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Ðèñ. 3.7: Çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó ÏÏÕ âiä òîâùèíè ÀÒÌÏ
V acuum/Ag/Al2O3. ×åðâîíi ëiíi¨ - (a) kF = kF,bulk; ñèíi ëiíi¨ - (b) lw = l+d1+d2

l ≈ 2.4íì àáî ≈ 43.54 áîðiâñüêèõ ðàäióñè. Íà æàëü, ó ïðàöi [25] ïðåäñòàâëåíî

äàíi òiëüêè äëÿ ìàëèõ çíà÷åíü õâèëüîâèõ âåêòîðiâ (kx ⪅ 0.1nm−1). Òèì

íå ìåíø, ìè ìîæåìî áà÷èòè, ùî çi çðîñòàííÿì çíà÷åíü õâèëüîâîãî âåêòîðà

kx ðîçõîäæåííÿ ìiæ ñèìóëüîâàíèìè òà åêñïåðèìåíòàëüíèìè äàíèìè òàêîæ

çðîñòà¹. Çàçíà÷èìî òóò òàêîæ, ùî õî÷à é äëÿ ñòðóêòóðè V acuum/Ag/Si

ðiçíèöÿ ìiæ ìîäåëëþ Äðóäå òà ìîäåëëþ âèêîðèñòàíîþ â ñèìóëÿöi¨ ïðàêòè÷íî

âiäñóòíÿ ìè íàâîäèìî é öi äàíi äëÿ ôîðìóâàííÿ ïîâíîòè êàðòèíè.

3.3.2 Êóëîíiâñüêi êîðåëÿöi¨

Íåçíà÷íà ðiçíèöÿ ìiæ çíà÷åííÿì âåêòîðà Ôåðìi ðîçðàõîâàíà äëÿ îá'¹ìíîãî

ìàòåðiàëó òà çíà÷åííÿìè îòðèìàíèìè äëÿ ÀÒÌÏ ç âðàõóâàííÿì óìîâè

åëåêòðîíåéòðàëüíîñòi ñïðè÷èíèëà òàêîæ, ÿê ñâiä÷àòü ðåçóëüòàòè ìîäåëþâà-

ííÿ, çìiíó ïîâåäiíêè ÷àñòîòíîãî ñïåêòðó ÏÏÕ òà äåùî êðàùå óçãîäæåííÿ

ç åêñïåðèìåíòàëüíèìè äàíèìè ó ïîðiâíÿííi ç êëàñè÷íîþ ìîäåëëþ Äðóäå,

õî÷à é íå äóæå çíà÷íå. Òîìó ëîãi÷íî íàøèì ïîäàëüøèì êðîêîì áóäå ñïðîáà

ïîêðàùèòè íàøó ìàòåìàòè÷íó ìîäåëü, ùîá äîñÿãíóòè êðàùîãî ñïiâïàäiííÿ ç

åêñïåðèìåíòîì. Ç öi¹þ ìåòîþ ÿê i â ïîïåðåäíüîìó âèïàäêó ìè ðîçãëÿäàòèìåìî
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kx ≈ 0.028nm−1 kx ≈ 0.049nm−1

kx (a) (b) (e) kx (a) (b) (e)
0.02731 1.272 1.272 0.62 0.04824 1.774 1.776 0.8
0.02753 1.279 1.280 0.62 0.04847 1.778 1.780 0.8
0.02776 1.287 1.288 0.62 0.04870 1.781 1.784 0.8
0.02799 1.294 1.295 0.62 0.04892 1.785 1.787 0.8
0.02822 1.302 1.303 0.62 0.04915 1.789 1.791 0.8
0.02844 1.309 1.310 0.62 0.04938 1.792 1.795 0.8
0.02867 1.316 1.317 0.62 0.04961 1.796 1.798 0.8

Òàáë. 3.2: Ïîðiâíÿííÿ ç åêñïåðèìåíòîì äëÿ ñòðóêòóðè V acuum/Ag/Si,
òîâùèíîþ l ≈ 2.4nm.(a) - kF = kF,bulk, (b) - lw = l + d1 + d2, (e) -
åêñïåðèìåíòàëüíi äàíi. a0 - áîðiâñüêèé ðàäióñ.

ïðîíèêíåííÿ åêñïîíåíòíîãî �õâîñòà� â äiåëåêòðèê â ðàìêàõ ìîäåëi �æåëå�, àëå

âðàõîâóþ÷è êóëîíiâñüêi êîðåëÿöi¨ [99, 129].

Ïîâåðõíåâèé ïîòåíöiàë çìîäåëþ¹ìî ïðÿìîêóòíîþ ïîòåíöiàëüíîþ ÿìîþ

áåçêiíå÷íî¨ ãëèáèíè òà ç øèðèíîþ lw

U(z) =

∞ ÿêùî z ≤ 0, z ≥ lw,

0 ÿêùî 0 < z < lw;
(3.58)

ßê óæå çàçíà÷àëîñü òàêèé ïîòåíöiàë äîïóñêà¹ àíàëiòè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ

Øðåäií åðà äëÿ åëåêòðîíà

− ℏ2

2m

d2

dz2
Ψn(r) + U(z)Ψn(r) = WnΨn(r),

r = (r||, z),

(3.59)

ç îäíîðiäíèìè ãðàíè÷íèìè óìîâàìè Äiðiõëå íà êðàÿõ ÿìè

Ψn(r)|z=0 = Ψn(r)|z=lw = 0, (3.60)

Ψn(r) =

√
2

S
ei(k·r||)ϕn(z). (3.61)
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ϕn(z) äëÿ ïîòåíöiàëó (3.58) ìà¹ äîáðå âiäîìó ôîðìó:

ϕn(z) =


√

2
lw

sin(αz) ÿêùî 0 < z < lw,

0 ÿêùî z ≤ 0 z ≥ lw.
(3.62)

Êâàíòîâi ÷èñëà αn i ìàêñèìàëüíà êiëüêiñòü çâ'ÿçíèõ ñòàíiâ nmax çàäà¹òüñÿ

òàêèìè ñïiââiäíîøåííÿìè [98,99]:

αn =
πn

lw
, nmax =

[
lwkF
π

]
, (3.63)

ßê i ó âèïàäêó ç óìîâîþ åëåêòðîíåéòðàëüíîñòi øèðèíà ïîòåíöiàëüíî¨ ÿìè

lw ¹ áiëüøîþ âiä øèðèíè ìåòàëåâî¨ ïëiâêè l íà ïåâíó âåëè÷èíó. Ó öüîìó

âèïàäêó âîíà âiäðiçíÿòèìåòüñÿ íà çàëåæíó âiä õâèëüîâîãî âåêòîðà Ôåðìi

âåëè÷èíó d ç îáîõ áîêiâ ïëiâêè.

lw = l + 2d,

d(kF ) =
3π

8kF
+

π2

8k2F lw
,

(3.64)

òîáòî âåëè÷èíà d ¹ ôóíêöi¹þ íåâiäîìî¨ kF òà ãåîìåòðè÷íî¨ øèðèíè ìåòàëó l.

Îñòàòî÷íî [99]

lw(kF ) =
l

2
+

3π

8kF
+

√
16k2F l

2 + 24πkF l + 25π2

8kF
. (3.65)

Ó öié ìîäåëi ïðîïîíó¹òüñÿ âðàõóâàòè êóëîíiâñüêi êîðåëÿöi¨ ÷åðåç ¨õíié

âïëèâ íà õiìi÷íèé ïîòåíöiàë µ i, ÿê íàñëiäîê, íà ÷èñëî ðiâíiâ ðîçìiðíîãî

êâàíòóâàííÿ nmax òiëüêè íà äiåëåêòðè÷íó ôóíêöiþ, íåõòóþ÷è ¨õ âïëèâîì íà

ðåøòó ñêëàäîâèõ ñèñòåìè.

Ìîäåëþâàòè äiåëåêòðè÷íó ôóíêöiþ ϵ2(0, z, z
′, ω) áóäåìî ÿê i â ïîïåðåäíüî-

ìó âèïàäêó.

Êîìï'þòåðíà ñèìóëÿöiÿ îòðèìàíî¨ ìîäåëi ïðîâîäèëàñÿ äëÿ ñòðó-

êòóð ç ïàðàìåòðàìè, ÿêi âiäïîâiäàþòü ðåàëüíèì ïëàçìîííèì ñòðóêòóðàì

V acuum/Ag/Al2O3, V acuum/Ag/Si, SiO2/Ag/Si (Òàá. 3.3). Àíàëîãi÷íî äî

ïîïåðåäíüîãî ïóíêòó óñi ïàðàìåòðè âçÿòî ç ðîáiò [25,138,139].
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Ñòðóêòóðà ϵ1 ϵ2
V acuum/Ag/Al2O3 1 9
V acuum/Ag/Si 1 12
SiO2/Ag/Si 2.4 12

Òàáë. 3.3: Ïàðàìåòðè
ñòðóêòóð, âèêîðèñòàíi â
êîìï'þòåðíèõ ñèìóëÿöiÿõ.

kx ≈ 0.028nm−1 kx ≈ 0.049nm−1

(a) (b) (e) (a) (b) (e)
0.696 1.288 0.62 0.889 1.784 0.8

Òàáë. 3.4: Ïîðiàâíÿííÿ ç åêñïåðèìåíòîì äëÿ
ñòðóêòóðè SiO2/Ag/Si ó âèïàäêó ïëiâêè òîâùè-
íîþ l = 43.5a0 áîðiâñüêèõ ðàäióñè. (a) - ç âðà-
õóâàííÿì êóëîíiâñüêèõ êîðåëÿöié, (b) - ç ïîâíèì
âðàõóâàííÿì óìîâè åëåêòðîíåéòðàëüíîñòi.

kx(nm
−1)

0

0.5

1

0.2

h̄
ω
(e
V
)

0.1

L(aB)

0 120100806040200

Ðèñ. 3.8: Çàëåæíiñòü ÷àñòîòíîãî ñïåêòðó âiä òîâùèíè ÀÒÌÏ äëÿ ñòðóêòóðè
SiO2/Ag/Si ç âðàõóâàííÿì êóëîíiâñüêèõ êîðåëÿöié.

Ðåçóëüòàòè êîìï'þòåðíî¨ ñèìóëÿöi¨ äëÿ çíàõîäæåííÿ ÷àñòîòíîãî ñïåêòðó

ω(kx) äëÿ ñòðóêòóðè SiO2/Ag/Si ç âðàõóâàííÿì êóëîíiâñüêèõ êîðåëÿöié

çîáðåæåíî íà ðèñ. 3.8. Òóò ÷iòêî ïîìiòíi îñöèëÿöi¨ ñïðè÷èíåíi ÿê êâàíòîâî

ðîçìiðíèìè åôåêòàìè òàê i ôëóêòàöiÿìè åëåêòðîííî¨ ãóñòèíè íà ãðàíèöi

äiåëåêòðèê/ìåòàë ñòèêó ñåðåäîâèù. Òàêîæ âàðòî âiäçíà÷èòè, ùî àìïëiòóäà

îñöèëÿöié çìåíøó¹òüñÿ çi çðîñòàííÿì òîâùèíè ïëiâêè, òîáòî, çìåíøó¹òüñÿ

âïëèâ çàçíà÷åíèõ åôåêòiâ.

Ïîðiâíÿííÿ ç îòðèìàíèìè äàíèìè äëÿ ïëàçìîííèõ ñòðóêòóð

V acuum/Ag/Si and Al2O3/Ag/Si áåç âðàõóâàííÿ êóëîíiâñüêèõ êîðåëÿöié òà

ç ïîêàçóþòü çíà÷íèé âïëèâ êîðåëÿöié íà ÷àñòîòíèé ñïåêòð ÏÏÕ ω(kx) äëÿ

ÀÒÌÏ (ðèñ. 3.9 òà ðèñ. 3.10). Ïîðiâíÿííÿ æ ç ðåçóëüòàòàìè åêñïåðèìåíòó [25]

äëÿ ñòðóêòóðè SiO2/Ag/Si [25] (Òàá. 3.4)ñâiä÷èòü ïðî òå, ùî âðàõóâàííÿ

êóëîíiâñüêèõ äàþòü äëÿ ÷àñòîòíîãî ñïåêòðó çíà÷íî êðàùå óçãîäæåííÿ ç

åêñïåðèìåíòàëüíèìè äàíèìè.
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Ðèñ. 3.9: Ïîðiâíÿííÿ çàëåæíîñòi ÷àñòîòíîãî ñïåêòðó âiä òîâùèíè ÀÒÌÏ äëÿ
ñòðóêòóðè SiO2/Ag/Si. ×åðâîíi ëiíi¨ - óìîâà åëåêòðîíåéòðàëüíîñòi; ñèíi -
êóëîíiâñüêi êîðåëÿöi¨.

(à) (á)

Ðèñ. 3.10: Ïîðiâíÿííÿ çàëåæíîñòi ÷àñòîòíîãî ñïåêòðó âiä òîâùèíè ÀÒÌÏ
äëÿ ñòðóêòóð a - V acuum/Ag/Si òà b - Al2O3/Ag/Si. ×åðâîíi ëiíi¨ - óìîâà
åëåêòðîíåéòðàëüíîñòi; ñèíi - êóëîíiâñüêi êîðåëÿöi¨.

Ðîçðàõóíîê äëÿ àñèìåòðè÷íî¨ ïðÿìîêóòíî¨ ïîòåíöiàëüíî¨ ÿìè ç âðàõó-

âàííÿì êóëîíiâñüêèõ êîðåëÿöié âèìàãà¹ ïîáóäîâè ñêëàäíiøî¨ ìîäåëi. Òîìó

ñïî÷àòêó îöiíèìî âïëèâ àñèìåòðè÷íèõ ñòiíîê íà êóëîíiâñüêi êîðåëÿöi¨ ââiâøè

ìîäåëüíèé êîåôiöi¹íò K, ÿêèé çàäà¹òüñÿ ñïiâiäíîøåííÿì ìiæ õâèëüîâèì

âåêòîðîì Ôåðìi ó áåçêií÷åíî ãëèáîêié ÿìi áåç ïîïðàâêè íà êóëîíiâñüêi

êîðåëÿöi¨ kF,inf , äî çíà÷åíü öüîãî æ âåêòîðà ç âðàõóâàííÿì öèõ ïîïðàâîê kCF,inf :

K =
kCF,inf
kF,inf

(3.66)
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kF,inf çíàõîäèìî iç ñïiâiäíîøåííÿ [130]

3

2r3s
=

nmax,inf

l

(
k2F,inf −

π2

lw,inf
(nmax,inf + 1)(2nmax,inf + 1)

)
, (3.67)

ó ÿêîìó lw,inf � øèðèíà ïîòåíöiàëüíî¨ ÿìè çàëåæíà âiä kF,inf .

Ó òàêié ìîäåëi ìè ïðîïîíó¹ìî øóêàòè çíà÷åííÿ ôåðìi-âåêòîðà kCF â

àñèìåòðè÷íié ïîòåíöiàëüíié ÿìi ç âðàõóâàííÿì âïëèâó êîðåëÿöié ÿê äîáóòîê

ââåäåíîãî ìîäåëüíîãî êîåôiöi¹íòà K íà kF ïîðàõîâàíèé â òàêié æå ÿìi áåç

ïîïðàâêè íà êîðåëÿöi¨, òîáòî ïîêëàäà¹ìî:

kCF = KkF . (3.68)

Òàê ÿê, îêðiì kCF , íàñ òàêîæ öiêàâëÿòü âiäïîâiäíi êâàíòîâi ÷èñëà αC ,

¨õíÿ ìàêñèìàëüíà êiëüêiñòü nC
max òà øèðèíà ïîòåíöiàëüíî¨ ÿìè lCw(kCF )

ìè ñêîðèñòà¹ìîñÿ äëÿ çíàõîäæåííÿ öèõ âåëè÷èí âiäïîâiäíèìè âèðàçàìè

îòðèìàíèìè äëÿ ÀÒÌÏ ç âðàõóâàííÿì åëåêòðîíåéòðàëüíîñòi, à ñàìå:

αnl
C
w = πn− arcsin

αn

s1
+ arcsin

αn

s2
,

nC
max =

[
1

π

(
lCwmin(s1, s2) + arcsin

min(s1, s2)

s1
+ arcsin

min(s1, s2)

s2

)]
,

lCw = l + d1 + d2,

si =

√
2m

ℏ2
Ui, i = 1, 2.

(3.69)

Ðåçóëüòàòè ðîçðàõóíêiâ ïîäàíî â òàáëèöi 3.5. Îá÷èñëåííÿ ïðîâîäèëèñÿ äëÿ

òîâùèí ïëiâêè l = 10 ÷ 50 áîðiâñüêèõ ðàäióñà (a0). ßê áà÷èìî ç îòðèìàíèõ

ðåçóëüòàòiâ ðiçíèöÿ ìiæ ðåçóëüòàòàìè íåçíà÷íà � â ïåðåâàæíié áiëüøîñòi

ó òðåòüîìó çíàêó ïiñëÿ êîìè. Êiëüêiñòü âèïàäêiâ, êîëè çíà÷åííÿ ñïåêòðó

ω(kF ) iç êóëîíiâñüêîþ âçà¹ìîäi¹þ ìåíøà âiä çíà÷åíü áåç òàêîãî âðàõóâàííÿ

ïåðåâàæàþ÷à (ïðèáëèçíî âäâi÷i áiëüøå - 3616 äî 1969 ç 5585 ïðîâåäåíèõ

îá÷èñëåíü).

Ïiäñóìîâóþ÷è ìè ìîæåìî ñêàçàòè, ùî õî÷à ðiçíèöÿ ìiæ äâîìà ìîäåëÿìè

íàÿâíà, àëå íàâiòü öå äîâîëi �ãðóáå� ïðèïóùåííÿ äà¹ çìîãó ñòâåðäæóâàòè, ùî

àñèìåòðiþ ìîæíà íå âðàõîâóâàòè.
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kx ω(kF ) ω(kCF ) ∆
l = 10a0
0.0091022 0.4176192 0.4159653 0.0016539252
0.0159288 0.5721606 0.5678336 0.0043270311
0.0250309 0.659788 0.6531173 0.0066707077
0.0341331 0.6962631 0.6884192 0.0078438605
l = 25a0
0.0091022 0.4296499 0.4351148 -0.005464896
0.0159288 0.6051573 0.621113 -0.015955668
0.0250309 0.7125119 0.7392965 -0.026784623
0.0341331 0.7593011 0.7920886 -0.032787524
l = 43a0
0.0091022 0.43597 0.5823444 -0.46374432
0.0159288 0.6236694 0.7122253 -0.088555882
0.0250309 0.7436734 0.7978894 -0.054215925
0.0341331 0.7974989 0.8392481 -0.041749187

Òàáë. 3.5: Ðåçóëüòàòè ñèìóëÿöi¨ äëÿ âðàõóâàííÿ âïèëèâó àñèìåòði¨. Ïåðøèé
ñòîâïåöü � çíà÷åííÿ õâèëüîâîãî âåêòîðà ó 1/nm, äðóãèé � çíà÷åííÿ
÷àñòîòíîãî ñïåêòðó ó âèïàäêó íåñêií÷åííî ãëèáîêî¨ ïîòåíöiàëüíî¨ ÿìè, òðåòié
� çíà÷åííÿ ÷àñòîòíîãî ñïåêòðó ç âðàõóâàííÿì ìîäåëüíîãî êîåôiöi¹íòó,
÷åòâåðòèé � ðiçíèöÿ ìiæ çíà÷åííÿìè â òðåòüîìó òà ÷åòâåðòîìó ñòîâïöÿõ.

3.4 Âèñíîâêè

Ó öüîìó ðîçäiëi àêöåíòó¹òüñÿ óâàãà íà òîìó, ùî ðîçãëÿä ìåòàëåâîãî

ïðîøàðêó/ÀÒÌÏ ÿê êâàíòîâî¨ ïëàçìè ¹ çàãàëîì äîöiëüíiøèé, îñêiëüêè â

÷àñòèíi âèïàäêiâ òàêèé ïiäõiä äà¹ òî÷íi ðåçóëüòàòè. Ç îãëÿäó íà öå, ïî÷àòêîâî

ðîçãëÿíóòî òà ïðîàíàëiçîâàíî ìîäåëü õàîòè÷íèõ ôàç, ÿêà áàçó¹òüñÿ íà åôåêòàõ

åêðàíóâàííÿ òà êîëåêòèâíî¨ ïîâåäiíêè åëåêòðîííî¨ ïëàçìè. Ïîáóäîâàíî

ãðàôiêè ôóíêöi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi �ðiçíèõ� ìåòàëåâèõ ïðîøàðêiâ òà

ïîðiâíÿíî ç ìîäåëëþ Äðóäå.

Äàëi ðîçãëÿíóòî ìîäåëi äiåëåêòðè÷íî¨ ïðîíèêíîñòi, ÿêi äîçâîëÿþòü

äîñëiäèòè âïëèâ ïðîñòîðîâî¨ äèñïåðñi¨ íà ÀÒÌÏ. Ñïî÷àòêó îïèñàíî

ïðîñòó ìîäåëü ïðîâiäíî¨ äèñïåðñíî¨ ñèñòåìè â ÿêié äëÿ òîãî, ùîá

âðàõóâàòè ìiæ÷àñòèíêîâó âçà¹ìîäiþ çàñòîñîâàíî ïîòåíöiàë Ïåøëÿ-Òåëëåðà

òà ìàòðè÷íèé åëåìåíò ïîòåíöiàëó åëåêòðîí-åëåêòðîííî¨ âçà¹ìîäi¨.

Öiêàâiøà ìîäåëü ç òî÷êè çîðó ÿê i ìîäåëþâàííÿ òàê i òî÷íîñòi
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îïèñó ïîâåäiíêè äiåëåêòðè÷íî¨ ôóíêöié íà ãðàíèöÿõ äîòèêó ñåðåäîâèù

ïîáóäîâàíà íà åôåêòi êâàíòîâîãî �ïðîíèêíåííÿ� åêñïîíåíòíîãî õâîñòà

åëåêòðîíiâ â äiåëåêòðèê. Ïîêàçàíî, ùî âèêîðèñòîâóþ÷è DFT ìîæíà îïèñàòè

öå ïðîíèêíåííÿ ÷åðåç ðîçãëÿä ôóíêöi¨ ãóñòèíè åëåêòðîíiâ ÿê çàëåæíî¨ âiä

ïðîñòîðîâî¨ êîîðäèíàòè z. Âiäìi÷åíî, ùî âðàõóâàííÿ çàçíà÷åíèõ åôåêòiâ

äîçâîëÿ¹ çãëàäèòè ðiçêèé ñòðèáîê ôóíêöi¨ äiåëåêòðè÷íî¨ ïðîíèêíîñòi íà

ãðàíèöÿõ ñåðåäîâèù.

Ðîçãëÿä äiåëåêòðè÷íîãî òåíçîðà ïîáóäîâàíîãî â ðàìêàõ ôîðìàëiçìó

ìàòðèöi ãóñòèíè òà çàñòîñîâóþ÷è òåîðiþ çáóðåíü ïî ìàëîìó ïàðàìåòðó äàâ

â ðåçóëüòàòi âèðàç äëÿ äiàãîíàëüíî¨ zz êîìïîíåíòè òåíçîðà. Îòðèìàíèé âèðàç

çàñòîñîâàíî ïðè âðàõóâàííi óìîâè åëåêòðîíåéòðàëüíîñòi â ìîäåëi ïîøèðåííÿ

ÏÏÕ â ñòðóêòóði ÄÀÄ. Ó öié ìåòàëåâèé ïðîøàðîê ðîçãëÿíóòî â ìåæàõ ìîäåëi

�æåëå� ÿê åëåêòðîííó ñèñòåìó ïîìiùåíó â àñèìåòðè÷íó ïîòåíöiàëüíó ÿêó

ñêií÷åííî¨ ãëèáèíè. Ðåçóëüòàòè ìîäåëþâàííÿ ïîêàçóþòü, ùî â ïîðiâíÿííi ç

êëàñè÷íèìè ïiäõîäàìè êîðåêòíå âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi äà¹

ðåçóëüòàòè äëÿ ÷àñòîòíîãî ñïåêòðó, ÿêi êðàùå óçãîäæóþòüñÿ ç åêñïåðèìåíòîì

äëÿ ñòðóêòóðè SiO2/Ag/Si. Òàêîæ äëÿ öi¹¨ òà iíøèõ çìîäåëüîâàíèõ ñòðóêòóð

ÄÀÄ ïðîÿâëÿ¹òüñÿ õàðàêòåðíà îñöèëÿöiéíà êàðòèíà íåâåëèêî¨ àìïëiòóäè ÿê

ôóíêöiÿ òîâùèíè ìåòàëó, ÿêà íàïðÿìó çàëåæèòü âiä ïîâåäiíêè õiìi÷íîãî

ïîòåíöiàëó ðîçðàõîâàíîãî â òàêèõ æå ôiçè÷íèõ óìîâàõ.

Ç ìåòîþ ïîêðàùèòè îòðèìàíi ïðè ðîçãëÿäi âïëèâó óìîâè åëåêòðîíåéòðàëü-

íîñòi ðåçóëüòàòè, à ñàìå, îäåðæàòè êðàùå óçãîäæåííÿ ç åêñïåðèìåíòàëüíèìè

äàíèìè â öüîìó ðîçäiëi ðîçãëÿíóòî âïëèâ êóëîíiâñüêèõ êîðåëÿöié íà

÷àñòîòíèé ñïåêòð ÏÏÕ. Ïðîâåäåíèé àíàëiç ñâiä÷èòü, ùî äëÿ ÀÒÌÏ òîâùèíîþ

∼ 10÷ 20ÌØ (1ÌØ ≈ 2.4íì), ¨õíié âïëèâ ¹ çíà÷íèì. Çàëåæíiñòü ÷àñòîòíîãî

ñïåêòðó ÏÏÕ âiä òîâùèíè ÀÒÌÏ òàêîæ õàðàêòåðèçó¹òüñÿ îñöiëÿöiéíîþ

êàðòèíîþ äëÿ ïëàçìîííèõ ñòðóêòóð V acuum/Ag/Si, V acuum/Ag/Al2O3,

SiO2/Ag/Al2O3 ç ïîñòóïîâèì çìåíøåííÿì àìïëiòóäè îñöèëÿöié çi çðîñòàííÿì

òîâùèíè. Ïðîòå, ÿêi ó âèïàäêó âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi

V acuum/Ag/Si àìïëiòóäà îñöèëÿöié ¹ ìåíø ïîìiòíîþ ÷èì äëÿ iíøèõ

ñòðóêòóð. Íàéâàæëèâiøèì ðåçóëüòàòîì, ïðîòå, ¹ çíà÷íî êðàùå óçãîäæåííÿ

ç åêñïåðèìåíòðàëüíèìè äàíèìè ÷èì äëÿ iíøèõ ðîçãëÿíóòèõ â öié ðîáîòi

ìîäåëåé, ùî ãîâîðèòü ïðî çíà÷íèé âïëèâ êóëîíiâñüêèõ êîðåëÿöié íà
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õàðàêòåðèñòèêè ÏÏÕ äëÿ ÀÒÌÏ.

Ó öiëîìó, çíà÷åííÿ, îòðèìàíi ïðè ñèìóëÿöié ïîáóäîâàíèõ â öüîìó

ðîçäiëi ìîäåëåé ïîêàçóþòü, ùî âðàõóâàííÿ äèñêðåòíî¨ ïðèðîäè õâèëüîâîãî

âåêòîðà Ôåðìi â çàëåæíîñòi âiä ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ â ÀÒÌÏ òà

ïðîíèêíåííÿ åëåêòðîííî¨ ãóñòèíè â ïëîùèíó äiåëåêòðèêà äëÿ óëüòðàòîíêèõ

ïëiâîê ìàþòü çíà÷íèé âëèâ íà ÷àñòîòíèé ñïåêòð ÏÏÕ i äëÿ õàðàêòåðíèõ

ïëàçìîííèõ ñòðóêòóð ïîâèííi áóòè âðàõîâàíi ïðè àíàëiçi åêñïåðèìåíòàëüíèõ

äàíèõ.
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ÐÎÇÄIË 4

Ìàòåìàòè÷íå ìîäåëþâàííÿ ïîøèðåííÿ

ïëàçìîí-ïîëÿðèòîííèõ õâèëü â

ðåàëüíèõ ñòðóêòóðàõ

äiåëåêòðèê/ìåòàë/äiåëåêòðèê

4.1 Ïëàçìîí-ïîëÿðèòîííi õâèëi äëÿ âèïàäêó íàäòîíêèõ

ìåòàëåâèõ ïðîøàðêiâ

Îòðèìàíi ó ðîçäiëi 2 äëÿ ñèñòåìè ðiâíÿíü Ìàêñâåëà âiäïîâiäíi õâèëüîâi

ðiâíÿííÿ (2.51) òà (2.52) ìîæíà ðîçâ'ÿçàòè çàáåçïå÷èâøè íåîáõiäíi äëÿ

òàêî¨ ïðîöåäóðè êðàéîâi óìîâè, ÿêi ìîæíà ââåñòè âèêîðèñòàâøè óìîâè

íåïåðåðâíîñòi âåêòîðiâ íàðóæåíîñòi H òà E [89, 132] íà ãåîìåòðè÷íié

ãðàíèöi ïîäiëó ñåðåäîâèù â ïëîùèíàõ z = +l/2 òà z = −l/2. Ïðîòå,

òóò ìè äåùî ñïðîñòèìî çàâäàííÿ äîïóñòèâøè ìîäåëüíå ïðèùåííÿ â ìåæàõ

ÿêîãî ðîçãëÿäàòèìåìî ÀÒÌÏ ÿê äâîâèìiðíó åëåêòðîííó ñèñòåìó, äëÿ ÿêî¨

âèêîíó¹òüñÿ óìîâà 2kF ≈ 1.

Ðîçïî÷íåìî ç òîãî, ùî çíàéäåìî ðîçâ'ÿçîê äëÿ ðiâíÿíü (2.51) â îáëàñòÿõ

äiåëåêòðèêiâ.
H(i)

y (ω, z) = C
(i)
1 ekiz + C

(i)
2 e−kiz,

ki =
√
k2x + k20ϵi, i = 1, 3.

(4.1)

Óìîâè çàãàñàííÿ ÅÌ ïîëiâ íà áåçêiíå÷íîñòi

{H ,E}z→±∞ → 0
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âèçíà÷àþòü ôîðìó ðîçâ'ÿçêó ó êîæíié ç îáëàñòåé. Òîìó â îáëàñòi Ω1 C
(1)
1 = 0

i

H(1)
y = Ae−k1z, A = C

(1)
2 , (4.2)

à â îáëàñòi Ω2 C
(3)
2 = 0 i

H(1)
y = Bek3z, B = C

(3)
1 . (4.3)

Ó ñèñòåìàõ â ÿêèõ ïðîñòîðîâà äèñïåðñiÿ âiäñóòíÿ àáî ¹ çíèêîìîþ çâ'ÿçîê

ïîëiâ H òà E äëÿ ÒÌ õâèëü ¹ òàêèì (äèâ. (2.35) àáî [1, 133]):

E(i)
x = −i

1

ωϵ0ϵi

∂Hy

∂z
,

E(i)
z = − kx

ωϵ0ϵi
Hy.

(4.4)

àáî

E(1)
x = i

k1
ωϵ0ϵ1

Ae−k1z,

E(1)
z = − kx

ωϵ0ϵ1
Ae−k1z.

(4.5)

E(3)
x = −i

k3
ωϵ0ϵ3

Be−k3z,

E(3)
z = − kx

ωϵ0ϵ3
Be−k3z.

(4.6)

ßê çàçíà÷àëîñü âèùå ðîçãëÿä ÀÒÌÏ ÿê äâîâèìiðíî¨ åëåêòðîííî¨ ñèñòåìè

äîçâîëÿ¹ äåùî ñïðîñòèòè óìîâè íåïåðåâíîñòi ïîëiâ, ÿêi â öüîìó âèïàäêó

ïîòðiáíî �çøèòè� â ïëîùèíi z = 0. Óìîâè çøèâàííÿ â ìàþòü âèãëÿä íàâåäåíèé

ó (2.55)
n× (H3(−0, ω) −H1(+0, ω)) = J(kx, z, ω),

n · (B3(−0, ω) −B1(+0, ω)) = 0.
(4.7)

Ïîâåðõíåâèé ñòðóì J â îáëàñòi äîòèêó ìà¹ âèãëÿä âèðàçó

J = Js(kx, z = 0, ω) = Jx(kx, z = 0, ω) = σ0σ(kx, ω)Ex(kx, 0, ω), (4.8)

ó ÿêîìó Ex � íàïðóæåíiñòü åëåêòðè÷íîãî ïîëÿ â ïëîùèíi z = 0.

Ïiäñòàâèâøè îòðèìàíi ðåçóëüòàòè äëÿ êîìïîíåíò ÅÌ ïîëÿH òàE â óìîâè
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çøèâàííÿ (4.7) òà çàäàâøè íîðìàëü n = (0, 0, 1) ìà¹ìî

H(1)
y (+0, ω) −H(3)

y (−0, ω) = −Js(kx, 0, ω),

E(1)
x (+0, ω) = E(3)

x (−0, ω).
(4.9)

Ñòàëi A òà B îòðèìó¹ìî ç ñèñòåìè ðiâíÿíü

A−B = Aσ0σ(kx, ω)
k1

iωϵ0ϵ1
,

A
k1
ϵ1

= −B
k3
ϵ3
.

(4.10)

Íåíóëüîâèé ðîçâ'ÿçîê (4.10) iñíó¹, ÿêùî âèçíà÷íèê âiäïîâiäíî¨ ñèñòåìè

∆ = 0:
k3
ϵ3

(
1 + i

k1
ωϵ0ϵ1

σ0σ

)
+

k1
ϵ1

= 0, (4.11)

ùî ó âèñëiäi äà¹ äèñïåðñiéíå ñïiââiäíîøåííÿ äëÿ íàøî¨ ìîäåëi

ϵ1(ω)

k1
+

ϵ3(ω)

k3
= −σ0σ(kx, ω)

iωϵ0
. (4.12)

Òóò âàæëèâî çàóâàæèòè, ùî òàêèé æå æ âèðàç áóëî îòðèìàíî ó ðîáîòi [11]

äëÿ àíàëîãi÷íî¨ ãåòåðîãåííî¨ ïëàçìîííî¨ ñòðóêòóðè, òiëüêè ó ðîëi ÀÒÌÏ áóëî

âçÿòî ãðàôåí, ÿêèé ¹ öiëêîì äâîâèìiðíîþ ñòðóêòóðîþ.

Äëÿ ïîäàëüøîãî äîñëiäæåííÿ ìîäåëi òà îòðèìàííÿ çíà÷åíü ïëàçìîííîãî

ñïåêòðó ÏÏÕ ìè ïîâèííi çàäàòè çíà÷åííÿ äëÿ äiåëåêòðè÷íèõ ïðîíèêíîñòåé ϵ1

òà ϵ3 òà çàäàòè ìîäåëüíèé âèðàç äëÿ ïðîâiäíîñòi ìåòàëó σ(kx, ω). Äiåëåêòðè÷íi

ïðîíèêíîñòi òóò ìè áðàòèìåìî ó òàê çâàíîìó âèñîêî÷àñòîòíîìó íàáëèæåíi äëÿ

ÿêîãî ϵ(−∞) = const, à äëÿ ïðîâiäíîñòi òóò âèêîðèñòà¹ìî çãàäàíi óæå íàìè

ìîäåëi Äðóäå òà RPA.

Ïðîâiäíiñòü ó ìîäåëi Äðóäå ìà¹ âèãëÿä

σ0σ(kx = 0, ω) =
e2EF

πℏ
i

ω + iτ−1
. (4.13)
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Ââiâøè áåçðîçìiðíi çìiííi

q∗ =
kx
kF

, ω∗ =
ℏω
EF

(4.14)

îòðèìà¹ìî çíåðîçìiðåíå äèñïåðñiéíå ñïiâiäíîøåííÿ (4.12) äëÿ ìîäåëi (4.13)

ϵ1
k∗1

+
ϵ3
k∗3

=
8

ω∗(kFa0)

1

ω∗ + iτ−1∗ ,

k∗i =
√

q∗2 + λ∗ϵi(ω∗)ω∗2,

λ∗ =
EF

2mc2
, τ−1∗ =

ℏτ−1

EF
,

(4.15)

òóò a0 � ðàäióñ Áîðà.

Òàêîæ, íàäàëi ìè âèðàæàòèìåìî äîáóòîê kFa0 ÷åðåç ïàðàìåòð Ãåëë-Ìàíí-

Áðàêíåðà rs [136,137], ÿêèé âèðàæà¹ êîíöåíòðàöiþ åëåêòðîíiâ â ÀÒÌÏ:

kFa0 =
( 3

4π

)2/3
rs. (4.16)

Ïðîâiâøè ïðîöåäóðó çíåðîçìiðåííÿ äëÿ ìîäåëi RPA ìè îòðèìó¹ìî

ϵ1
k∗1

+
ϵ3
k∗3

= −(χ1(q
∗, ω∗) + iχ2(q

∗, ω∗)),

χ1(q
∗, ω∗) = G∗

(
q∗ − C−

(
1

4

(
q∗ − ω∗

q∗

)2
− 1

) 1
2

− C+

(
1

4

(
q∗ +

ω∗

q∗

)2
− 1

) 1
2

)
,

χ2(q
∗, ω∗) = G∗

(
q∗ −D−

(
1 − 1

4

(
q∗ − ω∗

q∗

)2) 1
2

−D+

(
1 − 1

4

(
q∗ +

ω∗

q∗

)2) 1
2

)
,

G∗ =
2

q3∗(kFa0)
,

C± =

(
q∗ ± ω∗

q∗

)
|q∗ ± ω∗

q∗

∣∣∣ , D± = 0
∣∣∣q∗ ± ω∗

q∗

∣∣∣ > 2,

C± = 0, D± = 1
∣∣∣q∗ ± ω∗

q∗

∣∣∣ < 2

(4.17)
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4.2 Âðàõóâàííÿ òîâùèíè ìåòàëåâîãî ïðîøàðêó íà

ñïåêòð ïëàçìîí-ïîëÿðèòîííèõ õâèëü

Ïðèìiòíî, ùî ïåðåâàæíà áiëüøiñòü ðîçãëÿíóòèõ êëàñè÷íèõ, êâàçiêëàñè÷íèõ

òà êâàíòîâèõ ìîäåëåé äiåëåêòðè÷íèõ ïðîíèêíîñòåé òà ïðîâiäíîñòåé ÀÒÌÏ

íå ìiñòÿòü â ñîái çàëåæíîñòåé âiä ïðîñòîðîâèõ êîîðäèíàò, ùî â ïåâíié

ìiði íàêëàäà¹ îáìåæåííÿ íà äîñëiäæåííÿ âïëèâó íà ñïåêòð ÏÏÕ ðîçìiðíèõ

åôåêòiâ, ïðîñòîðîâî¨ äèñïåðñi¨ ÷è iíøèõ õàðàêòåðíèõ íåëîêàëüíîñòåé,

ïîâ'ÿçàíèõ iç ïðîñòîðîâèìè êîîðäèíàòàìè. Ñåðåä ðîáiò, ó ÿêèõ áóëè îïèñàíi

âèùåçãàäàíi ôóíêöi¨, ÿê ôóíêöi¨ çàëåæíi âiä ïðîñòîðîâèõ êîîðäèíàò âàðòî

âiäìiòèòè óæå çãàäàíi íàìè âèùå [94,134,135]

Ïîäàëüøèé ðîçâèòîê ìîäåëi ó íàøié ðîáîòi ìè ìàòèìåìî áåçïîñåðåäíüî ç

ìîäåëi ðîçðîáëåíî¨ Êóðáàöüêèì [94], îñêiëüêè âîíà íàéáiëüøå íàäà¹òüñÿ äî

àíàëiòè÷íîãî îïèñó ïîøèðåííÿ ÏÏÕ ó âèïàäêó, ÿêùî äiåëåêòðèêè, ÿêi îòî÷ó-

þòü ÀÒÌÏ âîëîäiþòü êàðäèíàëüíî ðiçíèìè ôiçè÷íèìè õàðàêòåðèñòèêàìè òà

ìè áåðåìî äî óâàãè òîâùèíó ÀÒÌÏ.

Âèâåäåííÿ ìîäåëi, ðîçïî÷íåìî ç òîãî, ùî äëÿ îïèñó ôóíêöi¨ ϵ(q, z, ω) ìè

âèêîðèñòîâóâàòèìåìî ëèøåíü äiàãîíàëüíó êîìïîíåíòó òåçîðà äiåëåêòðè÷íî¨

ïðîíèêíîñòi

ϵ(r, r′, ω) =

(
1 −

ω2
p

neω2

∑
n

fn|Ψn(r′)|2
)
δ(r − r′). (4.18)

Ó (4.18) ωp =
√

4πnee2/me - ïëàçìîâà ÷àñòîòà [1, 80], ne - êîíöåíòðàöiÿ

åëåêòðîíiâ â ìåòàëåâîìó ïðîøàðêó, fn = Θ(ϵn − ϵF ) - ôóíêöiÿ Ôåðìi-Äiðàêà

[94,96], Θ(x) - ôóíêöiÿ Õåâiñàéäà [96], ϵF - åíåãðiÿ Ôåðìi [80,96], r = (r||, z).

Ôóíêöiÿ

Ψn(x, y, z) =

√
2

S
ei(k·r)ϕn(z) (4.19)

õâèëüîâà ôóíêöiÿ [98] åëåêòðîíà â ìåòàëåâîìó ïðîøàðêó, à ϕn(z) ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ

− ℏ2

2m

d2

dz2
ϕn(z) + U(z)ϕn(z) = Wϕn(z), (4.20)

ÿêå ¹ ðiâíÿííÿì Øðåäií åðà, ùî îïèñó¹ ïîâåäiíêó åëåêòðîíà â ìåòàëåâié
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ïëiâöi [98]. Ïîâåðõíåâèé ïîòåíöiàë U(z) ìîäåëþ¹ íàÿâíiñòü ïîâåðõîíü, ÿêi

îáìåæóþòü ïëiâêó:

U(z) =


U1 ÿêùî z ≤ 0,

0 ÿêùî 0 < z < l,

U2 ÿêùî z ≥ l.

(4.21)

äå l - òîâùèíà ìåòàëåâî¨ ïëiâêè. Ðîçâ'ÿçîê ðiâíÿííÿ (4.20), ÿêèé çàäîâîëüíà¹

óìîâè ϕ(z → ±∞) → 0 ìîæíà ïîäàòè òàê

ϕn(z) =


Aeχ1z, χ1 =

√
2m
ℏ2 (U1 −W ) if z ≤ 0,

C1e
iαz + C2e

−iαz, k =
√

2m
ℏ2 W if 0 < z < l,

Be−χ1z, χ2 =
√

2m
ℏ2 (U2 −W ) if z ≥ l.

(4.22)

Ñòàëi A,C1, C2, B âèçíà÷èìî iç óìîâ íåïåðåâíîñòi ϕn(z) òà ãëàäêîñòi

(äèôåðåíöiéîâíîñòi) dϕn(z)
dz õâèëüîâî¨ ôóíêöi¨ íà ìåæàõ z = 0 òà z = l

ϕn(−0) = ϕn(+0), ϕn(−l) = ϕn(+l),

dϕn(−0)

dz
=

dϕn(+0)

dz
,
dϕn(−l)

dz
=

dϕn(+l)

dz

(4.23)

i óìîâè íîðìóâàííÿ
∞∫

−∞

|ϕn(z)|2 = 1, (4.24)

ç ÿêî¨ i âèïëèâà¹, ùî ϕ(z → ±∞) → 0.

Ìà¹ìî

C1 = A

(
1

2
− iχ1

2α

)
C2 = A

(
1

2
+

iχ1

2α

)
. (4.25)

B = A
(

cos(αl) +
χ1

α
sin(αl)

)
eχ2l (4.26)

|A|2 =

(
1

2χ1
+

1

2χ2

(
cos(αl) +

χ1

α
sin(αl)

)2
+

+
l

2

(χ2
1

α2
+ 1
)

+
χ1

2α2

(
1 − cos(2αl)

)
+

1

4

( 1

α
− χ2

1

α3

)
sin(2αl)

)−1

.

(4.27)

Äàëi, ç òèõ æå óìîâ íåïåðåðâíîñòi òà ãëàäêîñòi îòðèìó¹ìî òðàíñöåäåíòíå

àëãåáðà¨÷íå ðiâíÿííÿ äëÿ çíàõîäæåííÿ ðiâíiâ ðîçìiðíîãî êâàíòóâàííÿ α (äèâ.
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íàïð. [97,99])

αl = πn−
(

arcsin
( αℏ√

2mU1

)
+ arcsin

( αℏ√
2mU2

))
, (4.28)

êîðåíi (4.28) âèçíà÷àòèìóòü âåëè÷èíó

Wn =
ℏ2α2

n

2m
(4.29)

ÿêà ¹ äèñêðåòíîþ.

Ìàêñèìàëüíó êiëüêiñòü åíåðãåòè÷íèõ ðiâíiâ nmax âèçíà÷èìî iç óìîâè

nmax =

[
1

π

(
lmin(S1, S2) + arcsin

min(S1, S2)

S1
+ arcsin

min(S1, S2)

S2

)]
,

Si =

√
2m

ℏ2
Ui, i = 1, 2.

(4.30)

Ó öüîìó âèðàçi êâàäðàòíi äóæêè ïîçíà÷àþòü âçÿòòÿ öiëî¨ ÷àñòèíè.

Çíàéäåìî ϵ(q, z, z′, ω), ÿêå (2.8) çàäà¹òüñÿ äëÿ ìîäåëi (4.18). Ó âèñëiäi

îòðèìó¹ìî (äåòàëi ðîçðàõóíêó íàâåäåíî â [94]):

ϵ2(0, z, z
′, ω) = ϵ2(z, ω)δ(z − z′) =

(
1 −

ω2
p

πneω2

nmax∑
n=1

(k2F − k2n)|ϕn(z)|2
)
δ(z − z′).

(4.31)

Äëÿ ìîäåëþâàííÿ âïëèâó òîâùèíè l ìåòàëåâî¨ ïëiâêè íà ñïåêòð ÏÏÕ òóò

ÿê i â ïîïåðåäíiõ âèïàäêàõ Hy(z, ω) ≈ H0(z, ω).

Äëÿ ÷èñëîâîãî ìîäåëþâàííÿ äëÿ âåðõíüîãî øàðó âçÿòî ïîëiåòèëåí iç

äiåëåêòðè÷íîþ ïðîíèêíiñòþ ϵ1 = 2.3 òà ðîáîòîþ âèõîäó åëåêòðîíà U1 =

4.2 eV . Ó ÿêîñòi íèæíüî¨ äiåëåêòðè÷íî¨ ïiäêëàäêè âçÿòî SiO2 iç äiåëåêòðè÷íîþ

ïðîíèêíiñòþ ϵ1 = 4 òà ðîáîòîþ âèõîäó åëåêòðîíà U1 = 5 eV . Äiåëåêòðè÷íà

ôóíêöiÿ ìåòàëåâîãî ïðîøàðêó (çîëîòî) îïèñó¹òüñÿ ôóíêöi¹þ (4.19)

ϵ2(l, ω) = 1 −
ω2
p

2πneω2

nmax∑
n=1

(k2F − k2n)|ϕn(z)|2. (4.32)

Íà Ðèñ. 4.1 ïîäàíî ðåçóëüòàòè îá÷èñëåííÿ ñïåêòðó îòðèìàíi ç (3.55) ç
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âèêîðèñòàííÿì (3.50), (3.51), ÿêi ïîðiâíÿíî iç çíà÷åííÿìè îòðèìàíèìè äëÿ

êëàñè÷íî¨ íåçàòóõàþ÷î¨ ìîäåëi Äðóäå [1].

ϵ(ω, l) = ϵD(ω) = 1 −
ω2
p

ω
(4.33)

â ÿêié ïëàçìîííèé ñïåêòð íå çàëåæèòü âiä òîâùèíè l ìåòàëåâîãî øàðó.

Ó Tab. 4.1 íàâåäåíî ðåçóëüòàòè ÷èñåëüíèõ ðîçðàõóíêiâ äëÿ çàëåæíîñòi

÷àñòîòè ω∗ =
ω

ωp
, õâèëüîâîãî âåêòîðà k∗x =

kxc

ωp
(4.34)

âiä êiëüêîñòi ðiâíiâ ðîçìiðåíîãî êâàíòóâàííÿ nmax.

Iç òàáëèöi äàíèõ áà÷èìî, ùî ðiçíèöÿ ìiæ ñïåêòðàìè ω(kx) äëÿ îáîõ

ìîäåëåé çðîñòà¹ iç çáiëüøåííÿì çíà÷åíü õâèëüîâîãî âåêòîðà kx. Òàêîæ, âàðòî

çàóâàæèòè, ùî ïðè çáiëüøåíi l çíà÷åííÿ ω(kx) ïîâiëüíî ïðÿìóþòü çíèçó äî

çíà÷åíü îòðèìàíèõ äëÿ ìîäåëi Äðóäå.

Ðèñ. 4.1: Øòðèõîâà ëiíiÿ - ìîäåëü
Äðóäå (ϵD(ω)), ñóöiëüíà - ϵ2(l, ω).

Ðèñ. 4.2: Øòðèõîâà ëiíiÿ - ìîäåëü
Äðóäå (ϵD(ω)), ñóöiëüíà (ϵ2(l, ω));
÷åðâîíà - 2ÌØ; çåëåíà - 5ÌØ; ñèíÿ
- 10ÌØ; æîâòà - 15ÌØ, 1ÌØ ∼
0.24nm

Íà ðèñ. 4.2 ïîêàçàíî ðåçóëüòàòè àíàëîãi÷íèõ îá÷èñëåíü äëÿ ñòðóêòóðè "Si-

ñðiáëî-SiO2"iç òàêèìè ïàðàìåòðàìè äëÿ äiåëåêòðèêiâ: U1 = 5 eV , ϵ1 = 2.4 òà

U1 = 4.8 eV , ϵ1 = 11.7 äëÿ Si òà SiO2 âiäïîâiäíî. Íà öüîìó æ ðèñóíêó ïîäàíî

ðåçóëüòàòè åêñïåðèìåíòó äëÿ ñòðóêòóðè "Si-ñðiáëî-SiO2"îòðèìàíi â [25]. Öi

ðåçóëüòàòè ïîêàçóþòü, ùî ñïåêòð ïëàçìîíiâ "âiä÷óâà¹"òîâùèíó ìåòàëåâîãî

ïðîøàðêó äëÿ l ∼ 50ÌØ.
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ßê âèäíî ç ðèñ. 4.2 çàïðîïîíîâàíèé ïiäõiä äà¹ çìîãó ÿêiñíî ïîÿñíèòè âïëèâ

òîâùèíè ìåòàëåâîãî ïðîøàðêó íà ñïåêòð ÏÏÕ.

Çàóâàæèìî, ùî åêñïåðèìåíòàëüíi ðåçóëüòàòè äëÿ ñïåêòðó ÏÏÕ, ÿêi

ñêëàäàþòüñÿ ç 2-3 ìîíîøàðiâ àòîìiâ i òîìó ìîäåëþâàííÿ ϵ2(q, ω, z) ñëiä

ïðîâîäèòè ñàìå äëÿ òàêèõ òîâùèí. Ó òàêèõ ìåòàëåâèõ ñòðóêòóðàõ ñòàþòü

ñóòò¹âèìè êâàíòîâi åôåêòè [99, 100] i ¨õ âàðòî âðàõîâóâàòè ïðè ìîäåëþâàííi

ïîøèðåííÿ ÏÏÕ â ñòðóêòóðàõ ÄÀÄ.

ϵ2(l, ω
∗) ϵD(ω∗)

l(íì) ω∗ ω∗ nmax

k∗x = 1
100 0.33992328 0.34237082 335
1000 0.34016832 0.34237082 3357
5000 0.34019295 0.34237082 16789
10000 0.34019603 0.34237082 33579
30000 0.34019749 0.34237082 100737

k∗x = 2
100 0.40974355 0.41421356 335
1000 0.41021317 0.41421356 3357
5000 0.41025793 0.41421356 16789
10000 0.41026353 0.41421356 33579
30000 0.41026618 0.41421356 100737

k∗x = 3
100 0.42679347 0.43187178 335
1000 0.42732626 0.43187178 3357
5000 0.42737706 0.43187178 16789
10000 0.42738341 0.43187178 33579
30000 0.42738642 0.43187178 100737

k∗x = 4
100 0.43313236 0.43844718 335
1000 0.43368968 0.43844718 3357
5000 0.43374282 0.43844718 16789
10000 0.43374947 0.43844718 33579
30000 0.43375261 0.43844718 100737

Òàáë. 4.1
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4.3 Âèñíîâêè

Ó ïåðøîìó ïóíêòi öüîãî ðîçäiëó ðîçðàõîâàíî ÷àñòîòíèé ñïåêòð ÏÏÕ

â ðàìêàõ ìîäåëüíîãî ïðèïóùåííÿ, ùî ÀÒÌÏ ìîæíà ðîçãëÿíóòè ÿê 2D

ïðîâiäíó ñòðóêòóðó ç ïåâíîþ ôóíêöi¹þ ìåòàëåâî¨ ïðîâiäíîñòi íà ¨¨ ïîâåðõíi.

Iç çàãàëüíèõ óìîâ íåïåðâíîñòi ïîëiâ íà ñòèêó äâîõ ñåðåäîâèù îòðèìàíî

óìîâè çøèâàííÿ äëÿ ÒÌ-ïîëÿðèçîâàíèõ õâèëü. ßê ìîäåëi ïðîâiäíîñòi

ìåòàëåâîãî ïðîøàðêó ðîçãëÿíóòî ìîäåëi Äðóäå òà RPA. Âiäçíà÷åíî, ùî

îòðèìàíå äèñïåðñiéíå ðiâííÿ àíàëîãi÷íå îòðèìàíîìó â iíøèõ ïðàöÿõ äëÿ

÷èñòî äâîâèìiðíîãî ìàòåðiàëó � ãðàôåíó.

Äàëi çäiéñíåíî ñïðîáó îöiíèòè âïëèâ òîâùèíè ìåòàëåâîãî ïðîøàðêó

íà ÷àñòîòíèé ñïåêòð ÏÏÕ, âçÿâøè çà ìîäåëü äiåëåêòðè÷íî¨ ïðîíèêíîñòi

êîìïîíåíòó zz òåíçîðà äiåëåêòðè÷íî¨ ïðîíèêíîñòi, òà íå âðàõîâóþ÷è

äèñêðåòíîñòi õâèëüîâîãî âåêòîðà Ôåðìi, àëå âðàõîâóþ÷è êiëüêiñòü ðiâíiâ

ðîçìiðíîãî êâàíòóâàííÿ. Ðîçãëÿä ÀÒÌÏ ÿê 2D åëåêòðîííîãî ãàçó ïîìiùåíîãî

â àñèìåòðè÷íié ïîòåíöiàëüíi ÿìi ñêií÷åííî¨ ãëèáèíè äàëî çìîãó ãðóáî

âðàõóâàòè íàÿâíiñòü ðiçíèõ äiåëåêòðè÷íèõ ñåðåäîâèù íà êðàÿõ ÀÒÌÏ.

Ñèìóëÿöiÿ ïîáóäîâàíî¨ ìîäåëi ïîêàçàëà, ùî òàêà ìîäåëü äà¹ çìîãó ÿêiñíî

îöiíèòè âïëèâ òîâùèíè ìåòàëó. Îòðèìàíi ðåçóëüòàòè äëÿ ðiçíî¨ êiëüêîñòi ÌØ

ïîêàçóþòü, ùî òàêà çàëåæíiñòü ¹ i âàãîìî âïëèâà¹ íà ÷àñòîòíèé ñïåêòð ÏÏÕ.

Òàêîæ, îòðèìàíî êðàùå óçãîäæåííÿ ç åêñïåðèìåíòàëüíèìè äàíèìè.
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Âèñíîâêè

Ó äèñåðòàöiéíié ðîáîòi âèðiøåíî àêòóàëüíå íàóêîâå çàâäàííÿ � ïîáóäîâà

òà äîñëiäæåííÿ ìàòåìàòè÷íèõ ìîäåëåé ïîøèðåííÿ ÏÏÕ ç âèêîðèñòàííÿì

êëàñè÷íèõ, êâàçiêëàñè÷íèõ òà êâàíòîâèõ ïiäõîäiâ äî ðîçãëÿäó ìåòàëåâîãî

ïðîøàêó (ÀÒÌÏ).

Ïðè öüîìó îòðèìàíî òàêi íàóêîâi òà ïðàêòè÷íi ðåçóëüòàòè:

� äëÿ ñèñòåìè ðiâíÿíü Ìàêñâåëà ìàêðîñêîïi÷íî¨ åëåêòðîäèíàìiêè îòðèìà-

íî àíàëiòè÷íi âèðàçè äëÿ íàïðóæåíîñòi ïîëiâ ó êîæíié îáëàñòi ñòðóêòóðè

ÄÌÄ ó âèïàäêó, êîëè äiåëåêòðè÷íà ïðîíèêíiñòü òà ïðîâiäíiñòü ÀÒÌÏ

õàðàêòåðèçóþòüñÿ ïðîñòîðîâîþ íåëîêàëüíiñòþ (äèñïåðñi¹þ) � êîíðåòíî

â öüîìó âèïàäêó ðîçëÿäà¹òüñÿ òiëüêè äèñïðåñiÿ ïî êîîðäèíàòi z, à

ÀÒÌÏ â ïëîùèíi XOY ââàæà¹òüñÿ áåçêiíå÷íî âåëèêèì ó ïîðiâíÿííi

ç òîâùèíîþ.

� ïîêàçàíî, ùî ÀÒÌÏ ìîæíà ðîçãëÿäàòè 2D ïðîâiäíó ïëîùèíó (ïî

àíàëîãi¨ ç ãðàôåíîì) ç íåíóëüîâîþ ïðîâiäíiñòþ ìåòàëó íà öié

ïëîùèíi. Äëÿ ïåðåâiðêè êîðåêòíîñòi îòðèìàíî¨ ìîäåëi ðîçãëÿíóòî ìîäåëi

ïðîâiäíîñòi Äðóäå òà RPA, ÿêà òàêîæ ÷àñòêîâî äà¹ çìîãó âðàõóâàòè

êóëîíiâñüêi êîðåëÿöi¨. Îòðèìàíi ðåçóëüòàòè ïîêàçàëè äîïóñòèìiñòü

òàêîãî ïiäõîäó äî ìîäåëþâàííÿ ïîøèðåííÿ ÏÏÕ â ñòðóêòóðàõ ÄÌÄ.

Ðîçðàõîâàíî çíà÷åííÿ äëÿ ÷àñòîòíîãî ñïåêòðó ÏÏÕ òà äîâæèíè

ïîøèðåííÿ ïëàçìîííî¨ õâèëi;

� äîñëiæåíî âïëèâ òîâùèíè ìåòàëåâîãî ïðîøàðêó ó ñòðóêòóði ÄÌÄ

íà ÷àñòîíèé ñïåêòð ÏÏÕ, êîëè çà ìîäåëü äiåëåêòðè÷íî¨ ïðîíèêíîñòi

ìåòàëó âçÿòî êîìïîíåíòó zz òåíçîðà äiåëåêòðè÷íî¨ ïðîíèêíîñòi. Ó öüîìó

âèïàäêó âðàõîâàíî êâàíòóâàííÿ åíåðãåòè÷íèõ ðiâíiâ â ÀÒÌÏ â ìåæàõ

ìîäåëi åëåêòîðîííîãî ãàçó, ïîìiøåíîãî â ïîòåíöiàëüíó ÿìó. Ïîêàçàíî, ùî
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äëÿ ÀÒÌÏ òîâùèíîþ äî 25 ÌØ çàëåæíiñòü âiä òîâùèíè íàÿâíà òà âîíà

ñóòò¹âî âïëèâà¹ íà ïîâåäiíêó ÷àñòîòíîãî ñïåêòðó ÏÏÕ. Iç çáiëüøåííÿì

òîâùèíè ÀÒÌÏ çàëåæíiñòü ñòà¹ ìåíø ïîìiòíîþ, à îòðèìàíi çíà÷åííÿ

÷àñòîòíîãî ñïåêòðó ÏÏÕ ïðÿìóþòü çíèçó äî ìîäåëi Äðóäå.

� ðîçãëÿíóòî âïëèâ óìîâè åëåêòðîíåéòðàëüíîñòi íà ÷àñòîòíèé ñïåêòð

ÏÏÕ. Äëÿ öüîãî ÀÒÌÏ äîñëiäæåíî â ðàìêàõ ìîäåëi �æåëå� ÿê

íåâçà¹ìîäiþ÷ó ñèñòåìó åëåêòðîíiâ â àñèìåòðè÷íié ïîòåíöiàëüíié ÿìi

ñêií÷åííî¨ ãëèáèíè. Çà ìîäåëü äiåëåêòðè÷íî¨ ïðîíèêíîñòi ÀÒÌÏ âçÿòî

êîìïîíåíòó zz òåíçîðà äiåëåêòðè÷íî¨ ïðîíèêíîñòi ç âðàõóâàííÿì

äèñêðåòíîñòi õâèëüîâîãî âåêòîðà Ôåðìi. Ïîêàçàíî, ùî ÷àñòîòíèé

ñïåêòð ÏÏÕ â öié ìîäåëi õàðåêòåðèçó¹òüñÿ îñöèëÿöiéíîþ çàëåæíiñòþ

âiä òîâùèíè ÀÒÏÌ, ùî, â ñâîþ ÷åðãó, ñïðè÷èíåíå äèñêðåòíîþ

ïðèðîäîþ âåêòîðà õâèëüîâîãî âåêòîðà Ôåðìi. Îòðèìàíi ðåçóëüòàòè

êðàùå êîðåëþþòüñÿ ç åêñïåðèìåíòàëüíèìè äàíèìè.

� Âïåðøå ó öié ðîáîòi âèâ÷åíî âïëèâ êóëîíiâñüêèõ êîðåëÿöié íà ÷àñòîòíèé

ñïåêòð ÏÏÕ. Ó öüîìó âèïàäêó â ìåæàõ âñå òi¹¨ æ ìîäåëi �æåëå� ìè

ðîçãëÿíóëè åëåêòðîííèé ãàç ïîìiùåíèé â ïîòåíöiàëüíó ÿìó áåçêiíå÷íî¨

ãëèáèíè. Ïîêàçàíî, ùî çíà÷íèé âïëèâ íà ÷àñòîòíèé ñïåêòð ÏÏÕ â

öié ìîäåëi ìàþòü äèñêðåòíèé õàðàêòåð õâèëüîâîãî âåêòîðà Ôåðìi òà

ïðîíèêíåííÿ �õâîñòà� åëåêòðîííî¨ ãóñòèíè â øàð äiåëåêòðèêà. Ñïåêòð

òàêîæ ìà¹ îñöèëÿöiéíó çàëåæíiñòü âiä òîâùèíè ÀÒÏÌ, àëå áiëüø

ïîìiòíó ÷èì ó âèïàäêó ïðîñòî âðàõóâàííÿ óìîâè åëåêòðîíåéòðàëüíîñòi.

Îòðèìàíi ðåçóëüòàòè íàéêðàùå óçãîäæóþòüñÿ ç åêñïåðèìåíòàëüíèìè

äàíèìè ó ïîðiâíÿííi ç iíøèìè ðîçãëÿíóòèìè ìîäåëÿìè.

Íàóêîâà öiííiñòü ðåçóëüòàòiâ äèñåðòàöiéíî¨ ðîáîòè ïîëÿãà¹ ó òîìó, ùî â íié

ðîçðîáëåíî ìàòåìàòè÷íó ìîäåëü ïîøèðåííÿ ÏÏÕ íà ïîâåðõíi óëüòðàòîíêèõ

ìåòàëåâèõ ïðîøàðêiâ òà ¨¨ ïîÿñíåííþ âèêîðèñòîâóþ÷è ÿê êëàñè÷íi ïiäõîäè

òà ìåòîäè, òàê i çàñòîñóâàíî ìîäåëi÷ êâàíòîâî¨ ìåõàíiêè äëÿ âèâ÷åííÿ

âïëèâó ïðîâiäíîãî ñåðåäîâèùà íà ïîâåäiíêó õàðàêòåðèñòèê ÏÏÕ. Îòðèìàíi

ðåçóëüòàòè, íà äóìêó àâòîðà, äîïîâíþþòü óÿâëåííÿ ïðî ïðèðîäó âèíèêíåííÿ

òà ïîøèðåííÿ ÏÏÕ ó ñòðóêòóðàõ ÄÌÄ òà ïîêàçóþòü âçà¹ìîçâ'ÿçîê öüîãî

ÿâèùà ç iíøèìè ôiçè÷íèìè ÿâèùàìè.
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Ìàòåìàòè÷íi ìîäåëi ðîçðîáëåíi òà ðîçâèíóòi â äèñåðòàöiéíîìó äîñëiäæåííi

ìîæóòü áóòè âèêîðèñòàííi ïðè ïîáóäîâi âèñîêîòî÷íèõ îïòè÷íèõ ïðèëàäiâ, äiÿ

ÿêèõ çàñíîâàíà íà ÿâèùi ïëàçìîííîãî ðåçîíàíñó, â ÿêèõ â ðîëi ïðîâiäíîãî

ñåðåäîâèùà âèêîðèñòîâó¹òüñÿ àòîìíî-òîíêi ìåòàëåâi ïëiâêè. Òàêîæ, âàðòî

çàçíà÷èòè, ùî îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè ââåäåíi â îñâiòíi êóðñè

ïîâ'ÿçàíi ç ìàòåìàòè÷íèì ìîäåëþâàííÿì ñêëàäíèõ ôiçè÷íèõ ñèñòåì ÷è

åëåêòðîäèíàìiêîþ ñóöiëüíèõ ñåðåäîâèù.
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Äîäàòîê À

Òåêñòè êîìï'þòåðíèõ ïðîãðàì

À.1 Ðîçðàõóíîê ìîäåëi Äðóäå òà RPA äëÿ 2D

ìåòàëåâîãî ïðîøàðêó

with(plots);
ab := 5.29177211*10^(-11);
c := 299792458;
rs := 2.9;
hh := 1.054571800*10^(-34);
m := 9.11093826*10^(-31);
e := -1.602176*10^(-19);
epsilon1 := 2.3;
epsilon2 := 4;
kfab := evalf((3/(4*Pi))^(2/3)*rs);
Lambda := evalf(kfab^2*hh^2/(4*m^2*c^2*ab^2));
tau := evalf((2*m*ab^2)*1.3*10^13/(kfab^2*hh));

absQ := sqrt(Re(q)^2 + Im(q)^2);
requation := (epsilon1/sqrt(-Lambda*w^2*epsilon1 + q^2) +

epsilon2/sqrt(-Lambda*w^2*epsilon2 + q^2))*kfab/8;
requation1 := (epsilon1 + epsilon2)*kfab/8/q;
ReKhi := 1/(tau^2 + w^2);
ImKhi := -tau/(w*(tau^2 + w^2));
Khi := 1/(w*(w + tau*I));

points := [0];
ImQs := [];
ReQs := [];
ImQs1 := [];
ReQs1 := [];
for wi from 0.1 by 0.05 to 2 do

w := wi;
r1 := fsolve(requation - Khi, q);
if type(r1, complex) or type(r1, float) then

r11 := fsolve(requation - Khi, q, avoid = {q = r1});
printf("r10=%Zg\n", r1);
if type(r11, complex) or type(r11, float) then

if 0 < Re(r11) then printf("r10=%Zg\n", r1);
r1 := r11;
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end if;
end if;
ReQs := [op(ReQs), [Re(r1), w]];
ImQs := [op(ImQs), [Im(r1), w]];

end if;
end do;

À.2 Ðîçðàõóíîê ç âðàõóâàííÿì òîâùèíè ÀÒÌÏ

with(plots);
Digits := 20;
a__0 := 5.291772109217172*10^(-11);
c := 299792458;
q__e := -1.602176620898989*10^(-19);
M := 9.109383561111111*10^(-31);
hh := 1.054571800131313*10^(-34);
Ad := 1.602176620898989*10^(-19);
hhev := 6.58211951440404040404*10^(-16);
varepsilon__0 := 8.854187816*10^(-12);
r__s := 3.01;
n__ag := 5.90*10^28;
omega[p] := sqrt(n__ag*q__e^2/(varepsilon__0*M));
bm := omega[p]*10^(-9)/c;
W := U -> 2*Ad*M*`#msub(mi("a"),mn("0"))`^2*U/hh^2
W1 := 4; W2 := 4.24;
L[s] := l -> 1/1000000000*l/a__0
LL := L[s](30000)
kmax := a__0*sqrt(2*Ad*M*W1/hh^2);

ab := 5.3*10^(-11);
r__s := 3.01;
n__au := 5.90*10^28*ab^3;
K[F] := evalf((3*Pi^2*n__au)^(1/3));
l__0 := l -> 1/2*l + 3/8*Pi/K[F] +
1/8*(16*K[F]^2*l^2 + 24*Pi*K[F]*l + 25*Pi^2)^(1/2)/K[F];

L0 := evalf(l__0(LL));

r__s := 3.01;
n := trunc(1/2 + (W(W1)^(1/2)*LL +
arcsin((W(W1)/W(W2))^(1/2)))/evalf(Pi)) - 1;
vk := [];
for nIt to n do

rk := fsolve(
k*LL = Pi*nIt + (
-arcsin(sqrt(Ad*W(W1))*k) +
arcsin(sqrt(Ad*W(W2))*k)
), k = 0 .. kmax);
vk := [op(vk), rk];

end do;
h1 := index -> sqrt(W(W1) - vk[index]^2);
h2 := index -> sqrt(W(W2) - vk[index]^2);
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T2 := index -> 1/2*LL*(1 + h1(index)^2/vk[index]^2) +
1/2*h1(index)*(1 - cos(2*vk[index]*LL))/vk[index]^2 +
1/4*(1/vk[index] - h1(index)^2/vk[index]^3)*sin(2*vk[index]*LL);
A1 := index -> 1/(1/2*1/h1(index) + 1/2*(cos(vk[index]*LL) +
h1(index)*sin(vk[index]*LL)/vk[index])^2/h2(index) + T2(index));

varepsilon__1 := 2.3;
varepsilon__3 := 4;
varepsilon__2 := 1/(2*Pi*LL*n__au)*sum((K[F]^2 -
vk[index]^2)*A1(index)*T2(index), index = 1 .. n);

k__1 := (q, omega) -> sqrt(q^2 - omega^2*varepsilon__1);
k__2 := (q, omega, L) -> sqrt(q^2 - omega^2 + varepsilon__2);
k__3 := (q, omega) -> sqrt(q^2 - omega^2*varepsilon__3);

metalHeights := [10^(-9), 10*10^(-9), 50*10^(-9), 100*10^(-9)];
plotPointsSets := [];
colors := ["Yellow", "Red", "Blue", "Green"];
loopIterator := 1;
points := [[0, 0]];
for it from 0.01 by 0.01 to 4 do

q := it;
coef := (q, omega, L) -> k__2(q, omega, L)*omega^2/(omega^2 - varepsilon__2);
omega__r := fsolve(exp(-(4*k__2(q, omega, LL))*0.5*LL) =
(coef(q, omega, LL) + k__1(q, omega)/varepsilon__1)*
(coef(q, omega, LL) + k__3(q, omega)/varepsilon__3)/
((coef(q, omega, LL) - k__1(q, omega)/varepsilon__1)*
(coef(q, omega, LL) - k__3(q, omega)/varepsilon__3)),
omega = 0 .. 1, maxsols = 1, fulldigits);

if type(omega__r, 'numeric') then
print(q, omega__r);
points := [op(points), [q*bm, Re(omega__r)*hhev*omega[p]]];

else
print(q, "noroots");

end if;
end do;

À.3 Ðîçðàõóíîê ç âðàõóâàííÿì êâàíòîâèõ åôåêòiâ

Digits := 20;

a__0 := 5.291772109217172*10^(-11);
c := 299792458;
q__e := -1.602176620898989*10^(-19);
M := 9.109383561111111*10^(-31);
hh := 1.054571800131313*10^(-34);
Ad := 1.602176620898989*10^(-19);
hhev := 6.58211951440404040404*10^(-16);
varepsilon__0 := 8.854187816*10^(-12);
r__s := 3.02;
n__ag := 5.86*10^28;
na := evalf(3.0/(4.0*Pi*r__s^3));
omega[p] := sqrt(na*q__e^2/(`#msub(mi("a"),mn("0"))`^3*varepsilon__0*M));
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bm := omega[p]*10^(-9)/c;
hhev*omega[p];
accuracy := 0.1*10^(-8);
`M&Pi;` := evalf(4*arctan(1));
K[F0] := evalf(9.0/4.0*Pi)^(1/3)/r__s;
E[F0] := hhev^2*K[F0]^2/`#msub(mi("a"),mn("0"))`^2/(2*M)*Ad;
W0 := 4.36;

W := U -> 2*Ad*M*`#msub(mi("a"),mn("0"))`^2*U/hh^2;
Ry := 13.60569300985;
U0 := 15.813;
WF := w -> w/Ry;
aa := 2*Ad*M*`#msub(mi("a"),mn("0"))`^2/hh^2;

W1Ev := E[F0] + W0;
W2Ev := E[F0] + W0 - 4.05;
W1 := sqrt(WF(W1Ev));
W2 := sqrt(WF(W2Ev));
MinW := min(W1, W2);
MinWQ := min(WF(W1Ev), WF(W2Ev));

deltaD := (Kf, W) -> sqrt(W^2/Kf^2 - 1) + (2 - W^2/Kf^2)*arcsin(Kf/W);
LB := (Lslab, Kf) -> 1/2*Lslab + 3/8*`M&Pi;`/Kf - 3/8*(deltaD(Kf, W1) + deltaD(Kf, W2))/Kf;
L := (Lslab, Kf) -> LB(Lslab, Kf) + sqrt(LB(Lslab, Kf)^2 + 1/4*`M&Pi;`^2/Kf^2);

MAXIT := 40

solveLProc:=proc(Fn,x1::float,x2::float,xeps::float,n::integer,L::float)::float
local fmid,f,y,dx,xmid,it;
fmid:=Fn(n,L,x2): f:=Fn(n,L,x1):
if (fmid*f>0) then print("Error :LP"); end if:
y:=0:
dx:=0;
if f<0

then y:=x1:
dx:=x2-x1:

else
y:=x2:
dx:=x1-x2:

end if:
for it from 0 to MAXIT do

dx:=dx*0.5:
xmid:=y+dx:
fmid:=Fn(n,L,xmid):
if fmid <=0 then y:=xmid end if:
if abs(dx)<xeps or fmid=0 then break: end if:

end do:
return y:

end proc;

solveKfProc:=proc(Fn,x1::float,x2::float,xeps::float,Lslab::float)::float
local fmid,f,y,dx,xmid,it;
fmid:=Fn(Lslab,x2):
f:=Fn(Lslab,x1):
if (fmid*f>0) then print("Error :KF"); end if:
print(f,fmid,x1,x2);
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y:=0:
dx:=0;
if f<0 then

y:=x1:dx:=x2-x1:
else

y:=x2: dx:=x1-x2:
end if:
for it from 0 to MAXIT do

dx:=dx*0.5:
xmid:=y+dx:
fmid:=Fn(Lslab,xmid):

if fmid <=0 then y:=xmid end if:
if abs(dx)<xeps or fmid=0 then break: end if:

end do:
return y:

end proc;

alphaNum := (n, L, alpha) -> alpha*L - `M&Pi;`*n + arcsin(alpha/W1) + arcsin(alpha/W2)

RetreiveAlphas := proc(L::float)
local nMax, alpha, it, y; alpha := [];
nMax := floor((L*MinW + arcsin(MinW/W1) + arcsin(MinW/W2))/Pi);
for it to nMax do

y := solveLProc(alphaNum, 0., MinW, accuracy, it, L);
alpha := [op(alpha), y];

end do;
return alpha, nMax;

end proc;

lastAlphaVec := [];
lastNMax := 0;
lastL := 0;
CalcKf := proc(Lslab::float, Kf::float)

local alphaVec, nMax, y, it, Lval;
global lastAlphaVec, lastNMax, lastL;
Lval := L(Lslab, Kf);
alphaVec, nMax := RetreiveAlphas(Lval);
y := 0.;
for it to nMax do

if alphaVec[it] < Kf then
y := y + Kf^2 - alphaVec[it]^2;

end if;
end do;
y := 3.0*Lslab + (-1)*2.0*r__s^3*y;
lastAlphaVec := alphaVec;
lastNMax := nMax;
lastL := Lval;
return y;

end proc;

La := l -> 1/1000000000*l/a__0;
plotPointsSets := [];
LSMIN := 10.0;
points := [];
points005 := [];
points01 := [];
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points02 := [];
pointsExperiment := [];
kfs := [];
for LS from 0.1 to 43.6 by 0.1 do

LL:=LS;#La(LS);
kf :=solveKfProc(CalcKf,0.001,MinW,accuracy,LL):
LL:=lastL;
K[F]:= kf;
`nd__ag`:=`n__ag`*a[0]^(3);
nmax:=lastNMax:
vk:=lastAlphaVec:
iterator:=1:
kfs := [op(kfs), [LS, kf]];
h1 := index -> sqrt(-vk[index]^2 + W1);
h2 := index -> sqrt(-vk[index]^2 + W2);
Ca := index -> 2/(LL + vk[index]^2/(W1^2*sqrt(W1^2 - vk[index]^2)) +

vk[index]^2/(W2^2*sqrt(W2^2 - vk[index]^2)) �
sin(vk[index]*LL)*cos(vk[index]*LL +
2*arcsin(vk[index]/W1))/vk[index]);

Fn := index -> 1/4*(sin(2*vk[index]*LL �
2*arccos(vk[index]/W1)) + 2*vk[index]*LL +
sin(2*arccos(vk[index]/W1)))/vk[index];

varepsilon__1 := 1;
varepsilon__3 := 13;
varepsilon2 := 1/(2*Pi*LL*na)*sum((K[F]^2 - vk[index]^2)*Ca(index)*Fn(index), index = 1 .. nmax):
k__1 := (q, omega) -> sqrt(q^2 - omega^2*varepsilon__1);
k__2 := (q, omega, L) -> sqrt(q^2 - omega^2 + varepsilon2);
k__3 := (q, omega) -> sqrt(q^2 - omega^2*varepsilon__3);
colors := ["Yellow", "Red", "Blue", "Green"];
loopIterator := 1;
points:=[op(points),[LS,0,0 ]]:
for it from 0.01 to 0.05 by 0.0005 do

q := it
coef := (q, omega, L) -> k__2(q, omega, L)*omega^2/(omega^2 - varepsilon2):
omega__r := fsolve(

exp(-(4*k__2(q, omega, LL))*0.5*LL) =
(coef(q, omega, LL) + k__1(q, omega)/varepsilon__1)*(coef(q, omega, LL) +
k__3(q, omega)/varepsilon__3)/((coef(q, omega, LL) �
k__1(q, omega)/varepsilon__1)*(coef(q, omega, LL) - k__3(q, omega)/varepsilon__3)),
omega = 0 .. 1, maxsols = 1, fulldigits):
if type(omega__r, 'numeric') then

if (q=1.1) then
points005:= [

op(points005),
[LS,Re(omega__r)*hhev*omega[p]]

]:
end if:
if (q=2.2) then
points01:= [

op(points01),
[LS,Re(omega__r)*hhev*omega[p]]

]:
end if:
if (q=4.2) then

points02:= [
op(points02),
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[LS,Re(omega__r)*hhev*omega[p]]
]:

end if:
points:=[op(points),[LS,q*bm,Re(omega__r)*hhev*omega[p]]]:
if (abs(q*bm-0.0488735)<0.005) then

pointsExperiment:=[
op(pointsExperiment),
[LS,q*bm,Re(omega__r)*hhev*omega[p],0.62]

]:
end:

else
print`(q, "noroots");

end:
end do:
loopIterator := loopIterator + 1

end do:
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